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In presenting to the English student Bou- 
charlat's Treatise on the Differential and Integral 
Calculus, the Translator feels confident that, if 
only his own part have been satisfactorily executed, 
his labours will meet with a favourable reception : 
the Work itself has already obtained the appro- 
bation of the public, for the simplicity and ele- 
gance with which a somewhat abstruse subject has 
been treated. 

It is presumed in the original that the reader 
is already acquainted with the elementary prin- 

m 

ciples of curve lines ; and as it will be impossible 
for him to proceed without at least a slight know- 
ledge of that branch of mathematics, the Trans- 
lator has been induced, by the advice of his friends, 
to give a short introductory chapter on that sub- 
ject* The materials for this he has selected chiefly 
from Boucharlat's ** IVteorie clcs Courbes^' and 
though compelled by circumstances to be brief, he 
trusts that sufficient has been given to enable the 
student to peruse, without difficulty, the subse- 
quent pages of the Work. 

Calharine Hall, 
Oct. 30, 1827. 
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INTRODUCnON. 



On the method of representing geometrical magnitudes 

by algebraical symbols, 

1. The object of this chapter is to give the elementary , 
principles of analytical geometry ; and it must therefore 
Ik? shown first how, by means of the notation of algebra, 
we can express the relations that exist between geometrical 
magnitudes. 

These magnitudes are lines, surfaces, and solids, and 
their connexion with algebra is founded on the ratio which 
different lines bear to each other, and to some other line 
assumed as a standard, and called the linear unit. Let 
V (fig. 1)* be this linear unit ; A, B, C, any other straight Fig. i. 
lines, which have to V the same ratio that the algebraical 
characters a, by c, have respectively to unity ; then a, 6, c, 
are said to represent the straight lines A, B, C, re- 
spectively. Also, si^ice 

A : V : : a : 1, 
B : V :: 6 : 1, 
C : V : : c : 1, 

u (! have, by the composition of these ratios. 



* The figures here referred to are those of Plate I., placed at the end of the 
introduction. 
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AB : \:: ab : I (1), 

ABC : V^ :: abc : \ {2). 

If therefore V^, or the square described on V, be taken as 
the unit of surface, it appears, from ratio (1), that the 
rectangle whose sides are A and B, has the same ratio to 
this square that the algebrucal product ab has to unity ; 
ab therefore represents the rectangle AB; and similarly, 
V being taken for the cubical unit, abc will represent 
the rectangular parallelopiped whose contiguous sides are 
a, 5, r, and whose volume is abc times V. 

2. Having thus obtained the means of denoting geo- 
metrical magnitudes by algebraical symbols, it follows 
that the conditions of a geometrical problem may be ex- 
pressed by those of an algebraical ecjuation ; and con- 
versely, the conditions of an algebraical equation may be 
represented by the relations existing between different 
geometrical magnitudes. 

3. AVe will give examples of each case ; and first of a 
geometrical problem reduced to an algebraical equation. 

Ex. 1. Let it be required to find a mean pro()ortional 
between two given lines. 

Sup|Jose a and b represent the two given lines, and x 
the line required ; we have then, by the question, 

a : X : : X : bf 
whence 

.?• = y^/ab; 

and the problejn is thus reduced to determining the square 
root of the product ab, and taking the line, to which that 
r(M)t corres|M)n(]s. 
g-2. Ex. 2. To ili\iili' ii ^i\cn straight line AH (fig, J2) into 
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two parts, so that the rectangle contaiiu'd by the parts 
may be equal to a given square. 

Let c be a side of the square, a the given Hne, x one 
of the part«, and therefore a — x the other: then, by the 
question, we have 

x{a - x) =c-; 

and the problem reduces itself to determining the roots of 
the quadratic equation x{a — ji ) — c*. 

These roots are ~a-|- v^^«-— c^, -J a— \/^- — cS and 
are evidently both positive, since ^a'^ — d^ is less than ^a*, 

and therefore \/^'^ - c^ less than V ^a* or \a. 

The side c of the square must be less than \a^ or other- 
wise ^a^— c* would be negative, when the roots conse- 
quently would become imaginary, and the problem im- 
possible. 

Ex. 3. On a given line AB (fig. 2) it is required to Fig. 2. 
describe a triangle APB, so that the angle APB at the 
vertex shall be a right angle. 

Let P be the vertex of the triangle required, PM a per- 
pendicular on the base AB , and assume 

AMi=a, PM=y, AMzzjt, and therefore BM=a-aT. 

Then the triangles APM, BPM being similar, we have 

AM : PM : : PM : MB, 



or 



X : y : '. y \ a— or, 



whence 



x{a-x)zzy\ 
which is the equation that expresses the relation between 



\ 
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M, M', and the lines corresponding to the two roots or 
values of x are AM, AM'. 

This example is the converse of example (2), and our 
construcdon will show us that c must not be greater than 
ia ; for in that case C would be greater than ^AB, i. e. 
greater than the radius GD, and when we took GE = C, 
E would fall above D without the circle, and there would 
be no point P in the circle corresponding to it. 

The process we have been employing is called cofi' 
structing the equation. 

6. A problem is said to be determinate or indeter- 
minate, accordingly as it admits of a finite or an inde- 
finite number of solutions. 

Thus the example (2) gives us an instance of a de« 
terminate problem ; for on referring to fig. 2, we see 
that there are only two points, M and M', which can 
satisfy the conditions : example (3), on the contrary^ 
belongs to the class of indeterminate problems ; for si 
the angle in a semicircle is always a right angle, th^^ ^dc 
vertex of the triangle may be any point of the semi— -^ ji* 
circle APB (fig. 2). 

A problem is easily recognized as being detenninat».^'-it( 
or indeterminate, from the nature of the equation t*.^^ tc 
which it gives rise: in example (2), for instance, Hxr^Jn 
equation that results is x{a — a:)z^c^; and this being ^^' 
quadratic, with only one variable, it can admit of b v ^cjul 
two solutions. But in example (3) the equation is . . . 
d?(a— 57)=^, and this being a single equation betwe»-^=:»een 
two variables a: and j/^ which are not connected in ar mr=Hny 
other way, it belongs to what, in algebra, are termed r in' 
determinate equations. 
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On curves and their coordinate axes. 

7. When a single equation is given between two in* 
determinate quantities x and y^ by assigning difTerent ar- 
bitrary values to one of the quantities, as x for instance, 
an indefinite number of values may be obtained for y. If, 
for example, we have the equation 

y=2x + l; 

making xzzO, we shall find^=:l, 
a:=l, y=8> 

^=^, y=6, 

^=3, y=7; 

and proceeding in this way, it is obvious that we may 
obtain an unlimited number of corresponding values of 
X and y, connected always by the equation i/zz2x+l. 

8. Let now Ax, Ay (fig. 3) be two straight lines of un- Fig. s. 
limited length, and at right angles to each other, and let 

the values of x be represented by lines such as AM mea- 
sured along Ax from the fixed point A, and the cor- 
responding values of ^ be similarly represented by lines 
such as AN, measured from the same point A along Ay; 
also at the point M draw MP parallel and equal to AN ; 
then AM and MP represent corresponding values of x 
and ^, and if x or J^ be supposed to commence from 
zero, and to pass through every stage of magnitude, the 
values of ^ will be represented by an indefinite number 
of contiguous lines such as M P, all parallel to each other, 
and the extremities of these lines will, by their union, 
constitute a continuous line PQ (fig. 3), the form of 
which will depend on the equation which connects the 

corresponding values of x and y. 

h 
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Fig. 4. verse : for let AM, MP (fig. 4) be represented by iv y ; 
AP and the angle xAy by u and 5 ; then from the ri^t 
angled triangle AMP we have 

;r=u.cosd, ^=u.sind (1), 

y 

M= \/a:2H-y«, e=tan-».J (2). 

If, therefore, an equation be given between x and y^ by 
substituting in it the values of Xy v, given by equations 
(1), we shall have an equation between u and &, which 
will be the polar equation ; and conversely, the equations 
(2) will enable us to transform a given polar equation 
• into one between the rectangular coordinates Xj y. 

The angle of Ay is more generally taken for 0, but it 
is obvious that this angle and xky are the supplements 
one of the other. 

15. The equation of a curve depending materially on 
the position and direction of the axes to which it is re- 
ferred, we shall close this subject by showing how an 
equation may be transferred from one system of coordi- 
nates to another ; and first we will suppose that an equa- 
Fig.6. tion is given i)etween the coordinates AM, MP (fig. 5), 
origin A, and that it is required to transfer it to another 
system, the axes of which are parallel to Aj:, Ay, re- 
spectively, but have their origin in a given point A'. 

Let the coordinates AM, MP be represented by Xjy ; 
ATM!, MT hyj/,t/; and the coordinates AB, BA'of the 
new origin by a, b. 

Then we have 

j?=AM=AB + BM=AB + A'M'=a+a^, 

y=PM=MM'+PM'=BA' + PM'=6+y, 

and substituting these values of .r and y in the equation 
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I 

proposed, we shall obtain an equation between af^ y, and 
constants, which will be the one required. 

We will now show how to change the directicm of the 
axes, and suppose that the equation is given for axes 
Ax^ Ay (fig. 6), and is required to be transferred to Fig. 6. 
axes Aaf^ Ay, at right angles to each other, but inclined 
at an angle d to the former. For this purpose, let the 
coordinates AM, MP of any point P be represented by 
«r, y\ AM', MT, the coordinates in the new system by 
afy y, and draw M'N and Wp perpendicular to Aj: and . 
PM respectively. 

Then, in the right angled triangle PQM', 

angle QPM'=: complement of PQM' or AQM 
= QAM=0; 

and therefore 

ar=AM=AN-MN=AN-M';)=AM'*co8M'AN 

— PM'sinMTpn*' cos 0— y sin a 

j^=:PM=Pp+pM=Pp+M'N=P»r.co8M'Pp 

+ AM'.sinM'ANiry.cosfl+a/.sinfl ; 

and substituting these values of x and ^, we have the 
equation required. 

If the origin is to be changed at the same time with 
the indinaticMi, we have only to add in our formulae the 
coordinates of the new origin, as in the first case. 



Equation qftfie straight line, 

16. Let CBP (fig. 7) be any straight line referred to Fig. 7- 
the rectangular coordinates Aa:, Ay, which it cuts in the 
pdnts C, B, respectively : represent the*" ordinates AM, 
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MP, of any point P by x^y^ and draw BN perpendicular 
toPM. 
Then 

y=PM=PN+MN=PN+AB 

.= BN. tanPBN+AB 

= AM.tanACB4-AB 

' = J-, tan ACB H- AB. 

Now the angle ACB, and consequently its tangent, i 
the same for all points in the line CBP, aa is alsoi AB 
and we will therefore represent these constant quantities 
by a, 6, respectively, when we shall have 

« 

yz=:ax-\-b .... (S); 

• 
which is the equation that exists between the coordinates 

of any point P in the line CBP, and is therefore the 

equation of that line. 

This equation is of the first degree, and it appears 
therefore that the equation to a straight line is of the 
first degree. 

17. It may be shown conversely that every equation 
of the first degree is the equation to some straight line. 
For, by inspecting the equation (3), it will be seen that 
tf , the constant coefiicient of jt, expresses the tangent of 
the angle which the line CBP makes with the axis of jt, 
whilst h is the ordinate of the point in which that line 
cuts the axis of ^. If, therefore, 

y=:AarH- B, 

which is a general simple equation, be the equation pt>- 

Fig. 7. posed, by taking AB = B (fig. 7), and drawing the line 

BC inclined Xo\x at an angle whose tangent is A, this 



INTRODUCTION* XXIU 

line produced will be the one whose equation is the given 
equation 

y zz Ax -f B. 

If B=0, the line passes through the origin A. 

If B be negative, the line cuts tlic axis of ^ in a point 
below A, as B'C'F (fig. 8). Fig. a 

If A be positive, the angle PCj? is less than a right- 
angle ; but if A be negative, that angle becomes obtuse, 
and the line assumes the direction BCP (fig. 8). 

If A=0, then j/= B is constant, and the line is parallel 
to A^. 

Ex. 1. Given the simple equation y=2ar+S, required 
the line of which it is the equation. 

The equation being 

y=ar + 3, 

when .t'=0, we have j/=3,~ and therefore taking AB=S 
(fig. 7), B will be a point in the line : Fig. 7. 

when ^ =: 0, we have similarly ^ = — 4, and therefore 
taking AC in a negative direction and = -1^, C will be 
another point ; consequently joining BC, this line pro- 
duced will be the one required. 

Ex. S. yzzSx^S : required the line of which this is 
the equation. 

Since 

y = 8x - 6, 

when X = 0, we have y = — 6, 

when y = 0, we have a:=2 ; 

and therefore taking AB' (fig. 8) in a negative direction. Fig. a 

and = 6, and taking AC in a positive direction, and = 2, 

the line B'C produced will be the one whose equation is 

j^=3a? — 6. 
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Ex. S. Sy rrS— So: : required the line of which it is the 
equation. 

From this we deduce 

and making arnO, we have y =4, 

8 
making y^Oj we have xzz — \ 

8 
Fig* 8. whence taking AB=:4 (fig. 8), and AC = -^, the line 

CBP, passing through the points B, C, will be the line 
required. 



Problems relating to straiglU lines. 

18. Prob. 1. To find the equation to a straight line 
passing through a given point. 

The point bdng given, its coordinates are known ; let 
them be a, jS, and let the equation to the straight line be 

y^ax+b .... (1). 

At the point in question we have xna, ^ = i3, and 
therefore 

/3=:aa + 6 .... (2); 

whencci subtracting equations (1) and (2)| one from' the 
other, we obtain 

which is the equation to the line. 

The constant a in this equation cannot be determined 
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firom the conditions ^ven, so that the equation is indeter- 
minate ; and so it ought to be ; for it is easily seen that 
through the same point an infinite number of lines may 
be drawn. 

Prob* 2. Required the equation to a straight line pass- 
ing through two given points. 

Let a, iS ; a\ ^^ be the coordinates corresponding to 
the two points ; and let the equation required be 

yzzcuc-i-b .... (1); 

then for the given points we have 

fi—aa+b .... (2)j 
|3'=aa'4-6 .... (3); 

subtracting equation (8) from equation (2), we have 

atid therefore 

a=z r; 

a— a 

subtracting equation (2) from equation (1), there remains 

y-^=:o(a:-a), 
and substituting the value of a, we have 

y-^zz >(a:-a) 

*^ a — a 

for the equation required. 

This equation is determinate; and so it manifestly 
should be, since only one straight Une can pass through 
the same two points. 

If there be three points taken whose coordinates are 



XXVI 



INTRODUCTION. 



a, iS ; u\ ^ \ a", jS", respectively, the equation to the 
straight line passing through the two first points is 

the equation to the line passing througli the first and 
third points is 



a— a 



and therefore, that the two equations may be the same, 
or the same line pass through all the three points, we 
must have 



//" 



06—06 06^ 01 



The equation to the straight line passing through two 
given points may readily be obtained by geometrical con- 
Fig. 9. siderations : for let (fig. 9) £, G, be the given points, P 
any other point in the line passing through £, G, and 
draw the ordinates EF, GH, PM; and ELN perpen- 
dicular to PN. 

Then from the similar triangles EPN, ELG, we have 

PN : LG : : EN : EL; 

whence 

PN=iS.EN, 



EL 



or 



GH— EF 

and if the coordinates AF, EF; AH, GH ; AM, MP, 
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l>e represented by a, ^; a', /S ; j, y, respectively, we 
shall have, by substitution, 

a — a 

the same equation with the one deduced before. 

Prob. 3. Given the equations to two lines, required 
their point of intersection. 

Let the equations to the lines be 

then at the point of intersection, the coordinates being 
the same for both Knes, we must have 



and therefore 



y^y\ x — a^^ 



xzz 



35* 



whence 



yzzaX'\'b 
"" a — rf 
- a— rf ' 



+ft 



and these values of x and y give the coordinates at the 
point of intersection. 

Prob. 4. Required the angle formed by the intersec- 
tion of two ^ven lines. 
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Fig. 10. Let CBP, OBT' (fig. 10) be the two lines, and their 
equations 

then 

tan ACB= a, tan AC'B'= d : 

If, now, O be the point of intersection and ON be drawn 
parallel to Ax, we shall have 

angle POF=PON-FON, 
=ACB-AC'F, 



and therefore 



tan POP= tan (AGB- AC'BO 

tanACB-tanAC'B' 



1+tanACB.tanAC'B' 



l+oa'* 



Prob. 6. A straight line being given, to find the equa- 
tion to the line perpendicular to it at a given point. 
Fig. 11. Let CBP (fig. 11) be the pven line, OPB' the line 
perpendicular to it at the point P, whose coordinates are 
a, /3 ; and let the equations to the lines be 



y=ar-h6, y=a'^-fy; 



then 



tan FCx=:a, tan PC'x=o'. 
But CPC being a right angle, we have 

tan PC'x= -tan POC= -cot PCC'= - 



tanPCC 
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and therefore 

a 
Substituting this value in the equation to C'PB', we have 

yzz-l^ + y. . . (1), 

and since P, whose coordinates are a, /S, is a point in the 
line, we have for that point, 

1 

)3=--a + y . . . (2), 

whence, subtracting equation (2) from equation (1), we 
obtain 

for the equation to the line CFB'. ' 

Prob. 6. Find the length of the perpendicular let fall 

from a given point on a given line. 

Let CBP (fig. 11) be the straight tine, M the point Fig. ii. 

irom which the perpendicular MP is let fall ; a, j3 the 

coordinates of that point, and the equation to the line 

CBP 

t/zz ax'\'b. 

Then in the triangle PMO we have 

angle PMO=|- POM=|- CON= ACB ; 

but the equation ^=fl.r+ 6 gives us tan ACBzza, 

and consequently 

tan PMO= a, 

62 
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20. Tlie general equation 
being solved with regard to y^ gives us 



and with regard to x^ gives 



It appears, therefore, from these expressions, first, that 
for every value of x we have two values of y, and secondly 
that for every value of y we have two of jt. 

Now taking any abscissa AN=ar, the ordinate NP 
cuts the circle in two points P, P", and therefore the two 
values of j^ corresponding to the single one AN of ^ are 



PNz=^-h Vr^— (^— a)^ 



P''N = /3-^ ^/r«-(a:-aO• 

Again, drawing PP' parallel to At, we have PN=P'N', 
and the value of y is the same for the two points P, P', 
which have different abscissae AN, AN', so that for one 
value PN o( y we have two values of jr 



AN = a+v/r"— (y-^n 
AN'=a-^r-— (y— /3)<. 

21. To find the equation to the parabola. 
Fig. 13. Let DKR (fig. 13) be a fixed straight line of inde- 
finite extent, S a given point, SP another straight line of 
indefinite extent revolving about S. If then in all po- 
sitions of the line SP, the point P,be so taken that, PM 
being drawn perpendicular to DR, PM shall be equal to 
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SP, the locus of P will be a curve AP called the pa- 
rabola. 

Through S draw SK perpendicular to DR, and bisect 
SK in A ; then from our definition A will be a point in 
the curve. 

Let the line AS produced be taken for the axis of ^, 
and A the origin ; draw the ordinate PN, and let 

AS=a, AN=x, PN=y. 

Now by the property of the 'curve, we have SP=tfPM; 
and 



*« 



SP^=SN» + PN^=(AN-AS)« + PN« 
PM^=KN«n(AK + AN)*- (AS+ AN)« ; 

whence - j , 

(AN - AS)« -f PN« = (AS + AN)S 
or 

and therefore ' jf 

whidi is the equation required. 

Let BL be the ordinate through S, then, unoe AS=a, 

and therefore 

SL=2AS. 

DR is called the direct^, A the vertex, S the focus, and 
BL the latus rectum of the parabola. 
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whence, by transposition and change of sign. 



and squaring again, wc have 

a^{e — xY + ay = a* — ^^ex+e^a^^ 
or 

= 6«(«'-;r*), 
and therefore 

which is the equation to the ellipse. 

If the origin be transferred to the point A, whose co- 
ordinates, reckoned from origin C, are —a, 0, then, by 
the rule given (art. 15) fc chan^ng the origin, we have, 
for the coordinates AN, FN, measured from A, the 
equation 



i/^ = -(a^-(x-a)0 



6« 

= -7(2aa: — x«). 

a* ' 

m 

26. The equation to the hyperbola, deduced in a si- 
milar manner, is 

fororigffiC, y=^(^^-fl*), 
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for origin A, J^* = ^(2ax + a:*). 

27. Let SL (fig. 14) be the ordinate through S the Fig. 14. 
focus, then the value of ivcorresponding to this ordinate 

is CS or A/a* — 6«, and substituting this value in the equa- 
tion to the ellipse 



we have 



6« 



a* 



o«' 



whence 



•y=-^' 



which ^ves us the value of SL. 

The line LU, drawn through the focus at right angles 
to the major axis^ is called the Latus Rectum of the el- 
lipse, and the value of the Latus, Rectum therefore is 

— i which shows that it is a Tnjn" proportional JifltaHOB' 

the major and minor axes. 

28. Let APBM (fig. 16) be an ellipse with AM, BE Fig. lo. 
for its major and minor axes: on AM as diameter de- 
scribe the drcle ADM, and draw the ordinate QPN : 
then A being considered the origin, 
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the equation to the circle is^=2fl^r— .r*=QN*, 

the equation to the ellipse is^=-^{2aa; — a:*)=:PN*, 
and we have therefore 



or 



PN : QN : : 6 : a, 



which is a constant ratio. 

This property gives us the following easy mode of 
Fig. 16L describing an eUipse : take a circle ADM (fig. 16) on 
diameter ACM, at the centre C erect D at right angles 
to AM, and take any fixed point B in it : then if we draw 
brdinates such as QN, and take always in QN the point 
P, so that 

PN : QN : : BC : AC, 

the locus of P will be an ellipse with AM and BE for its 
major and minor axes. 

It will be evident from this that an indefinite number 
of ellipses may be described on the same line ACM as 
the major axis; for an indefinite number of points such 
as B may be taken in the line CD, and for each point v^e 
shall have an ellipse. The position of the focus S will 

be determined in each case by taking CS= ^/a«— ^, 
where a, 6, are the semi-major and minor axes. 

29. The four qurves now described, the circle, the 
ellipse, the |>arabola, and the hyperbola, are called the 
conic sections, from the circumstance that if any right- 
angled cone be cut by a plane, perpendicular to the plane 
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of the generating triangle, the section of the cone will be 
one or other of these curves. 

Let ABD (fig. 17) be the right-angled cone, BCD its Fig. 17. 
circular base : if then the cutting plane be parallel to the 
base, the section will evidently be a circle. 

If the plane cut both slant sides of the cone, the section 
will be an ellipse. 

If the plane be parallel to one of the slant sides, the 
section will be a parabola. 

If, lastly, the plane have to be produced backwards to Fig. 18. 
meet one of the slant sides, the section will be an hyper- 
bola. 

These properties are thus proved : 

80. Let ABC (fig. 17) be a right cone generated by Fig. 17. 
the revolution oi the plane isosceles triangle ABC anout 
the axis AD, and suppose this cone to be cut by a plane 
NO perpendicular to the plane of the triangle ABC : let 
NO be the common section of the planes, NPOQ the sec- 
tion of the cone, PMQ any ordinate at right angles to NO ; 
!EF a section of the cone made by a plane passing through 
PQ perpendicular to the triangle ABC^ and parallel to 
the base BC, when of course EF will be a circle, and also 
the [line FQ, being in the plane NO, which is perpendi- 
cular to ABC, will itself be perpendicular to ABC, and 
therefore at right angles to the line EF in that plane. 
Now let 

L BAC = a, L AON=fl, and therefore z ANO 

=ir-(a + fl), AO=:c, NM=^, PM=y: 

ttien, by pioperty of the circle, we have 

PM«z=EMxMF, 
or 
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^«=EMxMF. . . . (1); 
and, by the property of triangles, 

^^. ^M^r sinENM ,,^, sinANO 
smNEM sinAEF 

__ sinCir— aH-fl)__ 8in(a-t-6) 
— "" iP • ^— ~~^~"-^^ ^-^— ^— ^_ ^ , ■ 

m.T. m/r^ sinMOF ,^-_ .-_,. sin AON 

sinMFO ^ ' sinArE 

=(NO— NM). : 

cos| 

VT^ A^ sinNAO sin a 

NO = AO.-r— r-rr^=^-- 



sinANO"" sin(a-hfly 
Substituting these values in the equation (1) we obtain 

^ sin tf. sin (« + / ^' sin a \ 

^ '"'^' ._«« \sin (« + <)) V 

cos-g- 

sin tf / . . ^ \ 

= ar. ( c.sina— j:.sin(a + tf) I . . (2), 



which is the equation to the section of the cone. 

This equation will admit of four cases, according to 
the position of NO. e^^^-s- 

P. Let NO meet both slant sides of the eUfBE; then 
(a+tf) will be less than tt, sin (a 4-^) will be positive, and 
the equation (2) may be put under the form 
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sin (a+^) sin Y ..sing \ 

but the equation to an ellipse whose semi-major and 
minor axes are a and b, is^^=— 5-(2aj?— x^), and com- 
paring equation (3) with this, we see that equation (3) 
belongs to an ellipse, in which 



c. sm a 

^^-r— — -, a: 

sm(a-i-^) 


c sma 


2 'sin(a + tf)' 


6^ sin(a+^)sin^ 


fl« 


-« ' 


COS^g 


and therefore 


• 


,^ c^ sin' a 


sin(a+fl)8ind 


" 4 sin«(a+0) 


»9 " 




cos'-^ 


c* sin* a 


sin^ 


4 a 


sinfa + eV 



cos'^ 



whence 



c sin a / sin 6 
6 = — • 



a / sin 
aw sin(a 



2 a V sin(a-f 0) 

COSg 



= c. sin— /-: 
2 V SI 



sin 6 



sin(a+6) 



TTie section, thcrefdre, is an ellipse with axes thus deter- 
inined. 
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£^. Let NO be parallel to one of the slant sides as AB, 
then (a+fl)=ir, sin (a+fi)=0, the values of the axes be- 
come infinite, and the equation (2) becomes 

c. sin d. sin a 

y.= ^— X 

COS- 

c. sin(w — a) sin a 

cos«|- 
c. sin* a 



X 

o, 

COS'^-rr- 

4c. 8in«-g-.cos«-g 



cos^ 



a 



= 4>c. sin---7- . X, 



which is the equation to a parabola, in which, if a be the 
Latus Rectum, 

a = 4c. sin-—. 

The section therefore is a parabola of that description. 
8°. If NO have to be produced backwards to meet BA 
Figi 1& also produced as in (fig. 18), then a + becomes greater 
than TT, and sin (a+ 6) becomes negative, so that the equa- 
tion (S) will agree with the equation to the hyperbola 

the axes being determined as in the ellipse. 
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Ap. If the section be parallel to the base of the cone, 
then 



and 






in (a + e)=8in( -^-+-^ 1 = cos^. 



sin 



(ft a\ a 

so that equation (2) becomes 



a 

C08^ 

X c. Sin a 






008 3 

__ . a 
= 2c. sin-s* a?— «* ; 

ft 
which is the equation to a circle whose radius is c, sin 3-. 

This is, in fact, a particular instance of case 1, in which ^ 

If a 
is taken equal to -^ — ^ ; on this supposition, the values 

of a and b become 

c sina .a 

~^2 

; * / 2 . « 

i=C8in-^ / —r = ''•"" 2"' 
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which shows that the axes are equal, and the ellipse con- 
sequently becomes a circle. 

31 . The equations which we have deduced to the conic 
sections are all of the quadratic form, and it may be shown 
generally that every quadratic equation belongs to some 
one of those sections. 

The form of a general quadratic equation between two 
variables x and y is 

Ay«+Bj3^-fCx2+Dy + Ear+F=0 . . . (1) ; 

and this being an indeterminate equation, it must (art. 9) 
have some curve corresponding to it whose coordinates 
are x and y. 

Let the origin of these coordinates be transferred (art. 
15) to some other point, the coordinates of which are a 
and 6) by assuming 

then the equation (1) will become 



-f C(a/« + Sao/ H-a«) + D(y + A) + Etar' + a) +F 



}=o. 



in which the coefficients of ^ and j/ are Bi+^^C + E, 
and Ba + ^A& + D respectively ; and a and h being two 
indeterminate quantities, they may be so assumed that 
these cot^fficients shall be each 0, for which purpose wc 
must have the equations 

B6+2aC+E=0 
Ba+2/^A+D = 0, 

whence wc shall deduce, for the required values of a 
and &, 
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BD-2AE 



a = 



4AC - B* ' 

BE--2CD 
^" 4AC-Bi' 

If, therefore, in the curve corresponding to equation 
(I), the origin be changed to a point, whose coordinates 
are a and h thus determined, we shall obtain an equation 
which does not involve the simple powers of a? and y, and 
which, consequently, may be assumed to be of the form 

A^«+ftry+C^^+D=0 . . . (2). 

Let now the equation (2) be transferred to a system of 
coordinate axes inclined at an angl^ d to the former, by 
assuming (art. 15) 

x'=Laf. cos d — y. sin 0, 
yi=y. cos 5 -f xK sin 5 ; 

when we shall have 

A(y * cos' 6 + 2.ry sin 9. cos 9 +a!^ sin^ 9) 
+ B[a?y (co8« e -sin* 9) - (y* -af^) sin a cos 0] 
f '^ +C(y<cos««-arysindcos«^^sin«a) + D=:0, 

in which the coefficient of afj/ is 

A sin ^ + B cos Sd-*-C sin Si, 

and if we suppose this to be 0, we shall have, dividing 
by cos 2d, 

Atan29-Ctan2a-fB=0, 



/ 
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whence 

and if, therefore, 9 be assumed so as to answer this con- 
dition, the resulting equation to the curve will involve 
only the second powers of x and y^ and constants, and 
will consequently be of the forms 



or 



R Q 



s 



» 



and making 



R Q 



we shall have 



which is the equation to the ellipse or hyperbola as n is 
positive or negative. This is the equation to the ellipse 
or hyperbola, when the centre C is considered as the 
ori^Q of the coordinates, and it will therefore be seen 
that a and b are the coordinates of that centre, measured 
from the origin which corresponds to our equation (1). 
If now the coefficients A, B, C, in that equation be such 
that 4AC— B*=0, the values of a, 6, as there deduced, 
will become infinite, and the axes consequently will be in- 
finite, in which case the curve cannot be either an ellipse 
or hyperbola. Under these circumstances we must get 
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quit of the terms involving x^, xy, jf, and the constants, 
when our equation will be reduced to the form 

y^ = mXy 

which is the equation to the parabola. 

It appears from all this, that the general equation (1) 
>^Ay> by changing the posiUon and direction of the axes, 
be in all cases reduced to the form of the equation be- 
longing to one or other of the conic sections ; and since 
this change of the axes cannot affect the nature of the 
curve, the curve corresponding to equation (1) must 
always be one or other of those sections. 

82. When B*— 4AC=0, the axes of. the conic section 
are found to be infmite, and the ellipse corresponding to 
the equation in that case might be considered as one with 
an infinite axis : it may be shown that such an ellipse is 
in fact a parabola. For taking A (fig. 14) for the origin^ ^»8- ^^ 
the equation to the ellipse is 

and if a be supposed to be infinite, x* vanishes in com- 
parison with Sox, and the equation becomes 

also, if SC=c, 

and when C is taken infinitely distant from S, AC and 
SC, diflering from each other only by the finite quantity 
AS, may be supposed equal, and we shall have therefore 
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a+c=2a, a — c=AS, 

which values being substituted in tlie expression for r/^y 
we have 

t/«=-T-2«j:. AS 

CI* 

=4 AS . .r, 

and this we know to be the equation to a parabola whose 
focus is S and vertex A. 

S3. Let the equation proposed he 

-rrr^ — fytana+a:=0. 

This may be put under the form 

^« — 4A.sina.cosa.^-f 4/*. cos«a..r=0, 

and comparing it with equation (1) we find 

A = 1, B = 0, C = 0, 
so that 

B« - 4AC = 0, 

and the curve is therefore a parabola, and we must get 
quit . of y and the constants. For this purpose assume 

when we shall have 

y» + 2fty'+6*- 4A sin a. cos aCy -h 6) 
-f 47i. cos* a ( J* + a) = 0, 

in which tlie coefficient of y is 26 -^ 4&. sin a. cos a, and the 
constant is 6^ — 4A. sin a. cos a.b-^ ^.a cos* a : 
Making these separately = 0, we have first 
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'6 — 2A. sin a. cos a=0, 
whence 

6=:2A. sin a. cos a=: A sin 2a ; 

substituting this value of b in the constant, and equating 
it to zero, we have 

4A«. sin» a. cos^ a — 8A* sin^ a. cos* a + 4Aa. cos* «= 0, 
whence 

a z^ h, sin^ a ; 

and therefore transferring the origin of the curve to a 
point, whose coordinates are A. sin* a, and h sin 2a, the 
term involving «/ and the constant part will vanish, and 
we shall have the equation 

y* + 4A cos* a. a: = 0, 
or 

y * =: — 4A cos* a. X, 

which is that of a parabola, in which the Latus Rectum 
is 4A cos* a, : the negative sign intimates that the values 
of oc/ are to be measured in a 'direction opposite to that in 
which the values of a: were measured in the original equa- 
tion ; i. e. downwards instead of upwards. This result 
has been obtained without being under the necessity of 
changing the inclination of the axes ; and it follows, there- 
fore, that the new axes remain parallel to the former. 

Cor. The equation discussed in this article is the one 
deduced to the path of a projectile {WheweU's Mechanics^ 
art. 240), with this difference only, that x is put fory, 
and 1/ for x ; the reason of which is, that in the Mechanics 
jc is measured along the horizontal line AR (fig. 19), 

d 
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whereas we measure x along the vertical axi3 AHB. If, 
Fig. 10. therefore, A (fig. Ij9) be the point of projection and 
AA'R the pathf it appears, from what has preceded, that 
this path is a parabola, the Latus Rectum of which is 
4& cos' a, and vertex the point A', determined by taking 
AB=iAsin«a, andBA'=:Asin^. Also AB will be half 
the horizontal range, and BA' the greatest altitude of the 
projectile above the horizontal line AR. 

Polar eqiuUions to the conic sections. 

84. To find the polar equation to the parabola ASP 
Fig. 13. (fig. 13), let 

AS=«r, SP=tt, zASP=e: 

then, by the property of the parabola, we have 

SP=:PM 
= KN 

= KS + SN 

= 2AS 4 SP. cos PSN 

= 2AS-SP.cosASP, 



whence 



and 



SP(l + oo8ASP)=2AS, 



SP= ^^s 



1+cosASP' 



or 



2a 
uzz 



l+cosfl ' 
which is the polar equation required. 
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35. To obtain tbe polar equation to the ellipee APM 
(fig. 14), we have from the triangle SPH (Euclid, Fig- 14- 
Book ii. Prop. 13) 

PH*=SP«+SH*-2SH.SN; 

and putting for PH its value (SAC-SP), and ftSC 
for SH, 

(2AC -SP)*= SP*+ (2SC)»-4SC. SN, 

or 

4AO-4SP.AC+SP* 
= SP»+4SC*-4SC . SP . COS PSN, 

whence 

AC - SP . AC= SC» + SC . SP COS ASP, 

and 

AC«-SC*=SP(AC+SC.co8ASP), 

and'tUviding each term by AC*, this g^ves us 

^ SC* SP/, . SC . __\ 

^-ac=aH^+ac~'^^> 

Let now ACna, SP=:f^, angle ASP=0, and the ec- 

SC 
centricity -^=e ; then we have 

1-^=— (1+^.cosfl); 
whence 

fl(i -«•) 



©=• 



1+f .cos^' 
the polar equation to the ellipse. 
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36. The polar equation to the hyperbola, deduced in 
a ^milar manner, is 

a(^-l) 
l + e cos 

87. The equation 



u = 



I -he. cos & 



may be considered as the general polar equation to th^ 
conic sections. It is the equation to the ellipse or th^ 
hyperbola, as e is less or greater than unity; it is tli 
equation to the parabola when e is equal to unity, an 
the equation to the circle, when, e is 0. 

In the case of the parabola, when ^— 1, 1— e* becomes 
0, but at the same time a becomes infinite, and therefore- 

a(l-£?*)=ao.0z:-1.0 = -^, 

the value of which may be any thing whatever ; in th 
present case it may be shown, as in art. 32, that the tni 
value is 2AS. 



Oblique coordinates. 

88. The axes of our coordinates have hitherto 
supposed generally to be at right- angles to each other; 2^ ^ 
Fig. 20. but if we take for our axes the lines Aa/, Ay' (fig. 20,) ^^^ 
inclined at the oblique angle a:Ay\ it is evident that tbe 
position of the point P may be equally determined by 
means of the coordinates AM, MP ; MP being supposed 
to be always drawn parallel to the axis Ay'. 




i 
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39. Let Axy Ay (fig. 20) be rectangular axes ; Ax\ 
Ay, oblique axes, inclined to A^ at angles i and p re^ 
spectively ; if then the equation to a curve be given be- 
tween rectangular coordinates x, y^ measured along Aor, 
Ay, it may be transfeired to oblique coordinates x'y y, 
measured along the axes Ax\ At/. For let P be any 
point ; AN, NP th|e rectangular coordinates, x, y ; AM, 
MP the oblique coordinates j/, f/ ; then, drawing MQ 
parallel to Ax, MO parallel to Ay or PN, we shall have 

AN=AO + ON=--AO + MQ=AMcosx'Ax 

+ PM . cos P»iQ, 

PN=PQ + QN= PQ + MO = PM sin/ftlQ /^ 

+ AM sin a/Aop, 



or 



x=:a/ . cos d 4-y . cos ^, 
y ny . an p+a/ . sin fl ; 

and substituting these values of a?, y, we shall have an 
equation between y, y, which will be the one required. 

Hyperbola between the asymptotes, 

40. Let PAF (fig. 21) be an hyperbola, whose semi- Fig. 21. 

major and minor axes are a and b ; its asymptotes are 

indefinite straight lines Cj', Cy, passing through the 

centre C and inclined to the axis Cx at equal angles 

b 
JCx, j/CXf the tangents of which are each equal to -. 

If, now, the equation to the hyperbola be required, on 

the supposition of these asymptotes being the axes, making 

Zj:'Cjr=9, we shall haveyCi'='-fl, and substituting 

these for and ^ in the formulse of art. 39, the values of 



o 
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xandj/wUlbe 

xzz-of . cos9 +y . cos— fl=a?' . cos 9 -f y' . cosd 

=(^+yOcosd, 

yrzoi . sinfl -h y . sin— 6=^:' . sin 9 -y . sin 9 

= («!/- y)sin9; 

whence the rectangular equation to the hyperbola 

will become 

-. (^«-2ay +y«)sin«9=- co8«9(jc'«+2fy -f y«)-6^ 

But, by hypothesis, tan 9=—, and therefore 
cos«9=-T-T-r., 8in29=: 



which values being substituted, we obtain 
and this being reduced, gives 



whence 



a/y = — 7 — = constant, 



which is the equation to the hyperbola between the 
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asymptotes. When the hyperbola is rectangular, we have 
b:ra, and in this case therefore 



a* 



b 
Also since — = 1, we have tan d=l, so that the lines Ca\ 

Cy, are each inclined to Ax at an angle of ^, and are 
consequently at right angles to each other. 

Method of determining the position of a point in space. 

41. The points and lines of which we have hitherto 
spoken have been supposed to lie all of them in one 
plane, that of the coordinate axes Ax, Ay; and if there- 
fore a point be given which does not lie in that plane, its 
position can no longer be determined by the previous 
methods. 

In this case the point P (fig. 22) must first be referred Fig. 22. 
to the plane of ;r^ by a perpendicular PM let fall from 
P upon that plane, and the position of M be then fixed 
by two coordinates AN, NM, as before ; and this me- 
thod will evidently serve for any point whatever in space ; 
for wherever the point be taken, its altitude above the 
plane of xy may always be expressed by a line such as 
PM , and the position of the point M, whence the per- 
pendicular PM is to be drawn, be determined by two 
coordinates AN, NM. 

If, now, at the point A we erect the indefinite straight 
line Az at right angles to the plane of d^, the values of 
PM may be expressed by lines such as AQ measured 
along Az ; and the values of NM being similarly repre- 
sented by lines such as AO taken along Ay, AN, AO, 
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AQ Will be the three coordinates of the point P, and are 
denoted by a, y, Zj respectively. 

42. The three axes Ax, Ay, A>?, being each of them 
produced indefinitely, if through the origin A we draw 
three planes passing, the first through x, y ; the second 
through X, z ; and the third through y, z ; these planes 
will divide space into eight compartments, four lying 
above, and four below the plane bf xy ; and every point 
in space must lie in one or other of these compartments. 

43. What was said respecting the signs of the two 
coordinates or, y, will apply also to the signs of the three 
x,yy z\ thus if ?f be positive, it shows that the point in 
question is in one of the compartments lying above the 
plane of xy ; but if z be negative, the point must be 
below that plane. 

On the projections of a straight line in spaccj aiid its 

equations. 

Fig. 23. 44. Let PP" (fig. 23) be any straight line in space, and 

from each of its points P, P', P'', &c. let fall on the plane 
of xy the perpendiculars PM, P'M', P^M'', &c. ; these 
will evidently all lie in one plane PM'', which is called 
the projecting plane ; and the section of this plane with 
that of xy will be the straight line MM", formed by the 
feet of the perpendiculars. This line is the projection of 
PP' on the plane of xy, and by drawing perpendiculars 
in a similar manner to the planes of xz, yz, we shall ob- 
tain the projections of PP" on those planes. 

45. The projecting planes must, from the construc- 
tion, contain both the line proposed and its projection ; 
and two of these projections will consequently serve to 
determine the line ; for if two of the projections be given. 
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we shall be aUe to draw two projecting planes, each of 
which will contain the line required, and that line, there* 
fore, will be the intersection of the two planes. 

46. If now in the line PP'' we take any point P whose 
coordinates are x, y^ s:', and let fall the perpendicular 
PM, the coordinates jr, y^ will obviously be the same 
both for the point P and for its projection M ; and since 
the same may be said of all corresponding points in the 
line and its projection, the coordinates x^ y, of the line 
PP'' will be connected together by the same equation that 
belongs to the projection MM"; and these observations 
will apply equally to the other projections. But these 
projections being straight lines lying wholly in the planes 
of xyy xZf and yzy respectively, their equations will be of 
the forms 

z=.bx + P, 
y=cz + yy 

and these therefore will be the equations which connect 
the coordinates x, y, 2, of the line PF', and are con- 
sequently said to be the equations of that line. 

Any two of the above equations ^ill be sufficient;, for 
two being given we can from them derive two of the pro- 
jections ; and, as was shown (art. 44), two of the pro- 
jections will serve to determine the line. 

Equation to a plane. 

47. Let DBC (fig. 24) be a plane cutting the axis of Fig. 24. 
z in the point B, and the coordinate planes xz^ yz, in the 
lines BC, BD ; take in it any point P, whose coordinates 
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are x^y, z; draw, in the plane DBC, PQ parallel U> BC 
and cutting DB in Q, and in the plane i/« draw QO 
parallel to A;:, BF parallel to Ay ; also let QE be per- 
pendicular to PM, and therefore parallel to Ax : then 
we have 

PM = PE-f-EM = PEH-QO 

=PE+QF+FO 

=QE.tanPQE + BF.tanQBF + AB 

= AN . tan PQE -f AO. tan QBF + AB, 

whence 

«=x.tanPQE+y.tanQBF + AB; 

but PQE and QBF being the angles which the sections 
BC, BD make with the axes of x, y, respectively, they 
will remain the same for any point P in the plane, and 
their tangents may therefore be represented by the con- 
stant coefficients a, b ; AB is also constant, and jnay be 
represented by c ; when our equation will become 

zszax+by + Cy 

which is the equation to the plane DBC. 

This is a general simple equation between three va- 
riables, and by assuming the coefficients properly, may be 
put under the form 

Aa: + By+Cz+D=0. 

When^ is made =0, this becomes 

Ax+Cz+D=0, 

which is the equation to the section BC ; and similarly 
by making a?=0, we shall have 
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for the equation to the section BD. 

If the plane pass through the origin A, the constant 
D will disappear, and the equation be of the form 

Equation to the sphere. 

48. Let a, fi, y, be the coordinates Aa, ab, bCj of the 
centre C of the sphere (fig. ^) ; x, y^ «f the coordinates Fig. 25. 
of any other point P oh the surface of the sphere ; r the 
radius CP : draw Cn perpendicular PM, and bm perpen- 
dicular MN ; then we have 

CP*= Cn« + Pn* = 5M« + Pn^ 

or 

which is the equation to the sphere. 

Etj nation to the cone. 

49- Let ABD (fig. 26) be a cone, in which the axis Fig. 26. 
AC= a, the radius CD of the base:=:i ; take C the centre 
of the base for the origin of the coordinates, and let P be 
any point in the surface whose coordinates are CN, NM, 
MP : draw PQ perpendicular to AC, and consequently 
equal to CM : then 



PQ=CM=VCN«-hNM*=v/^+j/*; 
but from the similar triangles APQ> ADC, we have 
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PQ : AQ :: CD AC, 

or 

^/7Ty^ : a-2f :: b : «, 

whence ^ 

and therefore 

b 
the equaUon to the cone required. 
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DIFFERENTIAL CALCULUS. 

On the differentiation of algebraic quanliliei. 

1. Oke Foriuble is said to be a function of nnuthcrvEiriikbli 
when the first is equal to a certain tmalftical exjireasion 
posed of the second ; tor csatnple, ^ is u fiuictioti uf j' ii 
following equations : 



the 



,j=^a*-^.y= 



-3fij*, 



'' y-—>>j=^+"'- 



2. Let DS consider a fanction when in its state of increase, 
by reason of the increase of the variable wbicli it contains ; 
and since every fanction of a variable x may be reprcBented 
by the ordinate of a curve BMM', fig. 1, let AP = J and pig. I. 
PM-ybe the coordinates uf a point M in tliat curve, and 
suppose thai the abticiesu AP receive* an increment PP '= A ; 
llien the ordinate PM will become P'BI' =^'. In order, tliere- 

■ fore, to obtain the value of this new ordinBlc, ive see that we 

■ nnust changes: intox+Zi in tbc equation of the cutve, and the 
K value wliich the equation sliall then detvrtnine for y will be 
I tba 



that of y> 
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For example, if we had the equation ysmx*, we should 
obtain %/ by changing x into X'\'h, and y into y , and we should 
have 

y=m(jr+A)«, 
or, by developing, 

y = iii«A4-2iiixA+mA*. . 

3. Let us take also the equation 

y=^, (i)> 

and suppose that when x becomes x-^-h^y becomes y, we shall 
have then 

y = (^+A)»; 
or, by expanding, 

if from this equation we subtract equation (1) there will re- 
main 

y-^=3:r«A+3«A*+A', 

and by dividing by A, 

^^=3i«+3xA+A* . . . (2). 
h 

Let us see now what is to be learnt from this result : y' — ^, 
being the difference between the new value of y and its pri- 
mitive one, represents the increment of the function y in oon- 
sequence of the increment h given to x ; and the increment of 

r, on the other hand, being h, it follows that the expression 

* 

^^—j-- is the ratio of the increment of the function y to that of 

the variable x. By attending to the second side of equation 
(2), we see that this ratio is diminished the more h is dimi- 
nished, and that when h becomes this ratio is reduced to 3Le*. 

This term 3x^ is therefore the limit of the ratio ^~^i being 

the term to which it tends as we diminish A. 
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4. Since^ on the hypothesis of /< =0^ the increment of ^ he- 
comcs also 0, ■ is reduced to ^p and consequently the 

equation (2) becomes 

This equation involves in it nothing absurd^ for from Algebra 
we know that ^ may represent every sort of quantity ; be- 
sides which it will be easily seen^ that since by dividing the 
two terms of a fraction by the same number the fraction is not 
altered in value^ it follows that the smallness of the terms of 
a fraction does not at all affect its value, and that, consequently, 
it may remain the same when its terms are diminished to the 
last d^ree^ that is to say, when they become each of them 0. 

The fraction - which appears in the equation (3), is a sym- 
bol which has expressed the ratio of the increment of the func- 
tion to that of the variable : since this symbol retains no trace 

of that variable^ we will represent it by ~- ; and then —- will 

remind us that the function was y and the variable x ; but dy 
and dx will be no less evanescent quantities, and we shall 
have 

^=a,'....(4). 

~, or rather its value 3a* is the differential coefficient of the 
ax 

function y. 

We may observe that ~ being the symbol which represents 

the limit 3x', [[as is shown by equation (4)3> dx ought properly 
to be always placed under dy. In order, however, to facilitate 
operations in algebra, we mav for a time clear equation (4) of 

b2 
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itii denominator, and we shaU hare dy'=.^i'dx. The ezprea- 
Mon 3,r^7jr is what we call the differential of the function _y. 

5. Let us seek also the differential of the fimcticm a-f 3^* ; 
for wliich puqNjsc we must, in the equation jf=«-|-3jr', make 
x = x+A ; and changing y intoy', the equation will become 

therefore 

h 

and making A = 0, there results -- = 6r ; the differential sought 

therefore is £(y = drdlr. 

6. For a third example, let us seek the differential of 
tf^ajfi—b'^ ; making x = x+ A, and subcftituting, we have 

therefore 

•?^^=3flx»+3flx/.+fl/*', 
h 

and taking the limit, we have 

ax 

This is the differential coefficient of the proposed function ; 
the differential will be di/=Sax^dx. 

7. Let it be proposed to find also the differential of 

y = y— -: performing the division we find j^=l+x+x«; put- 
ting jp-\-h in place of x and y' in that of y, wc obtain 

and arranging according to the powers of ^, 

y=i+j+.*«+(2j+i)A+/4^- 

therefore. 
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takiog the limit, we have -^=2j^-1-1 ; and therefore the dif- 

dx 

ferential of ln^ is (2j'+l) dx. 

8. As another example let us take 

developing, we have 

putting iT+Z/ for X and tf'fory, and arranging them according 
to the powers of h, ther^ results, 

y = 4r*— 5a« r8 + 6a' + (4r5 — 10fl«.r) A 

therefore 

^^^=4r'— 10fl«^+ (ar'-5fl«) A+4arA«+A' ; 

passing to the limit, we have 

-i^=4i'— 10a*X} 
ax 

and multiplying bj dx, we find that the differential is 

9. The expression dx is itself the differential of x ; for let 
y=^x; we have then y =x-|-A; therefore y~^ = A, and con- 

aequentlj "^-r-^ = 1 ; and since the quantity h does not enter 

into the second side of this equation, we see that to pass to the 

1/ "^ 1/ dv 

limit it is sufficient to change . into -j-', which gives 

-^ = 1, and therefore dy = dx. 



10. We should find, similarly, that the differential of ax is 
^idx ; but if we had y=ax+^y we should still obtain adx for 
"the differential : whence it follows, that a constant b, which 
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Passiiig to the limits we shall find 

l=A,£=A. (7,,- 

multiplying equations (5) and (6) the one by the other, we 
shall obtain 

«y = ^y + AzA + BzA* -f &c. 
-f A'yA+ AA'A*+ &c. 
+ Byh^ + &c ; 
therefore^ 

^^^^-^-^== Ar + A>-f (Bz + AA' + B'^) A+&C.; 

and taking the limits and indicating, by a point placed before 
it, the expression to be differentiated^ we shall get 

-^ = As + A'^; 

putting, in place of A and A', their values, given by equations 
(7), there will result, 

d. zu dy dz 

dx dx dx 

and suppressing the common factor dx, 

d. zy = »dy -^ydz. 

Thtis^ to find the differential of the jproduct ofttto variabies^ 
tve must multiply each by the differential of the other, and add 
the products. 

15. By means of this rule, we shall easily find the difiPeren- 
tial of a product of three variables. 

Let it, for example, be ysu ; make yz^it, when we shall 
have d, yzu = d. iu. 

But by what has preceded, 

d.tu=tdu+udi, C9/ 
and since t =^yz, we have dt ^ydz-\- zdy. 

Substituting, therefore, th^ise values of / and dt, in equation 
(8), it is changed into 

d. yzu ^yzflu + ^lydi -f- nzdy^ 
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We see^ then^ that the same rule still holds for a product of 
three variahles ; viz., that we must write dawn the product yzu, 
replace succeaioely each variable by its differential, and add 
the products. 

The same rule holds good for any greater number of 
variables. 

16. The differential of a fraction - is ^ — - — ^: for sup- 

z 
pose - = ^^ we have z-=.ty, and dz^tdy-^-ydt (art. 14)> from 

which we find ydt^dz-^tdy : 

putting on the second side the value of t, there results, 

ydtzzdz dy, 

reducing to the same denominator, 

and lastly, 

dt =y^^-^y^ „ j.i ^ ydz^zdy 

y'^ y }t 

VJ. If in the equation d.yzu^^yzdu+yudz+uzdy (art. 15), 
wc divide each term by yzu^ we shall get 

d.yzu du dz dy ^ 
yzu ""T T Y' 

and generally, by dividing the differential of the product of 
any number of variables by the product itself, we shall find, 

^-^^^ _<^. ^ydz dt du . 

xyztu r"^ y"^ z"^ T"^ u ^"^ ^' 

If now jt, y, z, t, «» &c., be each equal to st, and the number 

of them be m, we shall have on the second side of ^^ equa- 

djp * 
tion m terms, each equal to — ^ the second side will therefore 



.r 
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be changed into , and the equation (9) will become 

iLr* __ mdjp 

X X 

and multiplying by ^^ xve shall have 

18. We may hence deduce this rule : when a variable is 
raised to a power m, to obtain its differentiaU "we must V^, 
make the index the coefficient ; 2^. diminish the index of the 
variable by unity ; 3^. multiply this product by dr. 

19. The same rule will hold^ if the index be fractional or 

n^tiye. 

p 

To prove the first case^ let y =4f« ; nuse both sides to the 
power q, when we shall have y9=xP, and therefore, art. 18, 
qy^^dy=pxP-'^dx ; whence we find. 



^5^=?-!^^; 



9^ 



9-1 



g9 w« 

and since a^^^ y^~S may be put under the forms — >-^>8ub- 
stituting these values^ we have 

1 ^ * 
and sinoe x" = ^, the preceding equation is reduced to 



= tt 
qx 

Lastly, putting for y its value, we obtain 






dy = -. — dx; 

^ q x 

and bringuig the denominator x into the numerator, we have 



^-1 



r/y = -2. a: dx. 
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a result the same as would have been obtained for the dif- 

ferential of y = x? by applying the role given Art. 18. 
To demonstrate the case in which the index is n<^tive^ let 

,y = x-^ : this is the same with jf = — , which being dif- 

x^ 

ferentiated by the rule for fractions^ art. 16> we shall have 

Observing that unity being a constant, its differential is 0, 

art. 10, this expression is reduced tody ^ ; whence 

vxP^^dx 
by difierentiatiog, art. 18, we shall have dy = — -^---^ — i&nd 

subtracting the index 2/9 from the index /?— 1, thore results 
lastly dy = — pjr^^^dx, as we should have found by applying 
the rule of art. 18. We conclude, therefore, that this rule X 
holds true, whatever be the index of x, that is to say, whether ^ 
the index be intcpal, fractional, positive ^^ .p'^g*^^^^ 

20. We may arrive immediately at the differential of «* 
by means of the binomial, in the manner following j[ 

making x = x + k^jve obtain ^^^ y^ ==rr jf 

y = (* + *)•, 

and developing by the binomial theorem, we find 

f|f«-l 171—2 .^.•, ^ 

-hm — g — -o""* ^ +> &c. 

subtracting from this the preceding equation, and dividing by 
A, there remains 

l-j^sT-^ +^. — — X--2 A + »i — -— . _ — a:"^A« + &c. 
Passing to the limit, by making A =0, we obtain 
-^ = mo;'"-^ ; therefore, dy = mx'^-^dx ; 



»». 
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and replacing the value of ^^ we have 

d.x^ = tnx''*-^dx. 

21 . If we replace the radical signs by fractional indices, the 
rule of Art. 18 will then serve to differentiate quantities of 
that sort. For example^ to find the differential of ^x^ we most 

write zS the differential of which will be iff~*«fc=r--=; 

which shows us^ that io obtain the d^hrential of the sqtiare root 
of a variable quantity ^ toe mutt divide the differenHal of thai 
quantity by the double of its square root* 

On the differentiation of a sum qfjunctions, 

22. The process for differentiating a quantity whidi ooo- 
tains several terms would be exceedingly long, were it neoeft- 
sary always to pursue the course we have hitherto followed ; 
finding first the value of jf^ in order to deduce ifirom it tliat of 

' w '> and then passing to the limit by making A=0. For- 
tunately, if we can differentiate each term separatdj* we may 
adopt a more simple course by means of a theorem^ whicL may 
^thus be expressed: the differential of a sum of Junctions is 
equal to the sum of the differentials of those functions. 

To demonstrate this, letf, F, ^, 6cc,, be the symbols of the 
different functions of which y is composed, and suppose we 
have 

ys:fx+Fx'\'(px+&c.y 

of which it is required to find the differential. 

If we put ss-j-h for X in each of these functions, since by 
hypothesis we know how to develop each of them separately, 
according to the powers of h, we diall be able to expreas the 
result by 

y = /r -f AA 4- A'A* -f &c. 
+ Fj:+ BA + B'A» + &c. 
+ ?J + C/* + C'A« + &c. 
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And collecting the terms multiplied by the same powers of h, 
and subtracting y, we shall find 

y-y = (A4-B+C)^ + (A'+B'+C)//»4-&c.; 
and taking the limit, 

^.=A+B+C, rfy=Aiir+Bdx+Crfx. 

But A^ By C, are the terms multiplied bj tlie first power of h, 
in the development ^^Jlfr{-J^^jf^JL)^f(jc-{'h)y whence it 
follows^ that Ai/jr+Bc/x+O/j npresents the sum of the dif- 
ferentials of the proposed function. 

23. To give an application of this theorem, suppose that 
we have to find the differential of 

we know, by article 10, that the differential of ax^ is ada^^ 

and by differentiating according to article 18, and patting the 

numerical coefficient first, we obtain Stu^da: Following the 

same plan in respect of the constant b^, we shall find that the 

differential of 6*2^ is 2b^xdA* ; and the article 21 shows U8» that 

__ ^ ^ c^dx 

(^»J X has for its differential ^r~=. Adding, then, these re- 

suits, we shall find 

rfy = 3fl ac«<i* + 2A«jr(ir + ^— 4. 

%Jx 

24. In general, when in an expression which we wish to 
differentiate, a constant appears as a fieictor of a function of x, 
we must differentiate as though there were no constant, and 
then multiply by the constant. 

25. If, on the contrary, the constant be not connected with 
a function of x, it, as we have seen, article 10^ will give no 
additional term to the differential. 

On the manner of facilitating the differentiation of compU* 
cated functions, and of avoiding the process of elimitiation. 
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when the Junction y is not given immediately in terms of ike 
variable j*. 

26. Sametimes the function y and the variahle x are not 
given by a single equation. For example, if we had two eqnA- 
tions of the fasm&y ==/k, and u = (fx^ the first mode that would 

dy 
present itself for obtaining the differential coefficient -j- would 

be to eliminate u be^id|U: the twa equations, so that we might 

apply the process of^HfiMHL; butmthout having recourse 

to this preliminary o|)eration^ we may obtain immediately the 

dy 
differential coefficient —•, which will be the object in view in 

the following demonstratioti : 

Suppose that when in the equation uz=.^x, we put jr+/i for 
Xf u becomes u'z^u-^-k ; and that when we put u^k for v in 
the equation y^Ju, the function y becomes y ; if then by de- 
veloping the functions of u and x according to the powers of 
their respective increments, the substitution of x-^ A for x in 
the function u gives us 

tt'= u-^qh^ q'h^ + y"/*' + &c. ; 

and the substitution of u+^ for u in the function y gives us 

y=y +V^ +/>'** + p1^ + , &c. 
we shall obtain from these equations 

— T- = y+9A+^*«+ &c. / 
/ v. . . (10). 

and multiplying the equations together^ we shall have 
"-^•'^=(f'+;^'^+;?''it»+ &c.) {q^^h-^tq^h^^ &c.) 

The first side of this equation may be reduced ; for the in* 
crement of u being represented by k, is therefore equal to 
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u^Uf and, consequenily, instead of - , ■. — r — we may write 

^ T ; when, patting y— * in place of il, the preoediiig eqna^ 
lion becomes 

^Ft= (y+gA+y"A»+ &c.) (p+p'*+p"*»+&c.) . . . (11). 

When A b 0, A: also vanishes (since u received its increment 
only because x became Jf+A), and, therefore, in the case of 
AsO, which is that of the limit, the equation (11) becomes 

i=« w 

For the detennining of p and 9, we must make h and k each 
=0, in the equations (10), when those equations give us 



dy du 



du ^'djp 

and substituting these values of p and q in equation (I2)v we 
obtain 

dy _dy du 

di-Tudi ^*^^- 

This result shows us that if we have two equations, y^Ju 
and tts^, and we find tiie values of the differential coeffi- 
cients— and -7-, the multiplying these two together will give 

us the value of -r-. 

dx 

27* If, for example, we have the equations jf=3tt* and 

Ursa* +fl**, we shall find 

au ax . 

and therefore, multiplying these equations together, we shall 
have 

^=6m (3** + 2at) =6 (x'+fl^) (ac«+2(ix). 
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28. The fbnniila (13) is one of great use in differMidat 

complicated functions ; we will give a few iippUcutions of it. 

1". Iretitbe required to find the (Ufferentiftl ot y=^a*—j*. 

This will be done by finding the differential co-eflicieHt 

; for which purpose let a^~f=u, and therefore 

y = y'i» = B*; then the equations _y=/u and u = .?j (art. 2(i) 
trill be here represented by 

Differentiating these equations (art. 18) we find 
multiplying these dilferential co-etfictent« together 



ind therefore 






4 



Again let 
therefore 



/= (a+thf")'; to find the differential, malting 
we shall hare the equations y = u\ u = a+bx' ; 



and multiplying these differential co-clKcients togvtbeM 
hare 

{a+br")'-'. 



. As a third example, let 



(11). 
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and therefore 

J^=(fl+>/^)* (15). 

Differentiating equation (14)> we have 

"" jr* 
and therefore 

du_^2c 

the equation (15) gives 

^ du 

and putting for u its value^ there results 



/ 



cT* 



multiplying these differential coefficients together, we have 
lastly 

We might take also as an example 

.y= (a +%/:?)», 

and we should find 

On successive differentiation. 

30. Let ^ be a function of x ; if this be differentiated^ we 
fihall find a result of the form pdx, p being a quantity which 
may involve ^ ; if p do involve x, we shall be able to differen- 
tiate p siao, and so obtain a result represented by ^x ; pro- 

c 
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ceeding in the same manner ^ith respect to q, the result will 
be of the form rdx, and so on : pdje, qdx, rdx, &c. are the suc- 
cessive differentials of if. 

For example^ if i/ = ax^, we shall find dy :^3ax'^dx, and 
therefore /> =3ax^ ; differentiating anew^ we have dp = daxdjr, 
and therefore q = 6ax. Again differentiating^ dq = 6adx, 
whence r=^6a; and here the differentiation must stop, 6a 
being a constant. 

The equations 

dyz^pdx give, dividing by dx, -j-^p, 
dp^qdx -^=:y, 

dqz=,rdx -7^='*; 

dx 

&c. &c. 

q being obtained by two successive differentiations^ and by 

dividing each time by dx, we will represent the operation by 

c^tf d^y 

■^, and we shall have ^-^ = y; in like manner by differen- 

tiating anew, and dividing by dx, we have -r-^=r; and so on. 

dx^ 

dy is the first differential of ^; 

d^y is the second differential ; 

d^y is the third differential ; 
and to on. 

Maclaurin's theorem. 

31. Let ^ be a function of jr, arrange it according to th< 
powers of x, and suppose 

y=A4-Bx+Cj:«4-Dar3 + Ea*+&c. .... (16); 
then differentiating and dividing by dx we shall find 



. =B+2Cx+ 3Dj:»+ 4E^+ &c. 
^^ - 2C -f 3.2.Dj'+ 4;).E.r« + &c. 
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3-^= 3.2.D +4.3.2.E^H- &c. 

Represent by (^) the value assumed by y when je=iO, 

^i^) ^ 






and so on ; 

the preceding equations will give us 

C)=A,(^)=B,(^)=iiC,(|«)=3.i,.D.». 
whence we find 

and substituting these values in the equation (16)^ it ^vill 
become 

which is Maclaurin's theorem. 

32. As a first application let us take^= ; 

differentiating, we find 

dy = ( a+jr)dA'^Ld (a + ^) _ djp 



whence we deduce 



f^=- ^ 



and differentiating' anew, we shall get successively 

</«y_ 2(fl-f«r ), 2 

da^ " (T+T)*"" (a + .*•)'' 

c2 
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£^ _ 2.3(a+^y _ _ 2.3 

&c. 
Making then a?=0 in the valaes of y, ^, ^^, -^^^ we 
find 

^^^~? iS;i " "^^ W^^i -a»* (/^' " a* ' 

and substituting these values and that of ^ in formula (17)> 
we shall obtain 



+— — 1+ &«• 



a+<r a 



a 



33. For a second application, take y = >/ a* + Ajr ; we have 
then 

making .r=0, these values will become 

and substituting these values of (y),^~y &c. in formula (17}> 
we shall find 

34. As a third example^ take ^= (ft+^r)^ ; differentiating 
we shall find 
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making jr = 0, the value of ^ is reduced to a**, whenee (y) = a** ; 

dy d^u 
and the differential coefficients -^, -^-j-, &c. give ua 

(s)=--'(S)=-("-')«-.^= 



m 



(w-l)(in-2)a"— »,wliichvalue8 0f(j^), (■^)> C"^)' 
&c. being substituted in formula (17)> we find 

(to— 1) (m-.2) . . , 

On the differentiation of transcendental quantities. 

35. Transcendental quantities are such as are affected by 
variable indices, logarithms^ sines, cosines, &c. 

36. Let a' be the quantity first proposed to be differentiated ; 
put y = a', change x into x+^> and y into y, when the equa- 
tion will become 

y = 0*+*, or f/* = fl'a* , 

and this expression we must develope according to powers of A. 
In order, therefore, that a^ may be developable by the bi- 
nomial theorem, we wiU put a^^l+b, and consequently a^ will 
become 

(l+ft)» = l+A.j+A(A-l).^+A.(A-])(A-2) 

^+&c. .... (18) J 
which we might arrange in respect of h ; but without per- 
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forming this operation, since we want only those terms mul- 
tiplied by die first power of h, we will observe that if in a 
product such as h (A— 1) (A— 2) (A— 3) &c., the part (A— 1) 
(A»2) &c. is composed of n factors, its development^ accord- 
ing to the theory of equations, will be of the form A*+ A^"""' 

H-B/i—* + MA + N, and the term N will be formed of the 

continued product of the second parts »1> — 2, — 3^ &c. of 
the binomials A— 1, h^2, A— 3, &c. But since k (A— 1) 
(A— 2). (//— 3) &c.=A (A-+AA"-!. . . . MA + N), it is evident 
that the term containing the first power of h in that product 
will be NA, or from what has preceded, A (— 1 x -*'2 x — 3) &c 
whence we may conclude that to find in the development (18) 
the terms involving the first power of h, we must, in the more 
complicated terms of that series, beginning, for instance, with 
the third, form the several co-efficients df A in the manner 
following ,* the continued product of the numbers subtracted 
from h in the several terms must be multiplied in the third 

term by r-pp in the fourth term by -^ » and so on ; whence it 

follows that 

fl*=:J 4- (6—- -f -Q~ &c.) A-f terms involving A«, A', &c. 

A« A* 
Representing (^— -o-+-q — >&c.) by A, we have 

fl* = l4-AA+ terms involving A*, A*, &c; 
and substituting this value in the equation y = Q*a^, that equa- 
tion will become 

y = a'-f Aa'A. + terms involving A®, A', &c. 
If we subtract the primitive equation y = a*, there will remain 

y— y=Aa'A-f terms involving A*, A*, &c. 

dy 
and taking the limit, ^=Aa', 

or, replacing the value of y, 

.^s=A.a» • . . (19). 
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The constant A depends on a, for if in the equation 

we put for ^ its value (fl— 1), we shall find 

A = («-l)-i^+lf=l)l_&e (30). 

37. To determine the yalue of A, let us investigate, hj 
Maclanrin's theorem, the development of a' ; we have then 

d^jf Ad,a* A^a'dx 



ds!^ dx dx 






dx^ 
and making x = 0, we shall find 

Substituting these values in equation (17) we havr 

, Ax A«;c* A V , . 

making 4r= ---^ this equation will become 

and representing by e the second side of this eqnation, it wiD 

1 

be changed into a^=:f, whence we find a =9^; and taking 

the logarithms, we have 

logfl=loge^=Alogf; 

therefore 

A=;2Lf (21). 
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The number e^ whose value is given by the equation 

c = 1 -I- 1 -f "7^+ i~oQ "^ ^^'^ ^* *^^ ^^^^^ which Napier selected 

for calculating his tables of logarithms. 

The series l + l-f — -4------f &c. being sufficiently con- 

vergent^ we may take the first ten terms as an approximation, 
when we shall find the value of e to be about 2^7132818. If 
we represent by La the logarithm of a in the Napierian system, 
we shall have then a = (2,7182818) ^" , or more simply a = ^^ ; 

and therefore log a = log e^ = La log e ; whence we shall find 

lofiT a , 

.--^— =La, which reduces equation (2 J ) to A=La, and con- 
log ^ 

sequently equation (19) gives 

d.a':^a'dxJja .... (22). 

Logarithmic differentiaU^ 

38. Let 3p be the logarithm of ^ in the system whose base 
is a ; then we have^ = a', and therefore (art. 36) dy=.Att'dx ; 
whence we find 

Aa-* log a a' ' log a ' 
loge' 

and since a'=y and a7=log y, the preceding equation becomes 

^^ y loga 
When we take the logarithms in the Napierian system, 

r^ zz.-^^zzl, and therefore in that case rf.loe y = — . 
log a log e y 

The differentials of sines, cosines, and other trigonometrictd 
lines, or the differentials of circular Junctions. 

39. The arc is greater than the sine, and less than the tan» 
gent. 

To prove this, let AB, fig. 2, be an arc, which has BE for 
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its sine, and DA fov its tangent^ and take the arc AB' equal 
to the arc AB. Then the chord BB' being a straight line, 
BB' is less than the mAB; and therefore the straight line 
BE, which is the Half of the chord BB', is less than the arc 
BA, the half of arc BAB' ; whence it follows that the sine is 
less than the arc. 

To prove that the tangent is greater than the arc, we have 
Area of triangle DD'C "7 area of sector BAB'C j 
or, putting for these areas their geometrical values, 

BB' X iAC 7 BAB' x iAC ; 
suppressing the common factor ^AC, there remains 

Diy 7 BAB', 
and taking the halves, we have 

DA 7 arc BA. 

40. It follows from this, that the limit of the ratio of the 
sine to the arc is unity ; for since, when the t^c h, represented 
by AB, becomes nothing, the sine coincides with the tangent ; 
much more does the sine coincide with the arc, which lies be- 
tween the tangent and sine ; and, consequently, we have, in 

the case of the limit, r, or rather, — r— = !• 

arc h h 

41. To find the differential of the sine whose arc is x^ sup- 
pose that the arc receives an increment h ; then we know, by 
trigonometry, that 

sin (a:-|-^)=8in a:, cos Ah-cos x .an h (23). 

Subtracting from this function its primitive, and dividing by 
the increment h of the variable, we shall have 

sin(j?+^) — sin ar __ sin or. cos A + sin A. cos x — sin x 
h """" h ' 

and collecting together the terms multiplied by sin a: on the 
second side, we shall find 

8in(x+A)— sina:__sin x (cos/i— 1) sin A. cos x ^.. 
h A + h ^^^^' 
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• MMI A 1 

When h becomes 0, cos A— 1 becomes also 0, and ^ 

is reduced to the form ^^ ; it is necessary^ therefore* to pot 

that term under some other form, and, for this purpose, the 
equation cos'il+sin* A = l, gives us cos*^— 1 = — sin» A, or 
(cos A— 1) (cos A + l) =— sin« h ; from which we get 

8in*A 

cosA— 1 = TTTi 

cos A+1 

and substituting this value in equation (24), it becomes 

i y h cosA+r* A^' 

,„, . ^ sin A . sin A ^ 

WhenArrO, -r" = l' — rTT=o = ^' 

A cos A + 1 2 

d* sin X 
and therefore equation (25) is reduced to — — — =C08 x : 

whence we deduce i/.sin x=C06 x.dx, 

42. In this demonstration, the radius of the tables has been 
supposed unity. If we wish to have the differential of a sine 
whose radius is a, instead of employing the equation (23), we 
must make use of this, 

. . .^ sin jr.cos A+sin A.C09X 

a 
and therefore, in the preceding result, it will be neeenary to 

introduce the constant a, which will give d, sin x = — '- ^ 

for the differential of the sine of an arc whose radius is a. 

43. We might arrive at the differential of sin x by geome- 
Fig. 3. trical considerations ; for, let AB, fig. 3, be the arc x, BM the 

arc h ; then the perpendicular BP will be the sin x, and the 
perpendicular MQthe sin {x-\'h). This being supposed, the 
more the arc BM = ^ is diminished, the more does the angle 
MBC approximate to a right angle ; and consequently, in the 
case of the limit, we may consider MBC as a right angle, and 
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the triangle MBD will then become similar to the triangle 
BCP ; since in that case the triangles have their sides per- 
pendiculars. From this it follows^ that we have the pro- 
portion 

BC : CP : ; BM : MD, 
or, 

r : cos 4f : : BM : sin (jr+A)— sin x ; 

and therefore 

sin ^«r+A) — sin or^cos j^ 
BM " "7" ' 

taking the limit, and obsenring that, in this case, the chord 
BM may be replaced by the arc BM=sA, the above equation 
becomes 

d.Binjt cosx 

dx ""7"' 
and taking the radius equ^al to unity, 

//.sin xzzdx cos jr. 

44. To find the differential of cos ^, the equation 
ain*<r-f cos*jr=l, or rather, (sin 4?)*+ (cos «)* = !, being dif- 
ferentiated, gives 2 sin xd, sin «r-f-2 cos x^/. cos ar=0 ; whence 

we find 

sin xd, sin x 

If. cos 4! = — } 

cos X 

and putting for d. sin x its value, djp, cos x, art. 41, and re- 
ducing, we have c/. cos x=: — (/or. sin jr. 

45. We obtain the differential of tangent x, by considering 

sin X 

that tan 47= ; which equation being differentiated by art. 

cos X 

(16), we find 

006 xd. sin x ^ sin xd, cos x 

d. tan X = ; 

cos'x 

and putting the values of d.sin x and d.cos x, we shall have 

/cos*a;-|-sin* jf\ , 

(/.tan xzzi jdx, 

\ cos^jr / 
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and therefore^ since cos* x + sin* ar = l, 

dx 
d. tan X = — r-. 
cos*x 

46. We know^ by trigonometry^ that the radius is a mean 
proportional between the tangent and the cotangent^ and be- 
tween the cosine and the secant, which gives 

1 1 

cot X = , sec X = . 

tangx cos X 

By differentiating the first of these equations (art. 16), we 

find 



d.cot X 



__ c/.tang jf _ dx dx 



tang^x cos^^. tang'x sin^jr' 



sin 
for, from the equation — = tang, we deduce cos. tang = sin; 

Cuo 

47. The equation sec « = , being differentiated, gives 

COB •» _ 

. d, cos X fanxdx sin x dx 
a. sec j?= — = — r — =. . =tangx.8ecxajr. 

C08*X cos* X CO& X COAX 

48. We may determine in the same manner the differential 

of the cosecant : for cosec x = -; — : which, being differen- 

sm.r ^^ 

tiated, we have 

, cos xdx cos X dx 1 , 

a. cosec <r = r-i — = — -, . -; — = . cosec xdx 

sm* X sin X sin x tan x 

= ^cot X cosec xdx, 

49. In respect of the versin, by differentiating the equation 
versin x+co% j?=l, we find d, versin a?=rf(l— cos j*), and by 
performing the differentiation, 

d, versin x = sin xdv. 

On the differentiation of certain complicated transcendenta 

Junctions. 

50. The preceding principles will serve for the differentiati 
every expression affected with transcendental quantities. 
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Let ^ =0^ be the function ; making b' = u, we shall have 
^ = a*', and differentiating by art. 37) we shall find 

du ax 

therefore (art. 26), 

du ax dx 

51. Let also y = jt* ; taking the logarithms^ we have 
log ^ = v log z ; and therefore^ c/.log y = v</. log z + log xdv : 
putting for the logarithmic differentials their values (art. 38), 
we shall find 

-^ = t> h log gdv, 

and consequently, 

^y = y( h log 2rf»] , or, fl(y = 5"^ hlog zdv^. 

By means f^ this differential, we shall easily find that of 

y=.z*^ I for, let t^^v, then the equation is reduced toy=j7% 
and the equations ^=2*, v=^, being of the same form with 
the equation whose differential we have just found, will give 

dy^z^ {y — h log zdv\ 

di 
flf» = ^«^tt— l-log/ittV 

Substituting the values of v and dv in that of dy given by the 
last equation but one, we shall have 

= e^'*.^«'(— +ttlog 2— +log «.log i.duY 
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Taylor's theorem. 

52. Before proceeding farther, we will observe that in the 

differential calculus an expression such as -^ signifies that a 

function t/ of one or more variables has been differentiated in 
respect of the variable x and divided by djt ; i£, for instance, 

we had y = aj?^«'z^, the expression-^ would be found by con- 
sidering u and z as constant, differentiating in respect of s, 
and dividing by dj?, so that we shall have -^ =2a«rii^5*. We 

should find in the same manner- -= 4a j^z^u^ and-r-^SaxH*u; 

dz du 

If we had u^jfi + z*, ~ would be 2jf. 
•^ dx 

53. If in a Junction jqfx, the variable x is changed into 
x+h, we have the same differential coefficient when x is va- 
riaUe and h constant, as tohen h is variable and x constant. 

To demonstrate this^ if in the equation y=-fr, we pat 
jr+A =x' in place of j?, we shall have y =/x' ; the diff^erentisl 
of^' will be equal to some other function of x' represented 
by ^x" and multiplied by dxi and consequently </y = ^x'dje^, or 
putting for je its value x-^h, we shall have 

di/:=z(p{xJt-h)d{x-^h); 

in which differential the only change arising from the hypo- 
thesis of X being variable and h constant is in the fieictor 
d{X'\'h), which is then reduced to dx, so that we have in 
that case 

whence we find 

^ = <Kar + /.) (28). 
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If^ on the contrary, we make h variaUe and x constant, the 
factor d^s + h) is reduced to dh, and we have 

dy'=:(p(x + h)dh, 
and consequently 

^ = <p(x + h) (27): 

equating these two values of ^ (4? + A), there residts 

dy* _ dy^ 
dx" dh' 

For example, if we had y = <u^, by putting X'^h ^r jt, we 
should find 

and consequently 

dar^ dh' 

54. The equations (26) and (27) being differentiated in 
respect of «r + A, give still the equal results . 

and making h constant in the first equation, and # constant in 
the second, we shall have 

whence we shall deduce 

da^ '^dh^' 

dW d^u 
We may conclude by similar reasoning that -r^ = -7^* 



d}y' d^y 

ti5- = :?n->"idsoon. 



iir« dh 
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55. ThiftJ)eiiig premised, let y be a function of «r+^ and 
suppose that^ when this function is^ developed according to the 
powers of A, we have 

y=j^+AA+BA«+CA*+&c (28) ; 

A> B^ C> &c.> being unknown functions of Xy now to be de- 
termined. For this purpose, differentiating in respect of A, 
and dividing by dhy we shall have 

^ = A+2BA+3CA«+&c. 
ah 

Differentiating again in respect of Xy and dividing by dxy we 
shall have 

dx dx dx dx ' 

and the first sides of these equations being equal, by article 
53, the second sides must be identical ; whence, equating the 
coeflicients of the same powers of h, we shall find 

A-*^" n-'^^ r-''® n-''^ kr 

Substituting the value of A, given by the first of these equa- 

tions, in the second, we shall have B = r-^ j^ ; substituting 

1 d^u 
this value in that of C, we shall have C = , ^^ -r^ ; and 

1.2.0 dx^ 

so on. 

By means of these values of A, B, C, &c., the equation 

(28) %vill become 

du^ d'^u h^ d^y h^ 
or, putting for y its value, 

which is Taylor's theorem. 
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Application- of Taylor's theorem to the development of different 

functions in the form of a series. 



56. Lety=: Ajx-\-h be the function; 
we have then 

and therefore 

g=-i'-=-*-i.- 

substituting in the formula we have 

r - h h^ A' i, 

57, Let y=8in(«r-f-^)^ whence it follows that ^=sin«r; 
and we may therefore form the successive differential co- 
efficients thus ; 

dv d^u . d^v 

d*u , d^u 

-r^=sin4f; -r^=C08 4r; &c; 

and substituting in Taylor's formula, we find 

sm{jp+h) =sin4f-t-co64?.-r— sin o^y^— cos jc . 



1 1.2 1.2.3 

/** A» ^ 

•4- sin jp, -^cos J* • &c. 

^ 1.2.3.4 ^ 2.a4.5' 

Making .r=:0, sin 4* will then be =0, cos <r = 1, and the series 
will become 
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If we took y=cot(.r+A), we should find, proceeding u in 
the last example, that 

G8. Let us develope al§o Ibg {*+h) ; then we have 
y =Iog(dr+A), and therefore y=logjF; 



dy=d.Iogj- 



4=i, 



and we ahall obtain then, by successive differentiations, 

tW a*' rfj' j' ' 
substituting these values in the formula of Taylor, we have 

. > ■ ^ • A A' h^ „ 

59.. Had this formula been deduced from the principles of 
Algebra alone, and not by differentiation, we might easily, by 
means of it, find the differential of a logarithm ^*ote ^firtt."} 
Fw the formula gives 

log(^+ft)-]og.r 1 h . 

A -~a?+*'='' 

and taking the limit, we hare 



dAog.c = ~. 

Knowing the differential of a logarithm, it would be easy to 
find that of a' ; tot by making i/=a', and taking the logOF 
rithma in the Napierian system, we have 
h;f=La'=xLa, 
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and differentiatiiig^ 

y 

whence we find 

dy = ydjpha = a'd^lta. 

60. Madanrin's theorem may be deduced from that of 
Taylor in the manner following; we hare^ by Taylor'*! 
theorem^ 

Representing by (^),(-^J, &c. the values ^f^y-^> &c. 

when we make 4^=0; the formula of Taylor will become^ 
when#=0^ 

in which equation^ h enters into J'h sa Jt entered into fi?, so 
that if we change h into «r^y% will become ^y and since 
there no longer remain any traces of jp, this change la allow- 
able^ it being of little consequence whether we substitute 
one letter or another for h: making therefore this change. 
We find 

^^v^Iiich is Madaurin's theorem. 

On the differentiation ofequattom of two variabks, 

61. Let 

P(4r,y)=;0 (29) 

an equation betwixt two variables. . 

Reserving this equation in resp^ of jf, we shall find yssfs. 
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and supposing that we have substituted this value in the 
equation (29)^ it will become F(.r^^^)=0, or for greater sim- 
plicity 

an equation identical with the former^ and in which all the 
terms must vanish^ whatever value we give to jp, 1{, for in- 
stance^ the equation rise only to the third degree^ we may re- 
present it by 

A^+Rr*+C^+D=0, 

and putting any value whatever for j*^ this must be always 
satisfied ; wherefore putting «r-|-A for «r, we shall have still 

A(a^+hy +Bix+hy +C(^+ A) + D = 0, 

that is to say, if we havey4r=0, whatever be the value of j, 
we shall have also^^j* -|- A) = 0. 

Subtracting from this equation the former one fr=0, there 
will remain 

and therefore 

h -"• 

But 

/(^ + h) =ft + A// + B/*« -f &c. 
whence we deduce 

the first side of which equation being 0, we have 

A+BA+&c.=0, and taking the limit,^=A=0, 

and consequently rf ./r = Ada' = 0, or by restoring y, ' ' 

</.P(j',y) = Ac/^=0. 
This shows us that considering y as a function of j*, if we 
differentiate the equation F(r,y) = 0, we may put the resultequal 
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to ; which will serve to determine the value of the dif- 
ferential coefficient,-^^ as we shall see in the following ex- 

dx 

ample. Let 

F(x,y) = x2+3a3^-5^«=0 (30) ; 

differentiating by the ordinary processes^ and observing that, 
from the preceding demonstration, we may put the result = 0, 
we have 

24r«ir+3ady— 2^dy=0 (31) ; 

from which equation we find 

dJc^^^^ ^**^' 

62. If we compare the process which has given us this 
value with that which we have hitherto employed, we shall 
see, that, working according to the previous method, it would 
have been necessary, first, to put the equation (30) under the 
form y^-frf and consequently to resolve the equation in re- 
spect to y, in orddr to deduce then by differentiation the 

value oi —. Following that course, we should find, first. 



^=2±s/r 



+^; 



and then, by differentiation, 






ft 



ia*+^'. 



This value of -y- appears under a form different from that pre* 
ax 

seated to us by equation (32) ; but putting in equation (32) 
the value of y, that equation will become 

rfy 2.r X 
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as we have just found. The equation (31) is the first different 
tial of equation (30). 

To obtain the equation which gives the second differentials 

coefficient^ i. e. ~, dividing the equation (31) by dx, an 
making -r-^p, that equation will become 

considering y and p as functions of Jt, we shall have« by diT — ■ 

ferentiation^ 

. 2dje-\'^dp^2ydp'^2pdy^0 ; 

dy 
and dividing by d,r, and putting p in place of —, thei- * 

results 

from which we find 

d^-^Za^^y ^'^^• 

But since -- = p, we shall have -^ = -1^9 putting whicE^ 
(/.r '^ djr da^ ^ ® 

values in equation (33), and getting quit of the denominators ^ 

we shall obtain 

d^y(3a^2y)=2dy''^2da'^ . .-(34), 

which will be the second differential of the equation (30) . 

To obtain the third differential, we must put ;)- = y> when- -^ 

having got quit of the denominator, equation (33) will 
come 

3ag'^2yqzz2p''^2 ; 

and this being differentiated, considering y, p, q, as funcdoi 

of ^, we shall find the third differential ; and so on for tt^^' 

rest. 

63. Instead of using the letters />, y, r, for the pcrforini «»>-?' 
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these operations^ we might arrive at the same result by differen- 
tiating the equation (31)^ and putting dy for the differential 
^^yy ^^y ^or that of dy^ d?y for that of d^y^ and considering 
dx as constant ; by which means we should find 

the same with equation (34). 

64. We will now give the general expression for the dif- 
ferential of the equation y(4*,y)=0 ; for which purpose^ re- 
presenting /(.r^^) by Kj we shall have, by differentiating the 

function in respect of <r, the term -j-dx : and by differen- 

^'f{^>y)y or du^^dx + -^y. 

But if^ is considered as a function of <r, wc shall havc^ by 
differentiation, 

which value being substituted, we shall find 

du , dudu , 
du = --d> -f -r- -— rf.r. 
dr dyax 

65. Recalling to mind the theorem demonstrated, article 
(26), we shall see that u being considered as a function of y, 

and ^ as a function of x, the product -r- -p is no other than 

the differential of u, taken in respect of jf, contained in y. 

66. The total differential of a function of x and y being 
given by the equation * 

du dii, 

dxdy^ 

the expressions. -^-rfo:, -r-^y ^a^e been called the partial dif- 
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ferentials of u. In like manner^ if « be a funcdcm <^ three 

independent variables jp, y, z, we shall have 

rfn - du . du . 
duTi-T-djt + -1- oy + -irdz, 
da: dy ^ dz 

and the terms, 

du , du ^ du . 

di^' Ty'^^' Tz'^^' 

will be the partial differentials of u, 

67. We have seen (art. 52), that an expression such as -p 

indicates that the function y has been differential^ in respect 

of Jt, and then divided by djr ; whence it follows, that if we 

dy 
have an equation -p- = A, and therefore, 

we cannot, without demonstration, conclude Arom it that 

for in this new equation the differentiation is no longer made 
in respect of <r, but in respect of ^ ; and we do not yet know 
whether on this new hypothesis of differentiation the result 
will be the same. 

For the removing this difhculty, we have demonstrated 
(art. 26) that 

dv _ dv dy 
djp dy dx 
If in this equation we make t;=ar, it becomes 

^ ^dw. dy 

^ dy' dx 
whence we find 

d,v 
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which shows us that the change in the hypothesis of differen- 
tiation agrees with the principles of Algebra. 

68. We will show how it maybe demonstnted directly, that on the new 

dy 
hypothesis which gives the sign of division to the fxaction 3^, the foUowbig 

dx 



equation 
Let 


holds 


good: 




dx 


1 
^ dy' 
dx 




then 








Hi-, 

-X 


1 


&c. 



y'-y A-fBA-f-C/««-f&c.' 

and efTecting the division, or developing by means of Madatizin's theorem, 

we obtain 

t^—x I B . . . 





}f- 


-y"" 


A- a"-^*" 


Taking the limit. 


we have 










dx 


I 






dy 


A ' 




and since 


dx 


: A, it follows that 






dx 


1 


• 




dy 


'^ dy' 
dx 



On the method of tangents, 

69. We give this name to the method which affords us the 
differential expressions for the tangents^ subtangents> normals^ 
and subnormals of curves. 

Let X and y be the coordinates of a point M (fig. 4) taken 
in a curve ; increase the abscissa AP =<r by a quantity PP' = h, 
draw the ordinate P'M'^ and through the points M^ M', pass 
the secant M'S. Then it is evident that the more VV is dimi- 
nished, the more PS tends to coincide with the subtangent PT, 
until at last PP' = A becomes O ; PT therefore will be the limit 
to wliich PS tends. 



42 DIFFBBBNTIAL CALCULUS. 

We must umw investigate the anal]rtical expression for PS, 
in order to take the limit ; and for this purpose the dmikr 
triangles M'MQ and MSP give the proportion^ 

M'Q : MQ : : MP : PS, 
or M'Q : A :: y : PS; 

and therefore, 

PS- % 
"""M'Q* 

To determine M'Q, we have 

M'Q=M'F-.MP; 
but 

MF=y=/(^+A); 
and therefore, 

On the other hand 

MP=5^; 
if therefore we subtract these ^nations one from the othci^t, 
there results 

M'P_MP,orM'Q=|A+g^ + &c. 

Substituting this value in that of PS, we shall find 

PS » h 

and dividing by A, 

PS= ^ 

ay a^y k 

At the limit, /i = and PS becomes PT, which gives us 

PT=|-,or(art.67)PT = 4'*, 

(i,V 
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or rather^ 

FTzzy—j=:the subtangent, 

representing by y, y, the cordinates of the point M. 

70. If at the point M (fig. 5) we draw MN perpendicular Fig. 6. 
to MT, PN will be the subnonnal. For determining it we 
have 

PT : PM :: PM : PN. 

or 

and therefore 

PN = v'.-=^7 = the subnormal. 

In respect to the tangent and the normal^ we have 

MTrr^/P-p+PMS 



or 



iangerU ^ J y'^^^^f^^^ J^^l ; 



MNrrV'PN^ + PM* 

or nortm ' 



■"'=y»-g*»"=V^>'- 



71. To find the equation to the tangent, let jc andy be the 
cK>ordinate8 of the point of contact M ; the equation to the 
straight line MT, passing through the point M, may then be 
represented by 

y— y=A(4r— .r'), 
^where A is the trigonometrical tangent of the angle MTP, 

PM 

sind will therefore be expressed by -prfr » ^o^ we have 

PT : PM :: 1 : tang..MTP=^^; 

therefore 



tan. MTP = 



PM ^ y ^ y _ ^y 



PT subiangcnt ,dv dr 
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Substituting this value of A in the equation to the tangent, 
that equation becomes 

y — y ^-j-i (or— J?'), the equation to the tangent. 

uJP 

The equation to the normal will therefore be 

Application of the preceding Jbrmula to sotne examples. 

72. 1®. To find the subtangent of the parabola. 

The equation of the parabola being ^^ =/m'> we shall find 
by differentiation^ 

^!/dyzzpdx, 
and consequently 

^ P_ 

dx^ 2t/' 

But x and y are the coordinates of the point of contact^ and^ 

in order therefore to have the differential coeffideiit oorre—— 

spending to that point we must accent x and y ; when we shalB- 

have 

djp' 27' 
substituting this value in that of PT, we obtain 

PT=?< 

P 

and putting pjp' in place of ^'^ that equation becomes 

PT or the subtangent = 2x. 

2°. To find the subnormal of the ellipse. The equation 
the ellipse^ referred to the centre, is 

which being differentiated, gives 

whence we find 

d.r n' y 



~ 3 
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and putting this value in that of the subnormal PN^ we 
obtain 

PN or the subnormal = — ~r^'« 

3<». To find the Mpressionfor the tangent to the circle. The 
equation to the circle is x^ +y = r S which being differentiated, 
we find for the point of contact */ y, 

dy _ ^;^_ . 

d^" y'' . 

By means of this value we shall reduce the expression for 
MT, the tangent, to 

Asymptotes to curvei, 

73. The ezpreatiort for AT (fig. 6), the diitance of the rertex of the Fig. 6. 
curve from the p<nnt T in the tangent, to readily deduced ftom the equation 
to the tangent ; for if the vertex A of the curve be taken for the origin of 
the coordinates, the straight line AT will be the distance of that vertex ftom 
the point m vUflb the or^inlUe PM beoomes 0. 

Now the equation to the tangent is y^y =-^ («— x^), and it will there- 
fore be sufficient to make y==0, in that equation, in order that the value of 
r, then deduced, may be that of AT ; we obtabi, in this manner, 

ATrrjr'-y'^; 

which will be the distance of the origin ftom the point in which the tangent 
cuts the axis of jr. 

To determine the distance of the origin ftom the point fai which the tan- 
gent cuts the axis of y, we must calculate the value of AB ; and AB bebig 
the ordinate y, corresponding to x=0 in die equation to the tangent, we shall 
have on that hypothesis 

AB=y'-^>r'. 
ax 

Suppose now that x becoming infinite, the values of AT and AB con- 
tinue finite ; we may oooclude then that the straight line TL meets the 
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MN must be a uuigent to the curve of iiitenection MD, and that for every 
point in the line MN, the absdass being equal, we must have x —jt*^ii ; 
<i^ich reduces the equation (36) to 

whence we shall get' 

This being the equation of the straight line MN, we shall express the 
condition of that line being a tangent to the qirve MD, by equating the co- 

efficient oiy—jf to the differential coefficient, 3-;, deduced from the equa- 

ay . 

tion to the surface, when we shall have 

C ^d/' 
and consequently 

B = -C^..:. ..(39). 



Substituting, in equation (36), the values of A and B, given by the equa- 
tions (38) and (39), we shall find 

-c-^(*-»')-c^,(y-y')+C(r-O=0; 

wlienoe we deduce for the equation of the tangent plane at the point x\ y' r , 

76. Let us find, for example, the equation of the tangent plane to a 
sphere. The coordinates of the centre being a, (, c, the sphere will have for 
its equation 

(,-a>» + (y-6)«4.(^-c>» = r«; 
and we find, by diffbentiating, 

(*— a>i*-f(y--6>|y + («— c>faf=0; 
whence we deduce, according to the notation agreed on (art. 62), 

dz a — X dz b — y 
dx z—c* dy z—c^ 
and the equation of the tangent phme to a sphere will therefore be at the 
point whose oooidinates are y, ^, a/, 



EQUATION OF THE TANGENT PLANE. 4? 

SKmimiting D betwixt this equmtion and the preceding one, we shall find 
fnr the equmtioo of the plane made to pass through the point x\ y\ x\ 

A(x-g') +B(y-yO +C(z-«')=0 . . . (36). 

Draw throagh the point of contact x\ y\ z\ a plane parallel to the plane 
of *^x\ then this plane will cut the surfiioe in a curve MC, and the tangent 
plane in a straight line ML (fig. 8), which must be a tangent to the cunre 
H^CC, or otherwise the tangent plane would cut the curve surface. 

The equation to the strai^t line ML may be deduced from equation (36) ; 
fcfT ^ line ML being the section of tfie tangent phne made by a plane p». 
r#iUd to the plane of jt, x, has at every point equal values for y ; and since the 
point M is in that line, we have y='y' or y—y':=0, which reduces the equa- 
tion (30) to 

A(jr-x')-f.C(z-O=0. 

T^is equation will therefore express the relation that exists between the co- 
ordinates g and z of any point whatever, taken in the straight line ML, and 
consequently will be the equation to that line : it may be written thus t 

X - a' = - —-{* -x') (37). 

The equation of the curve MC will be obtained in like manner, by oonsider- 
iag y IS constant, in the equation /(x, y, 2) = 0, to the curve surface. 

In Oder to express the further condition of the straight line ML, being a 
tinge&t to the curve MC, we most (art. 7I) have the ooeffideot otx^x', in 

wc equation (37), equal to Uie value of ^, derived from the equation of 

*e curve MC. 

But the equation to that curve is the equation to the surface, considerixig 
9 is ooottant ; and it will therefore be sufficient to differentiate the equation 

^ ^ tttiftoe, and derive from it — ; for^ according to art. 52, the notation 

ax 

ir mppOBcs that we have considered y as a constant in the differentiation. 

m 

It foUowB, thence, that accenting arand -x aftsr tiie operation, we have for 
die condition of ML, being a tangent to MC, 

^.=^orA = -C^^ .(38). 



If, again, we draw through the point M a plane, parallel to the plane of 
z, y, that plane will cut the surface in a curve MD, and the tangent plane 
in s straight line MN ; and it may be demonstrated, as before, that the line 
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On funcilom which, for a particular value of the variable, 

become -. 
u 

Fx 

79. When a fracdon Buch as — beoomei -r, by subadtuting in it a par- 

(icular value of x, which we will represent by a, it is a mark that the two 
terms of that fraction have *— a, or generally (jr— a)'** for a conmioD factor ; 
and if we can get quit of this, we shall have the true value of the fraction. 

Suppose, therefore, that x—a is m times a factor in Fa*, and n times a 
factor in ^ (admitting that, if the case require it, m and » may be asnmied 
equal to unity or to sero), we may write then 

Fjr = P(4r— a)"*, ^jr=Q(i'— a)", 

and therefore 

g =l.(,-a)m-» (4S). 

By differentiating, we find 

d,Fx dP 

• — - — =:mP(a:— a)'»^*-f -j-(j*— a)"*; 

dx dJT 

where, it will be observed, that the value of -^- — consists of two temui 

dx 

one of which contains a power of (x —a), less by unity than that which 

enters into the function. In the same manner, taking the differential oo- 

. d.Fx 

efficient of -3 — ■, we shall find one term involving (x — a)% another 
dx 

(x— a)m— 1^ and a third (x— fl)»»^2; the last term will be m(m— 1) 
P(x— a)***— 9. Continuing the process, we shall see that each new difierentiatioD 
produces iLgain terms involving the same powers of (s — a) that were contained 
in the function differentiated, with an additional term in which the power of 
#— a is diminished by unity ; thus, taking the successive difoential co- 
efficients, the term containing the lowest ppwer of x— a will be 

for the first differentiation mP(x— a)n»— 1, 

for the second m(m—l)P(4r— «)"•—«, 

fof the third fn(m— l)(m— 2)P(x— a)'»»-3, 

for the i»th f7i(m— I) P(x— «)»»»— * ; 

io that the differential coeflicient of the rth order of Fx wOl be of this foim, 

^^=X(x-o)««+X'(x-fl)«-i+X"(x-a>^2^.X"'(*-fl)« 

-f w(m — I)(m— 2) .... P(x— fl> 
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"Uliat we have said of Fx may be applied to ^jr, and we shall find. Cot the 
diflferential of the order r of the proposed function, a result of this form, 

dr.T* 



80. Thi5 being premised, we will consider three cases : 

1*. m=ii; 2^.m>H\ S«.m<ii. 

If fn=in^ and the number of diffiaentiationi performed be also =i>i, tbt 
binomials (*— a)»— r and (x— a)»»— »• will be each reduced to (*—«)•, <• fo 
to unity; whilst the other binomials (x— a)^, (jr— a)n»— i, Ac.; (x-^a)n^ 
(x— a)«— I, &C. will become on the suppositioo of «=:«; tbui all the 
terms, except the last of the numerator and the last of the denominator, will 
▼anish, and t)ie equation (44) will become 

rf"».Fx 

</4rw _ m(m— l)(m~2) . . . P _P _ For 
dm . ^ ~'m(iii — l)(m— 2) . . . Q^Q" ^' 

In the second case, when' we have m>it, if the number r of the diffbren- 
tiatioos performed be equal to ft, the binomial (x— a)**— «' is reduced to 
unity, its exponent m^r being 0. The exponents «— 1, m—8, Ac ; m— 1, 
m— 2, &c of the other binomials, being greater than »— r, are positive; 
and consequently the binomials are reduced each of them to 0, when x is made 
.=a : on thai hypotheds, therefore, all the terms vanish except that oon- 
taining («— a)**— «", and the equation (44) is reduced to 

dn.Fx 

dx^ ^ 

=0. 



df^.px i»(ii— 1) . . •Q(4:— a)»»— I' «(«— 1)...Q 

This value, therefore, indicates that we have fR>fi, hi which case the equa- 
tioii (43) is reduced to 0. 

I^ lastly, we have m<A, the number r of the diflferentiatlons performed 
being taken equal to m, all the terma will disappear except the one .... 
m(«i— I) . . . P(jr— a)«, and there win remahi 

i»».Fx 
dx^ Wm— 1) . . . P 

d^^x 
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and tfaii value, therefore, indlbtes that m is greater than n^ in whCch caw 
tlie aeoond ode of the equation (43) is infinite. 

81. From what has preceded there results this rule : JVhen U it required 

Fx . 

to determine the true vaiue ofafractiou — , which^ on a particular vahe 

• -^x 


being given to tite variable^ becomes -> nv must diffkreniiate separately tke 

d.Fx 

two terms of the fraction, and examine then whether the resuUs — ^ — amd 

' are also reduced to 0,fir the proposed value of the variahk; iftMs 

be ihe ease^ we must take the deferential coejficients of the expressions d • Fz 
and d . ^ and see whether on the same hypothecs these are also reduced 
toO; and continuing this process^ \f tee find after a certain number of^fm 
fbrentiations that the two terms of the fraction do not either of^em vamA 
fbr the particular xmlue of ihe variable^ that last fraction will be the true 

Fx 

value of — ; but if ihe numerator only become Ofbr the value ofxy the ex- 

Fx 

pression — isO; and lastly^ if it be only the denominator that vanishes for 

^x 

Fx 

the value ofx, the expression — wUl be infinite. 

^x 

82. Let us take, for example, the fraction 

Fj? jtJ— 63 
far 4(ar— 6) ' 

this firaction becoming -~ when x*»b^ if we wish to have the true value, we 

must differentiate each of the two terms, when we shall obtain — ; and 
since the terms of this firaction do not either of them vanish on the supposition 

of x=6, the true value of the proposed fraction, when x-=b, is — . 

4 

83. We will take, for a second exomple, the fraction 

jr«— 3JC-I-2 

which is reduced to -- when x=l ; and in order to obtain its true value, we 
must differentiate each of its terms, wlien we shall find 

4x3-12.1 +8 ' 
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in which fraction the two term« being again 0, on the hypothesii of jr=l, 
we must' differentiate again, and we shall obt^n 

ftr 
12x«-12' 

in this the denominator alone vanishes when we make «=:1 ; and therefore 
the fraction proposed, on the hypothesis of Jf =1, is infinite. 
84. If we apply the same rule to the fraction 



which becomes ~ on the hypothesis ofjtzzO, we shaU find, by difihentiadiig 

the two terms of this firactioD, 

or log a —b' log b 

an expression, of which neither nmnentor nor denominator yanishes when 
j:=:0; and which consequently gives log a^log6 for the value of the pro- 
posed fraction, when .47=0. 

It is evident that the factor common to the two terms of the proposed 
fraction is .r— 0, or x : but how are we to recognise the &ctor x in a*— ^ ? 
To arrive at it we must* observe that, according to art (37)> 

and, therefore, taking the difference, 

a» - fr» =(A -B>r+(A«-B«)^+&c.. 

whence we see that jr is a factor of a' — frr. 

85. It must not be supposed that the rule which we have just given will 
suflioe for every case ; the preceding demonstration is founded on the sup- 
position of tn and n being whole numbers ; should they be fractional, we 
could never obtain, by successive differentiation, a term in which r— a ap- 
pears raised to the power 0, and consequently we could never, by the prooen 
hitherto employed, clear the fraction of the common ftctor. 

For greater generality, then, let the expression be 

F;r _ P(x-flf -♦- Q(3r-a/ -f R (^ -a)^ + &c. 
in which 9t, jS, y, &c. are positive and increaaing, as also «', jS', >', &c. This 
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ezpre«ion beoomiog -- whed x = a, we amy, intlead .of changing « into a, 

diange x into a-f-^ ukl make A=0, after having leduoed ; then the hypo- 
thesis will be the same as if we had immediately made'x=:a, and we shall 
have 

Fx_ p^"-fQ;i^+my-i-&c. ^^j. 

and «, a', being the least of the exponents in each of these series, we shsU 
have three cases, 

In the fiist case, dividing the two tenns of the ihiction by A*, we have 
Fa? PA*"" "'+Q/»^"" " +R*^'""' +&C 



♦ar „. , ^a/S'-«' 



(46): 



P'+Q'A** ""^-l-R'Ay ""• +&C 



and, by hypothesis, a is greater than a'; consequently the nmnber a— 9.' will 
be positive, and much more will /3— a', y— «', &c., be so also, since «, /S, y, 
&C., go on increasing. jS'— a', y'— «', &c., will likewise be positive; for 
a', /S', /, &C., going on increasing ; a is less than 6'r f^* ^<ui y', &c. This 
being premised, if we mfJce A=0, all the terms on the second side of the 
equation (46) will vanish, except P', and the equation will then be reduced to 

Fx' ^ 

In the second case, in which oi-=:.ol^ the term Vh^'^'^ is reduced to PA*=P ; 

Fx 

and therefore, by inspecting the equation -(46), we see that when x=a, — 

for 

is reduced to —7 . 

In the third and last case, in which a is leis than «', dividing by A*, we 
may write equation (45) thus : 

Ft _ P-fQA^~*-fm^T**4-&c. . 

^' " P'A"'-^+Q'A^'-'"+R'Ay'— +&c. * 

and we see that the hypothesis of AcO reduces this equation to 

Fx P 

— = — = ea. 

fjp * 
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86. L?t us ukCf for example, the fraction 

( j^ — 3a jr -h 2u«)i 
-- , 

which, when x=a, is reduced to —. 

If in this fraction we put a-^h for x, it becomes 
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_ (A-a)W~* _ (A~fl)»A^ 

r~ i' 



and making A=0, we obtain 

Fx 



^' (3a«)a 



=0. 



F* 



67* If a particular value of x render the two terms of the fraction — in. 

fx 

finite, we may divide each of the terms by Fx x t*j nd we shall have 

L 1 

Fx ^x^co _0 

fx^T^T"*©* 

Fx 00 

88. If, lastly, we have a product m/i, in which the hypothesis of x=0 

renders one of the fiictors 0, and the other infinite ; and m be the factor 

which becomes 0, n that which becomes infinite for the value of x ; we may 

write the product thus 

m 
mn «- , 



1 tn 

and since — ^fnH then be 0, the expression — will be reduced to —. 



On majtlma and minima of functions of one variable, 

89. We may, in the series of Taylor, give such a value to 
the increment h, that any one of the terms of the series shall 
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be greater than the sum of all those that follow. ^ For^ the 
series being represented by 

if we wish that -^A, for instance, should become greater than 

the sum of all the other terms following, we may write the 
part of the series commencing from that term, thus : 

and since, when we make A=:0, the part 

vanishes, it will be easily seen that by taking h exceedingly 
small, that part may be made as small as we please, and there- 

fore be made less than -^, which is independent of h. Let s 

dx 

be what -r4 • ?;+&e. becomes in this case : then the series will 
be reduced *o ( ;r^+ * )^ > a^^ since we have ;f^7 ^t or, multi- 
plying by h, -yh 7 zA, it follows that the term -—A is greater 

than the sum of all the succeeding terms. The same may be 
proved for every term in respect of those that follow. 

90. Let y = ^x be an equation betwixt two variables. This 
may always be considered as the equation of a curve, in ^hich 
the diiferent values of the function y are the ordinates ; and 
the function y is said to be at its minimum, when, after having 
been continually decreasing, it is on the point of commencing 
to increase. 

Let, for example, MBN (fig. 9) be a curve whose equation 
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istf=b + cjif^; we see, then, that the ordinates mp, m'p', &&, 
go on continually diminishing up to the point B ; but that 
after that point, the ordinates qn, qn' &c., go on continually 
increasing ; so that the ordinate AB is the minimum of the 
function y. 

91. Similarly the function y is said to be at its maximum 
when, after having been continually increasing, it is arriyed 
at a point past which it b^ns to decrease. 

The curve CDE, fig. 10, whose equation is y = ft— cjf*, gives 
us an example of this case at the point D ; for the ordinates 
immediately preceding and succeeding to AD are less than 
AD ; and therefore the ordinate AD is a maximum. 

92. There are some curves which have only a maximum, 
others which have only a minimum ; there are some also which 
have both, a maximum and a minimum, and others which do 
not allow of either. 

We see, for example, that the curve, whose equation is 
y=z6-f-^«t*, cannot have a maximum ; for, from the nature of 
its equation, the ordinates go on continually increasing. The 
circle CBDy fig. II, whose equation is 

has both a maximum and a minimum, which correspond to the 
same abscissa AP; the maximum is PD, and the minimum 
PB. 

93. When a function y of a variable x has a maximum or 
minimum, this maximum or minimum may be determined, if 
we know the abscissa corresponding to it. Suppose, for in- 
stance, that in a curve whose equation is y = ^<r, we know the 
value a of the abscissa corresponding to the maximum or 
minimum ; then we have only to make x=a in the equation 
y=^T, in order to determine the value of y, which, is the 
maximum or minimum required. 

94. Let, now, y=/x 1)c an ordinate PM, fig. 12, which is 
arrived at its maximum ; if then the abscissa AP receive an 
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increment h, represented by PF> and we draw alao FF"=k, 
we thall have^ for the conditions of PM being a maximum, 

PTHZ-PM, F'M'ilPM, 

or. 

If, on the contrary^ PM^ fig. 13, be a minimum^ represent- 
ing the value of or, which corresponds to the minimum by AP, 
and taking PF = PF'=A| we shall have for the conditions of 
the minimum, 

FM'tPM, f-m^tpm, 

or, 

/(x+A)7/r, /(ar-A)7/*. 

Hence, whenjr(«r+^) Bndf(x^h) are at the same time both 
less than^, there will be a maximum ; and if these functions 
be at the same time both greater thanyir^ there will be a mini- 
mum : if, lastly^ one of these functions be greater, and the 
other less, than Jx, there will be neither a maximum nor a 
minimum. 

95. We must therefore investigate the cases in which these 
conditions 'can be fulfilled -, and for this purpose we have, by 
Taylor's theorem, 

in which series, if we change h into — h, we find also 
/(,-A)=^-^A+^j-2-^— +&C (49). 

In wder, therefore, that y=^fx may be a maximum or a 
minimum, these two developments must be both less or both 

greater than y ; but this cannot be, unless -p be =0. For by 

dx 

giving to A an exceedingly small value, we may always render 
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^4 greater than the sum of all the tenns that follow ; in 

which case the sign of -^A will be likewise the sitai of -y-h, 

dx ax 

together with the following terms ; so that^ on this hypothesis, 

dy 
if ^A be positive in one of the developments (48) and {49), 

that development will be greater than ^, and will be less than 

1/, if -^ A be negative. But the signs of -^~ A are different in 

these developments^ and therefore^ if -^h be positive in one, it 

must be negative in the other : whence .it follows, that one of 

the quantities, f^x-^-K) and/(jc— A), will be greater, and the 

other less than^^. 

du 
If, therefore, -r- be not =0, there cannot be either a maxi- 
dx 

mom or a minimum ; but if -j-= 0, then the developments 

(48) and (49) will be reduced to 

in which case, the sign of the terms that follow y will depend 
on -T^, if only h be taken so small that that term may be 

greater than the sum of all those that follow ; and smce 7^ 
has the same sign in the two developments, it follows, that if 
-—^ be positive, the two functions of jr+A and iT— A will be 
both greater than^x ; and in this case, therefore,^/x will be a 
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miiiimum. In the same manner it will be seen> that if -— 

be ne^ivr^ffx will be a maximum. 

96. To complete this theory, we must observe^ that besides 

-^ = 0, we may have also -~ = ; in which case we cannot 

have a maximum or minimum, unless also -7^ = 0. TheUi 

asp 

taking h exceedingly small, the sign of the quantities follow- 
ing y will depend on -7^, and we may prove, as before, that 

if -7~ be positive, ^i is a minimum ; and if r^ be n^ative, 

yx is a maximum ; and so on. Generally, if the first coefficient, 
that does not vanish, be of an even order, there will be 
minimum when it is positive, and a maximum when it is 
negative . 

97* For a first example, let us take the function a— dx-f- j;* ; 
we shall have then 

and differentialing and dividing by dx, we shall obtain 

^^--6+2x, — -2, 

d^ii 
where the positive value of -j^ shows us that the function has 

a minimum. To determine the abscissa corresponding to this 

minimum, we must eauate to zero the value of -7-, which will 

dx 

give us .r = ^ ; and substituting this ^alue of x in that of ^, 

we shall find j/ = a — -^ for the minimum sought. 

98. Again, let the function be a*-f iljr— c*.r*; when dif- 
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ferentiating the equation i^zz a* -^-L^jt^c^ 3^, and dividing by 
dx, we shall find, 

(Lv air 

From the negative valae of -7^, we see that there is a 

maximum in the function ; the equation it^ — 2c^x=:0, gives us 

x = ^ for the abscissa corresponding to that maximum ; and 

sabstituting this value of x in that of y, we shall find for the 
jnaximum, 

99. Let the equation be 
proceeding as before^ we shall find 



^=9«*x*-3S ^•^=18a^x; 
dx da* 



equating to zero the value of -^ we have 

L* 
9d*jfi — 5* = 0, whence x = ± 5- ; 

and substituting these two values of x successively in the 

value of -^^ we learn that the function has both a maximum 

and a minimum. The minimum corresponds to the abscissa 

J? = + o~> the maximum to the abscissa x = — ^- ; and subeti- 
oa oa 

tuting these values in that of y^ we shall find v=c^— 77- , for 

va 

2i« 
the minimum, and y =:c^ + tt— for the maximum. 

" 9a 
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Application ofth^ theory of maxima and minima to ike ioin- 

tion of various prohlefU9J- 

PROBLEM I. 

100. To divide a number into two parts, such thai iha prvduet 

of the parts shall be the greatest possible. 

m 

Let a be the number, and x one of the parts ; then a— x will 
be the other^ and x(a^x) the quantity of which we have to 
determine the maximum. 

Differentiating the equation y =:x(a— «r)=ax— ;t*j and di- 
viding by djr, we shall find 

d u 
when the value of -r^ shows us^ that the function really ocm- 

dx* 

tains a maximum : had that coefficient appeared with a ooo? 
trary sign, the problem would have been impossible. Equat- 
ing therefore the value of -~^ to zero, we shall have x^^t 

ax A 

which informs us that the number a must be divided into two 
equal parts, in order that the product may be a maximum. 

PROBLEM II. 

101. Of all the cylinders inscribed in a right cone, io deter- 

mine thai which has the greatest volume* 

Fig. 14. Let a, fig. 14, be the height SC of the cone, b the radios 
AC of the base, and x the distance SD from the vertex of the 
cone to the centre of the highest circle of the cylinder. Then 
the similar triangles SAC, SED will give us 

SC : AC : : SD : DE, 
or, 

a : b :: X : ED, 
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therefore 

a 

Let 1 : tr be the ratio of the diameter to the circumference ; 
then we know that the circle, whose radius is r, has for its 

sur^Qice ITT* ; and therefore the circle EOF, which has — 

a 

£or its radius, has for its surface — ^•'*- j\Iultiplying this sur- 
face by the height DC of the cylinder, i. e. by a— jt, we shall 
have — T-a*(/i— J*) for the volume of the cylinder, and therefore 
the equation to be differentiated is 

whence we deduce 

and equating to zero the value of -j- we have 

— -(2ax— 3x^) = 0, or 2iij»— 32«=0 ; 

an equation which is the product of the Actors x and 2a— 3^:, 

2a 
and gives, consequently, xsO, or '=-q-. The value j: = 

cannot correspond to a maximum, since, on that hypothesis, 

-y~ is reduced to , a positive number: and which there- 

a.T* a '^ 

fore indicates a minimum; in fact, when .r^O, the cylinder 

is reduced to the axis of the cone ; for the higher the cylinder 

is, the more it is diminished in thickness. 

2a . 
The value ^ = -^ is consequently the only one that will an- 
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swer the question ; and on this hypothesis j^ is reduced to 
— , a negative number. If, therefore, we subtract . . • • 



2 

8D=j?=-SC from the height of the cylinder^ there inll «•* 
o 

main CD = ^SC $ whence it appears that the cylinder qf^ 

greatest volume inscribed in the cone hasjor its height the thi^ 
of that of the cone, 

PROBLEM III. 

102. To divide a itraight line AB (fig. 15) into two pmrU, 
AC and CB, «o that the product AC^xCB may b^ « 
majpimum. 

Let us represent the straight line AB by a, and the ptf^ 
CB of that line by x ; then the equation of the probi<<* 
win be 

whence we deduce 

ax ax* 

dy 
and equating the value of— to zero, we find jf =0> or m:^- 

dx 

This second value is the only one which can retolve tlie 

blem, since it reduces the value of -r^ to — -t-. a non*'^^^ 

ds^ \ ^^ 

result. 

103. We may observe that when in the value of the 

ferential coefficient—- we have a constant positive factor, t^t^^ 

hxXox may be suppressed. 




% = K 




ind equatiuD iierveK only to make known tn us the 
of the value of t-, I which sign, since A is a constant 



utive factor, will depend 
nuy bi- suppressed 



this i-quntiiin. 
pres&ed in the equation -^ = Ajjj ; for 



that of "J^ ; and therefore A 
It may also be sup- 
nee ive have to cquutc 



to zeru the second side of this equation in order tu determine 

tS, the equation A^x=0 will give us 9j-=U; whence it fol- 
Itirs that the constant A may tie omitted ultogether- 
104. A ij»antittf of vmttr ofiiKmin bulk i» to be put into a 
ryl'mdrical vetsrlf required iht dimensioat of the vessel, so 
thnl Us internal turface maif lie ihr. least possilte. 



Let V be tlie bulk of thi 
lie base of the cylinder ; 



md .r the Tadius of 



» will h 
the height of the cylinder, multiplied by il 



1 be the arm of that 



is equal to its bulk, we shall have 

height qf' tf.v cylinder xirJt' = V, 



height tifthe lylinder = - 
■ultiplyiiig this height by the 
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e convex siirfece of the cylinder ; nnd adding to tliUtnl- 
j», which is thf 
differentiated n 



t of the law of the cyhnder, tbeeqiuti** 



dj,^ 2V 



r. -^ = - — + 



and the value of -j^, being equated li 



-Jl 



This valu( 
tbe value of -r^ positive; the radius of the base of the cyl* *" 

— ; and if we put this rtk "^ 

in the expression for the height, we shall find for the hei^.^^ 
of the cylinder 






PKUBLKH V. 

WS. Of nil the cone I imcribfd in a sphere, lo iletermiaetl 
vihkh has the grcaUtt conve.r imrfac- 
rig. 18, Suppose thnt the scnii -circle AMB, fig. 16, makes d revi>S* 

tion around the axis AB ; then the chord A&I will generate ' 
cone, of which AP will be the height, and PM the radius -^^ 
the base, and the expression for the convex surface uf th ** 



evi^^ 



3 
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«me tnlllw 

circumference PM x ^ AM = 2Tpai . 1AM =«-.PftI . AM. 
We have only, tlierefore, to determine PM and AM ; for 
which purpose let AB=2i, AP=.c ; then MP being a mean 
proportionikl between AP and PB, we have 
^; PM:: PM :2a-,rl 
and therefore 

AM also being a mean proportional between AP and AB, we 
have 

r : AM : : AM : 2n 

and therefore 

AM =^'i:rri 

witicli vtJoes being eubatitoted in the expression for the sur- 
face of the cone, wc shall obtain 



■,ur/ace ofcr. 



it^/2iu- 



V2«. 



The equation to be differentiated is therefore (art, 103) 



whence wc deduce 



or, suppressing the conninon foctor j-. 



3:.- •■■<='" 

id equating this value of -^ to aero. «e shall have 






an equation satisfied by supposing 
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This value l)elongs to a nBRimum, as will be proved to us by 
the sign of -^. 

106. Before determining the value of this differential ^^ 
efficient, we will explain a process^ which in certain cases ^^^^ 
abridge the calculations ; and w^will first observe, that wt**^ 
a function becomes for some value given to at, it does "^^ 
follow generally that the differential coefficient will be tlac^ ^f 
if, for example, we have the function a^ — ^^+6, which ^ 
comes when i'=2, or .r=r3, the differential coefficient of 'tf^u 
function, which is 2a-— -5, does not become 0, on either of tErmese 
hypotheses. 

107* We may sometimes considerably shorten the operatS «os 
which we have employed for discovering whether the funefc ioo 
is susceptible of a maximum or a minimum. For BU]pip<^ 
that we wished to determine tKe differential coefficient of ^ 

equation -^ = XX', in which X and X' are functions of ur, ^nd 

of which the first only becomes for a particular value gi'*©^ 
to jt; differentiating this equation, and dividing by djr^ ^^^ 
shall get 

d^i^ _XdX' X'dX 
dj^ da' d,r 

and X, by hypothesis, being for the value given to j', 't '^^ 
equation is reduced to 

//y^ xwx 

d.t^^ dor 

Jo I 

which shows us that to obtain -7=-, we have only to multJ M^ * 

the differential coefficient of the fisictor that vanishes hy '^ 
other factor *. 



• This rule is not without cxcqitkniK, for -— may Ite alM 0. IC ^^ '"' 
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108. Fur examples if wc wisheil to obtain the differential 
coefficient of the second order of -;- = ' — = on the hypothesis 

of ,v — n ; writing the equation thua^ 

we shall find that 

(Lt^ ^j, do- ^,r 

109. We will return now to equation {50), from which we 
Hriahed to determine the value of —, on the hypothesis of . . 

4(1 
t* = -o" : and resolving the numerator into its factors, we shall 

luve 

^_ a.r(4rt— 3.r) 

Lae second side of which may be ^vritteu thus ; 



>/4rt«rf*-2rM3 



^id since, on the proposed hypothesis^ the factor 4a ^3x be- 
-onies 0, we shall have, art. 107» 



du 
Lance, we had -r- »i*(.r— a)^, an equation which containH equal roots, the 
aJP 

Vro terma of the value of y will be each ; and instead of suppresbing the 

Qctor represented by X . -r— , wc must, art. 96, have rccouine to the dif. 

ax 

V-Tcntial coefficients of the higher orders, to disoovcr whether the function is 

rfX' 
Susceptible ofu maximum or niiniiiium ; if 4~ be infinite, it will be thr 

:~asc of art. 87- 
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#y ax </(4g-*3.y) _ —Sex 

whence^ consequently, dividing the two terms of the ffactioD 
hj X, 

d^if 3a 

and putting in this expression the value of x, which is -=-f 

we shall obtain 

^_ 3fl 3ff 

V 3 ^3 

which valne being negative^ that of ;r corresponds to a nuud- 
mum. 

PROBLEIf VI. 

110. A point C Cfig* 17 J being given, in the angle YAX, to 
dram through that point a straight line D'E, which ehuil 
meet the axes AX, AY, in such a manner that the length DE, 
of the straight line, shall be a maximum. 

Let AI = a, IC = b, IE = .t ; then the right-angled triangles 
ICE, ADE, give us 

IE : IC : : AE : AD, 
or 

.r : A : : a'\-x : AD ; 
therefore, 

AD=-(a+^); 

X 

and consequently 

AD« = ^(fl+^)«. 

On the other hand, 

AE«=(f/+a')S* 
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which vahittft being substituted in the formula 



we shall find 



and reducing the first feictox under the root to the same deno- 
minator^ 



n I a- 

Considering this expression as the product of the fJEictor 



by the factor v^6M-^> and differentiating by art. 14^ we shall 
find 

d> =^^(/. V'^M^^- v^^^^T^. <^^^ ; 

performing the differentiations, we shall have 

- a-\-x jrdx adjp 

reducing to the same denominator, by multiplying the two 
terms of the first fraction by jc, and the two terms of the 

second by ^6^+<r^, we shall obtain 

ay = — — . — =r. j_ ===. X -^aax : 

and collecting and reducing the terms of the numerator, and 
dividing by dx, there will result, lastly, 

when, the numerator being equated to zer(», we shall find 

r = Vfl^. 
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To prove tbnt this value anNwers to a minimum, we have 
only to put, art. 107, in place of the numerator, which is the 
&ctar that vanishes, its difTcrential coefficient, and wc shall 
have thus 



ifij, _ 



3u-' 



B value essentially positive. We have not made the substitu- 
tion of the value of .r, since we see at once that the square j' 
is always positive. 



Ill- To Jiuit the grealeil right-iingled triangle that can be 
constructed on a given straight line. 

^18. Let a be the straight line, AB, tig. 18, and x one of the 
sides of the triangle ; then the other will be v'"' ~ '^i and the 
expression for the area of the Iriangle will be 



The e<juiktioii uf the problem will therefore be, art. 103, 
y=* v'n'— t*. or ^ = ^iflj^—X*. 
whence we shall deduce 

and thif value, being equated to itero, gives 

a".r-2i'=0, or j-(«''-22«) = 0, 
an equation from which we derive 

j-=0, or2t« = «'. 
But I cannot lie 0, and we must therefore ilelenninc it from 
the second equation ; which shous us that tlic two sides AC, 
BC, are equal. 



A 
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^^L By ditTerentiating the factor a^—2j^, we find, art. ID?, 

and Uiia result befng negative, tlte hypotbeais of a>--2i^=0 
detyrminea, for x, a value coire^pondiiig to u inaxlmum- 

flhe g«ometnettl Mgniftrntioo o/thr diffrreaiiai coeJficUiits. 
112. We hare seen otrendy, Brt. ^\, that — represents the 

trigtuuunetTical tangent of the angle, which a tangent drawn 
at the puint, whose coordinates arc w and^, makes with the 
axis of the abscissa : but ainee this is the foundation of wliat 
is about to follow, we may demonstrate the propositiun a prion 
in the manner following : 
, Let (fig. 4) PM = !,. PP' =h ; then drawing MQ pamllel V'g. i 

•to the uxJH of the abadss^i we have 

But 

IVIQ:ilQ:.l:tang8=^; 
;, putting fur M'Q, MQ, their values, we shal 



tangS = - 



dif d'lf k 



.! + &c.: 



and when we take the limit, h vanishea, and taii)^t S be- 
comes tangent T ; in that case therefore 

.„,T=g. 

This being premised, if PM become a maximum, the tan- 
gent TW. being then piiraili^I to the axis of the abscissa. 
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tnakcs on angle with that ukU ; and since we have jutt ««en 
that the tiigunonK^trical taiigcnt of the ang\t: made by ibc 

tiuigent trith the axis of ^ is represented \iy -~, \i'c must con- 



maimer, that if PM 
e trigonometric^ tan- 



sequential in thiH cage, have ~ 

We might demonstrate in 
were 3 oiinimum, in which cbi 

gent would become 0, we ought tu havt -— = 0. llius llw 

condition expressed by the equation -^- = is that of the pa- 
rallelism of the tangent at Al to the axis of the abscissce. 

113, We will examine now under whut circumstances — - 
rfi' 

is JMisitive or negative ; and, with this view, we w5U consider, 

U. first, the case in which the curve, lig, 20, turns its convndty 

towards the axis of the abscissa;. 

Let AV = .r, PM = ff. FP'=PP' = /i; and through the 

points M, M", draw the secant M31'8, and the straight lines 

MN, Al'N', parallel to the axis of the abscis&ee : then wc shall 

have 

M*o=M'P-MP=yi:.r 

ilx d. 
But the similar triangles AIM'O, MSN, give u 

MO : MN : : MO : SN, 
or 

h-.m-.: M'O : SN ; 
Ihcrefbre 

SN = 2M O ; 
and substituting for M'O its value. 
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On the other hand, 
from which, subtracting 

N1^=:PM, 

we shall have 

cl taking from this value of M"N, that of SN, there u ill 
<?zxiain, (fig. 20.) 

M^ = ^h^+^c,. ..(51). 

Xn the case in which the curve, fig. 21, turns its concavity Fig. 21. 
'to'wards the axis of the abscissa;, to obtain M"S, we should 

e, on the contrary, to subtract tlie value oijf/ki from that ./^ 
' JJtvN, which will give 

M"S = -^^ A«+ &c. . . . (52) ; 
^^t^d comparing these two values, (51), (52), of M'^S, we see 
'^^^txt in the one -7=^ is preceded by the sign -h, and in the 

^^^\M,er by the sign — . 

IThis being premised, h may be so assumed that the sign of 

^ first term in the development for M^'S shall determine 

2 sign of the whole of the development ; and since the 

^txare A', which is essentially positive, cannot affect the sign 

-v~ AS the differential coefficient -r^- will itself detcr- 

^^ine the sign of the sum of all the terms in the value for 

Considering, therefore, the equations (51), (52), relatively 
^*^y to the signs which affect each side, we may suppress /**, 

*ad the terms following -■-•-, when the Cfpiutioiii> will become 




M"8 
wliciice wc .shall deduce 

If now fi be cuiisidercil as a positive (jukniity, M'S (fig- a 
fulling on ihu Bume side aa n, will be positive ; und the lirsi of 
liie equations (53) shows us therefore that, when the curve is 

convex lo the axis of the abscissie, — ■ is irositivc. 

Considering next the second of the equations (53), and the 
fig. 21 which belongs to it, we ahull see that — M S repre- 
senta n line which is of a sign contrary to that of y ; and thai 

consequently -r^^ is negative in the case of the fig. 21, or wlien 

the curve is concave to the axis of the abscissfc. 

114. The curve hiks liitlierto been supposed to lie above tlir 
axis of tlie abscissa: ; let us see now what takes place when it 
extends below that axis, as in the fig. 6?. It is certain, then, 
from what has lieeii already proved, that since the curve At 

M is convex to the axis of the abaci ss«e,-t^, and consequently 

MN is positive. But the straight lines MX and M'N', being 
situated on the same side of the tangent TT', ought tu have 
the same sign; and since MN ia positive, M'N" must b*; 
so also; whence it folloivs that at the point M', where the 



theaxis of tlieabscissfP, ~^ will be of a 
sign contrary to that of tlie ordinate L'ltl', which is negative ; 
the curve, on the contrary, ivould be convex, if y and -t~ 

wen- of the tiame sign. We may therefore say, generally, 
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thaX. on whatever side the curve falls, — ? has the same sitm as 

y ^^hen the curve is convex to the axis of the abscisss^ and 
I10.S a contrary sign when the curve is concave to the same 

U3&^S. 

The curve being convex or concave to the axis of the ab- 
L ssse accordingly as the ordinate is arrived at its mininiuni or 



1 1. s-« maximum, wc S4»e the reason why -j— is positive in the first 



s« and negative in the second. 
11/). There may also be a maximum or a minimum when 

-V— ^ = CO. To explain the nature of this condition^ let y=/i' 

^>^ the equation of a curve MN, fig. 22 ; then it is certain that Fig- 2-- 
*"f xvc give to jr a value AP, that equation will determine the 
ovciinate PM ; and if, on the other hand, wc resolve the equa- 
tion in respect to^, and find .r — ^y ; when we put y = AP' 
(ti'he preceding value of y) the equation will give .r=:FM. 
X n this hitter case y will be considered as the abscissa, and 4' 
^^e ordinate, and the same curve will be constnicted, provided 
^^^ly that we draw the abscissse y along the axis Ay, and con- 
»i^er the other axis as that of the ordinates. On this hypo- 
^^eus, therefore, we may seek the maximum or minimum of 
"^ a function of y -, and for this purpose we shall deduce from 

tilic proposed equation -j- = M, and put M =0. But the equa- 

^ion --= M gives us — — -^iTy and we see therefore that when 
dy ° aa: M 

M =0, -^ = 00 ; thus the condition necessary, in order that 
ax 

^i^e may have a maximum or minimum in this sense of the ab- 
^cifisa, is that ~ = ». 
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116. If, for example^ we take the equation 

* 
we fthall derive from it —^k- i which value being equated 

to zero will give y =r oo ; and therefore the curve cannot have 
a maximum or minimum in respect of the ordinates^ except at 
an infinite distance along the axis of r. Let us see novr 
whether it has a limit in respect of the abscissae (by limit de- 
noting, generally, the maximum or minimum) ; and for thb 

purpose we must suppose the value of ^- infinite^ which gives 

~ = CO, a condition fulfilled by making y=0. On this hypo- 

d^jt 2 

thesis the value of — - is reduced to — , a positive result; wad 

if 
we see therefore that the value of ^=0 corresponds to a mini- 
mum of jp. We shall determine the value of this minimum 
by making jf=0 in the proposed equation, which will reduoe 

it to nx — & =0, whence wc shall find jr = — for the minimum 

a 

sought : this minimum is represented by AM in fig. 23. 

117. Concluding this subject^ we may observe that the eqaa^ 

tion ^=00 indicates that the tangent MT, fig. 23, is that of 

a right anglc^ and that consequently MT is perpendicular to 
the axis of .r. 

General eonsideratiofis on the singular points of curves. 

1 18. Tlie differential calculus may be of great service for 
finding the form of a curve of which the equation is given. 
The theory of maxima and minima has presented us already 
^vith the means of determining the limits in respect of the 
abscissae and of the ordinatcs ; but this mil not be sufficient 
for making known to \\% the partinilar form of the curve. For 
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instance, the curves in figures iXi, 69, and JO, have the same l\' (!i!- 
limits OC, OD, in respect of the ordinatcs^ and OA, OB, in 
rcsjiect of the abscisstc^ and yet arc by no means similar to 
each other. What distinguishes the curve fig. 68 from the 
carve fig. 69 is that, in the latter, there is only a point of in- Fig. n?. 
flexion ; this term being given to the point in which the curve 
from concave becomes convex^ or from convex liccomes concave. 
In tlie fig. 68 there are two points of inflexion, one at £, the 
other at G^ and a point of reflexion at C, i. e. a jraint in which 
the curve at once stops its course. 

119. In general^ the points in which the curve undergoes 
any particular changes ore termed ttiugular points ; and wc see 
that if wc have the means of determining where these points 
existi it will be easy to follow the curve in its course. For 
example, if we know that the curve, flg. 70, has points of in- Fig. 70. 
flexion at £ and H, and points of reflexion at F and G., we 
may form some idea of this curve by the following analysis : — 
la proceeding from the point A, which is a limit in respect of 
the abscisses, the curve is at first concave to the axis of the 
abscissae, and continues so up to £, where there is a point of 
inflexion, which from concave renders it convex. At the ex- 
tremity of the convex part £F, the curve suspends its course 
at the point of reflexion F, beyond which it is still convex iu 
the part FH^ but becomes again concave beyond the point of 
inflexion H, and so reaches the ])oint C, which is a limit in 
respect of the ordimites ; lastly, from C to G and from A to 
G, the curve is comjiosed of two arcs, CBG, ADG, which, 
being concave to the axis of the abscisssE?, unite in a point of 
reflexion, and pass through the two h'mits B and D, the one 
in respect of the abscissie, and the other in respect of the 
wdinates. 

120. From what has been said, we see how advantageous it 
voald be to be able, by means of the equation of a curve, to 
determine the co-ordinates of its singular points. We have 
ibeady explained the mode of finding the maxima and minima : 



\ 
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3nil it nnM- rpmains for us to investigoti? the nature of tl 
singular points, which u-ill Ijr the nbjpct «f the fofl 
secauan. 



On fHiiiiU iif)ufif.ri'ili. 
131. V/v liQve juHt Bfen thut u iioint of inflexion in uoe >~=3a 
which tlw curve from convex liecomes concave, or ftwn asm. - 
cave bcconieti convex. The curve M'MM", fig. 71j pr»en*:a 
us a point of this description at M. Draw nt thi« polni ** 
tangent TT' ; then obscning the (Hlferent ordtnutcs com- 
prised betwixt M'P and MP. we shall see that the part UN' 
of the ordinate] lying betwixt the ordinate and the tasgcBti 
goes on contiuually diminishing, and at M will entirely **■ 
nish ; whilst for the succeeding ordinalet* the part MIT rf 
the ordinate will fall below tbe tangent, and will conMqncntlr 
(-•hanBe its sign ; so that if M'N' k' positive, M"N" will bt 
negative. This condition we will proceed to cxpr««» by* 
equatinn; and fur thin purposi: let (fig. 71) PP=A=P^ 
then we have evidently 

MN=MF-N'F, 

MN'=/(.r+A)-N'F . . . (54). 
To iletermine the analytical value of N'P', wc hove 1 
N'P = MP+NO. 



N'P'=y+N'0 . . . (55). 
Ill regard to N'O, the right-angled triangle N'MO i 

NO = MO. tang NMO; 
but ive have seen, art. 71. that the angle N'MO, fi 
the tangent at M with a parallel to the axis of .r, has — 
trigttnoinetrical tangent -. replaein({, therefore, tunp N'MO b; 
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zu 

-—-, and putting h in place of MO, wc shall have 

Substituting this value in equation (55), and putting then 
*lie value of N'F in equation (54), we shall obtain 

M'N'=/(x+A)-^^^A *. . .(56). 

dx 

MTithout having to calculate anew the value AfN", we 
may deduce it from that of M'N' ; for, if we suppose the or- 
tlinate to retire in a direction parallel to itself, AfN' will be- 
come M^N ", when h is changed into — A ; and giving, there- 
fore, this value to A in the equation (56), we shall obtain 

M"N''=/[*-A)-^+gA . . . (57). 

Beplacing now the expressions /(x-^h) and/{x^h) by their 
developments, we shall have 

M"N"= iy-fh+^^ ^o-%ii^+ &c.)-y+^A; 
^'^ dx dje^l.2 da^l.23 9 ^ dx ' 

and by reducing, these equations will become 

In order now that there may be a point of inflexion at M, it 
is necessary that when we give to A an exceedingly small 
^ue, the lines M'N' and M^'N" should fail one above and 
the other below the line TT', and that consequently M'N' and 
If'N" should have different signs. But this is not possible, 
unless the first term in the series (58) and (59) be ; for if 

G 
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that term be not 0, then we may give to A a value so small 

that the term -~ r^ shall be greater than the sum of all the 

terms following, and therefore the sign of that term be the 
sign of the whole series ; and since that term is the same in 
the two series^ it follo^vs that M'N* and M'^N" would in this 
case have the same sign : in order, therefore^ that AfN' and 
M'lV may have different signs^ we must have 






122. If it should happen that the same value of x, which 
makes -r^ vanish, make also r-^ vanish, then, in order that 

there may be a point of inflexion, -r^ must become likewise ; 

d^u d^ti 

and if In this case -r-^ result 0, -r4 must result also : and 

djr djiP 

■ 

generaUy the last differential coefficient that vanishes must 
be of an even order« 

123. If the value of.r, which is the same in the develop- 

lopments (58) and (59), be such that -~ become infinite, the 

two developments will be so likcH'ise ; and we can then con- 
clude nothing from the preceding demonstration, which rests 
on the supposition of these developments being possible. In 

this case we must observe that the condition -r^ =0 indicates, 

generally, that j~ ought to change its sign at the point of in- 
flexion^ which agrees with what was proved in art. 113: bat 
this change of sign may also take place in passing through in- 
finity ; for let 
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if, then, we substitute successively for x the values 

j*=fl^A, we shall fiud r^ — ^-r, 

</.»« // 

^= «. 

where wc see that it is the denaminator of the value of 
-T-^, which produces the change of sign in the differential co- 
efficient, after passing the point of inflexion. 

124. Hence it follows, that if there be a point of inflexion 
in a curve^ we must have, for the abscissa of that point. 



da* ' 






When, therefore, we have ascertained that one of these con- 
ditions is fulfllled, we must successively augment and diminish 
the abscissa of the point which tvl^h the condition by a very 

small quantity h ; and if, for these new values of «r, -r^ bas 

different signs, we may then conclude 'that there is a point of 

inflexion : for when t^ ^ positive, the curve is convex to 

the axis of the abscissae, and concave to that axis when -Pt 

dar 

is negative ; but it is by this change from convex to concave, 
or from concave to convex, that the curve manifests its point of 
inflexion. 

125. To give an application of this theory, let us examine 
whether there is a point of inflexion in the curve whose equa- 
tion is 

3^ = 6-h2(x-.ii)3 .... (60). 

g2 
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The differentiation gives us 

|=3.i..(-.)..^=ll!„-„,g=12, 

and in order that there may be a point of inflexion^ there m^i** 

be some value of x, which makes -r4 = 0. Now x being ^ 

variable quantity, we may determine one of its values by tl»* 
condition that 12(.f— a)=0, when we shall obtain xzza f<L»x 
the abscissa that may belong to a point of inflexion. *^^ 
assure ourselves of the existence of this point, diminish the a^' 
scissa fl by a very small quantity A, and substitute fl.— A for -^» 
when we shall find that for the point M' (fig. 72), whose a^^*" 

scissa is d— A, we have -r? = — 12A: substitute, then, a-h '' 

for X, and we shall find that the point M", whose abscissa ^^ 

a+A, corresponds to t4= \2h. These two values of -7-^' 

liaving different signs, show us that there is a point of i>^* 
flexion at M. 

The hypothesis of j* = « makes -^ vanish, and consequent-' T 

the tangent at the point of inflexion is parallel to the s»?^*^ 
of .r. 

126. We may observe that we have not always the |h>vv' *^ 

of thus equating to zero the value of -r^ ; if, for instance, ^^^' 

wished to determine whether there were any points of ^"' 
flexion in the curve which has for its equation 

wft should find, I)y differentiation, 

j^-2(ix,_-2.,, . 

and we see that this value of V^> which contains no inJ«-' ^^^' 

ax* 
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niinatc quantity, cannot be equated to zero ; and that con- 
sequently the curve cannot have a point of inflexion ; a result 
to which we must attend, since the curve is a parabola. The 

value of j^ shows us only that this parabola is constantly 

convex to the axis of the abscissae. 

127* For a third application, take the equation 

which being resolved in respect of y, and then differentiated, 
we obtain • 



If, now, we sought to determine je from the equation 



5 . 5 T7^=^» o"" ~37==^> we could satisfy this equation only by 

making .r=»; a value from which we could oondude no- 

d*a 
thing : but we arc also at liberty to equate the value of -r^ 

to infinity, and since the equation --:z = oo is satisfied by 

making j?=:^0, this value of jp shows us that there may be a 
point of inflexion at the origin. To convince ourselves that 
there is such a point, we might substitute successively for jt 
the values .r=0-|-A, and j?=0— h, i. e. h and — /i, and see if 

in these two cases — - produced results of different signs : but 

instead of perfortning these operations one after the other, we 
may accomplish them at once, by substituting for i* the value 
j;:h, and then the differential coefficient of the second order 
will become 
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Tke lugher value beloi^ to an abscissa greater than that at 
the point of inflexion^ the lower to one less^ and since these 
two values are of different signs^ we may condnde fitm them 
that x=zO corresponds to a pmnt of inflexion A (fig. 73). 

128. As a last example^ we will take the curve whidi has 
for its equation 

This oqaation gives us 



making 






we may meet with a point of inflexion at the origin. To 
ascertain whether this point really exists^ we wiU make first 

jc^h, and substitute this ralue in that of -~-> which becomes 

If then we make .r = — //, the value of ^ becomes imaginary, 

as docs also that of y, which shows us that the curve has no 

existence for negative abscissae; and thus, although -^ be in- 

finite at the origin, there is no point of inflexion. We shall 
Fig. 74. shortly be able to recognize the origin A (fig. 74) as belong- 
ing to a class of ])oint8 which have been comprised under the 
name of- points of reilexiou, or cusps ; ui^d which wo shall pro- 
ceed to examine more particularly in the following section. 
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Points of reflexion. 

12i). When a curve stops in its course, and turns back 
again^ \vc have a point of reflexion; and the reflexion is of the 
first species when the two branches have their convex sides 
opposed to each other^ as in fig. 7^; of the second species Fig. 74. 
when the concave sides are both turned the same way, as in 
fig. 75. 

130. The curve stops thus, because beyond the point C of 
rcflexiou the values given to the abscissa determine, imaginary 

ones for the ordinate^ which supposes that -j— contains some 

surd ; and if, btfore the curve stops, -r^g^^Q two values, one 

of the same sign as^, and the other of a contrary sign, this in- 
*timates that there are two branches of the curve which meet 
in the point c (flg. ' 74), the one convex to the axis of thd afo- 
scissiB, the other ooncave ; and by these characteristics, there- 
Airc, wc should recognize a point of reflexion of the first spe- 
cies. If, on the contrary, the two values of j^ have the same 

^«ign, the two branches which meet in C (iig. 7^) must be 
^2«ncentHc; and, consequently, the reflexions ^dU, in this case, 
V»e of the second species. 

131. For a first example, let us examine whether there arc 
^\nj points of reflexion in the curve which has for its equation 

^Xhis equation gives 

^=:.r±^v^;; (61); 

^^ud we see that when we take .r n^ative, y becomes imaginary, 
sso that the curve stops at the origin, where .v = and^=0: 
Vjut yet this does not prove that there is at the origin a point 
of reflexion ; for there might at that point be merely an arc of - 
t.hc curve, having its concavity always turned the same way, 
us is the case at the vertex of the hyperbola : thus, to deter- 
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mine whether the value of .i=0 corresponds to a point of 
reflexion, we must know what the differential coefficient of 
the second order becomes near the origin. 

Now, by differentiating the equation 

and dividing by tU, we find 

^=l±J*^ (62), 

« 

and to determine whether the curve is concaift or convex near 
the point where it stops its course, we must increase the ab- 
scissa of that point by a very small quantity h, by making 

or =0+ Ass A, and substitute this value of ^ in that of -r—, when 

djr 

we shall find 

These two values with different signs indicate therefore that 
there are two branches ; the one, AM (fig. 76), which is con- 
vex to the axis of the abscissa;, the other, AN, which is ooi^ 
cave to the same axis ; and consequently the origin is a point 
of reflexion of the first species. 

133. For a second example, take the equation 

This equation gives us 

^ = &±v/(^-a)3 (03); 

and if we make .r=a, we find .y = ^; but if we give to ,r 
values less than a, those of ;/ become imaginary ; for on put- 
ting A— A for d'y yyt find 
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3^ = &±^/-/i» = 6±*V-'Ai 

an imaginary value; and the curve^ therefore^ stops at the 
point C (fig. 7^)9 whose coordinates are a and b. 

To know in what manner the branches proceed beyond the 
point C, we must substitute for .r the value a-^h in that of 

-r-r, when we shall obtain 

The higher sign of —^ points out a branch CJA, which is 

convex to the axis of «r; the lower sign points out a branch 
CN, which is concave to the same axis ; and there is therefore 
at C a point of reflexion of the first species. 

1^. As a third example^ take the curve whose equation is 

yzzajc*±ba/^^'x* 

If now we make jr = 0> we find y=0; but for a negative 
value of .r, y becomes imaginary ; and the curve therefore 

stops at the origin. Let us examine what j^ becomes in this 

case ; for which purpose, by writing tho equation of the curve 
in the manner following, 

wc shall obtain 

dje "" 

^=2a ±f .i^V^; 

when giving to .i* an exceedingly small value, represented l^ h, 
the part 5. . ^by/lv of the value of ^ will be less than the part 
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2a, and consequently the two values of j^ given by tbe et|ua- 



tion 






will be positive. 

It follows^ therefore, that at the origin there are two branches, 
both concave to the axis of jp ; and we have, consequently i at 
the origin, a point of reflexion of the second species. 

134. The points of reflexion belong to a class of points 
comprised under the denomination of multiple points. 

Multiple points. 

135. Those points are called multiple points in which several 
branches of a curve meet. A multiple point is double when 
it is at the intersection of two branches, triple when at tlic 
intersection of three, and so on. 

Fig. 77. 136. Let A (fig. 77) he a double point, formed by the in- 
tersection of the two branches of the curve AB, AC, to which 
AT and AT are drawn tangents. If, now, the equation of 
the curve, freed from surds, be represented by F{x,y)=0, the 
differential of this equation, put under the form Pr/x-|-Q^^=0; 
will contain no surd quantity, since no such quantities can be 
introduced by the differentiation of a rational function ; it 
follows, therefore, that P and Q will be rational quantities. 
This being premised, the above equation gives us 

d,r Q • • ^'"^ 

t/i/ 
and since at the point in question there arc two tangents -^-, 

p 

and consequently ^ must necessarily have two different va- 

P 

lues ; a condition which would be fulfilled if ^ involved j" 
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surd quantity ; but this is impossible^ since we have already 

P 

seen that j^ is rational : in this case^ therefore, the principles 
w 

of algebra must conduct us to a residt which avoids this con- 

P 

tradiction ; and this will be when ^7 appears under the form 

7z; for we know that ^ is the symbol of an indeterminate 

quantity^ and consequently susceptible of several values. . 

137- To show how this theorem may be demonstrated, sup- 
pose, for an instant, that a and a! represent the two values of 
the trigonometrical tangent of the curve at the multiple point ; 
these two values, then, must satisfy the equation 

• P+(^=o, 

and will give 

P4.Qa = 0, P+Qa'=0; 

whence, subtracting the last equations one from the other, 
we obtain 

Q(a-«)=0. 

Now the factor a— a', being composed uf two unequal quan- 
tities, cannot be 0; Jt follows, therefore, that Q=0, which 
reduces the equation P+Qa = to P=0; and by means of 

these values of P and Q, the equation P-f Q~=0, or . . . 

It •• 

-p^ = — -pr, fieoomes 
a,r Q 

138. If instead of two branches meeting in a jioint, we had 
a greater number, it would be sufficient to consider only two, 
to show thut at the point of intersection of all the branches 
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-p- must DC = jr ; we cannot arrive so easily at the same c«n 
ax U 

elusion^ when several branches of the curve have a commoi 

d 
tangent; but in this case, also, it may be proved that 



dx -^- 



must appear under the form -. As however the demonstratioa 

of this theorem is founded on the consideration of the contact 
of curves, we will reserve it for art. 1 70, when we shall hare 
discussed the subject of osculating curves. 

139. It must be observed^ that the demonstration of art. 
137 being founded on the supposition that the primitive equa- 
tion has been cleared of surd quantities^ if we differentiate 
that equation without having so cleared it, it may happen 
that an equation which allows of multiple points will not give 

^ = -. The equation of art. 131, for instance, oomes under 

this case ; it has a double point at the origin, and yet if we 

make «r=0, the equation (62) is reduced to -^=1. 

140. We will add, lastly, that though the equation ~^=r: 

dx 

holds good for a multiple point, it does not follow that it sub- 
sists only for a point of that description ; for the preceding 
demonstration docs not at all infer that the property is con- 
fined solely to sucli points. Thus oil that we can conclude 

from this is, that the reduction of -^^ to - indicates that 

dx 

may be a multiple point. 

141. What has been said will be sufficient to point out t 
us the means of determining whether there exist any multiple 
points in a curve whose equation is given. Let ti, for i 
1)0 the etiuation ; we must deduce from it, by differentiatin 
Pf/jT-f Q^/y = (), and see whether the same values of u' and 



// 



CONJUGATB POINTS. 93 

viil satisfy the proposed equation^ and also the equations 
P =0, Q = ; if this 1)6 the case, it shows that the values of 
c and y may belong to a multiple point, and then, by exa« 
xiining the curve in the neighbourhood of that point, we shall 
liscover whether it is really a multiple point or not. 

Conjugate points* 

142. Suppose we have a curve such, that whilst for a pnr- 
ticular point there are two real coordinates, the coordinates for 
iill adjoining points are imaginary; those coordinates then will 
determine a point entirely detached from the curve, and to 
which has been givea the nfune of isolated point, or conjugate 
point. 

Let now y^Jx represent the equation of a curve which has 
a conjugate point. If a and h l)e the coordinates of that ^int, 
the coordinates for at least the adjoining points must be ima- 
ginary, or it could not be isolated ; and, consequently, if we 
suppose that the abscissa a is increased by a small quantity hj 
the corresponding ordinate, represented byy(/i + ^), must be- 
come imaginary. 

Now the series of Taylor gives us, generally, 

and if we make <r = cr, the corresponding ordinate must be b : 
whence, changing^ into b, and representing by (y^), (-r^)* 

~ J, Sic, the values of tlie differential coefficients on that 
hypothesis, we shall have 

In order therefore XhdXfiji-^h) may bo an imaginary qiiun- 



( 
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tity, one at least of the expressions (^j , ("Ti)* ^<^> ^^^ ^ 

imaginary ; i. e. the hypothesis of jr=:a4-/< must render one of 
the differential coefficients imaginary ; and if this condition 
be fulfilled, the curve may have a conjugate point. 
For example, if we have the equation 

we shall find, by differentiating, 

whidi becoming imaginary when jfzz^b, and consequently 
^=0, we may presume that the point A (fig. JS), whose co- 
ordinates are .r=— ^, and ^ = 0, is a conjugate point: wc 
must determine whether it is really so or not, by successively 
increasing and diminishing the abscissa —A by a quantity less 
than b ; when wc shall find that in each aise t/ becomes ima- 
ginary ; which shows therefore that the point in question is a 
conjugate point. 

143. Conjugate points, like multiple points, manifest their 

existence by rendering the differential coefficient —=0. For 

djt '0 

the equation 

l)cing differentiated and divided by djr, gives 

d^u 
where we see that the term affected by -— - lias Q for its co- - 

efficient ; and if we differentiate again, we shall find that 

d^u 
is still the coefficient of -—-, and so oh : so that when we liavt. 

dx^ 
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arrived at the differential cociKcient of the nth order^ we iihnli 
have a result of the form 

Q§ + K = (65). 

Now there must be at least one of the differential coefficients 
which becomes imaginary for some value of x, and which con- 
sequently must contain a surd quantity : representing, there- 

fore, this coefficient by -—^ the function of .r which expresses 

this coefficient, must have more than one value. This is suf- 
ficient for us to conclude, as in art. 137> that Q = 0, which 

reduces the equation P+Q3-=0, to P = ; and it fWlows, 

therefore, that we must have -f- = -. 

dx 

Osculating carves. 

144. Let y=^(pjp and y = Pj? be the equations to two curves 
which meet (fig. 24) in the point M, whose coordinates are 
AP=y, PM=y ; wc shall have then, for that point, • 

and supposing that r becomes ^'+h, the preceding equations 
will give 

M'F=,(y-HA)=,^^A+^ ^ +&C. . . ; . . (60). 

M"P'=:F(y+A) = P*+^'A+^^+&c (67). 

If, now, all the corresponding terms of these developments 
be identically the same, M'F, M^P' will have the same values, 
and the two curves wiU coincide ; but if we have only ^j? =x F^, 
the curves, as we have just seen, will have merely a common 
IMiiht M ; if, besides fjy=: Py, we have 

d^ _ d.Fd' 

HjF "" dy ' 
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the curves will then approach more nearly to eadi other ; and 
still more^ if^ in addition to these equations^ wc have also 

and so on in order ; for it is evident that the difference be- 
twixt MT' and M'F will be the less, the greater be the num- 
ber of terms respectively equal in their developments. 

This being premised^, let a, b, c, &c., be the constants in 
the equation ^z^Fjf; we may then, without changing the 
nature of the curve, give arbitrary values to these constants. 
If, for instance, we have the equation y* = jwjr+7W^, which is 
that of an ellipse ; this equation ^vill always preserve the same 
form, and will therefore always belong to an ellipse, whatever 
be the values we give to m and 7i, (m and n being understood 
to- vary only in magnitude, and not in sign, and never to be- 
come 0) . 

We may now, therefore, consider the constants a, b, c, &c., 
which enter into the equations 

as arbitrary, and taking as many of these equations as there 
arc constants, determine the constants by the condition that 
those equations are satisfied. 

For example, if the equation y = F<i^ntain three constants, 
a, by Cy we ujay put 

deduce from these equations the values of a, b, c, in functions 

of .r j t/', -^,, -^^, and substitute them in the equation ^= Fx ; 

which will then possess this property, that when we put 
.r -|-/i for 4', the equation (67), obtained by means of Taylor's 
formula, will have the three first terms of its second side 
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respectivelj equ^ the three first terms of the second side of 
equation {66). 

What we have said of an equation containing only three 
constants^ will apply to one containing a greater number. 

145. Let us take^ for example, the case in which the equa- 
tion y=Fx represents that of a straight line; the equation 
^=F«r will be then replaced by 

y=iMr+6 (08); 

and the equations of condition, necessary for the elimination 
of the constants a and d, will be 

^y=flj^H.^, ^=« (69). 

But since (pjf' represents the ordinate at M of a curve whose 
equation is y'=,^x, and x corresponds to y, we may replace 
^jp by y\ and the equations (09) will become 






\vhenoe, eliminating a, we obtain 

and substituting the value of b given by this equation, and 
that of a in the equation (68) to the straight line, it becomes 

^-^-^ <*-*') (70). 

In this equation we shall recognize that of a tangent MT 
(fig. 5) at the point M, whose coordinates are jt' and y : why 
the line MT should be such a tangent will be seen shortly. 

146. Returning now to the preceding theory ; and agreeing, 
for the sake of brevity, to denominate curves by their equa* 
tions, we have seen (art. 144) that if the curves y=fjp and 
y = ¥jt have only a common point, and x^, \f, be the co- 
ordinates of that p<Hnt, we shall have the equation of condition 

B 
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equation y=P*, by the condiUol« F^ x=,K."»d -gpr-^. 



the curvcite wffl bcjgin t6 sfj^proftiAi* csttdi ctii^. 

'Milwtlttitcd tfa^ vahitt OT tbefte ttro HMix^tssits ; iaren y^^ 
will be an osculate of the first *6rdef tol3i^ cttrte y±s^ ^ aid 
if (alwap by virtae oF the arbitfttfry values that may be given 
to the constants) we have eliminated tluree of the constants of 
the equation ^ = Yjp, by means of the following eQiiatioos : 

m 

P.'=.^y,^ = ^.^'=^ (71); 

and y^^x represent what y = F^ becomes aifler this substi- 
tution, the curve y=^jp will be an osctilitte of the second 
order to the curve y — ^x, which it will approach stHl nearer 
than y —fx does, and so on, in order ; so that for an osctilate 
of the nth order, we shall have the equations 

147- We will proceed to show, that of two osculates which 
we have ^us obtained, by giving aibitrary vtJues to the con- 
stants of the same equation, the 08<:$ul&t6Of an inferior order 
cannot pass between the other and the curve, in respect to 
which the osculation takes place. For example, let MB (fig. 
Q4t) be the curve y=^^x, and M€ its osculate y=ifx of the 
second order ; we have then to demonstrate that the osculate 
y^/x of the first order cannot pass betwixt the corves MB 
andMC. 

For this purpose, by putting x'-^h in place of jr, in these 
equations, we shall find 
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and y=^jr being an eseulate of the aeooirf order tojf=^^> 
wemustliave 

if I • d^J^ ^^^ d^j/ d^fjf 

y =yjr being an oscukte of the first order toys fjt, we must 
have also 

from which equations we have therefore 



and only 



Make 









tLen tbe thfee preoedn^ developments may be written t&oa^ 
FM' or p(,'+«)=K+VA«+^^+ &c., 

PM" or t^y+A) =K+ VA«+^' .^+&c., 

h2 
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and observing that all the terms^ commencing from that which 
is affected by A', have h^ for a oMnmon factor, we may sup- 
pose 

whence, making similar reductions in the other equations, we 
shall have 

Now the curves y —fx and y^^lfx being osculating curves, 
one of the first and the other of the second order, V must ne- 

oessarily differ from 4^ -j-r ; and we can therefore make only 

two hypotheses respecting V, viz. 

If V be less than i -^, let Z be the excess of 4 -5^ over 

ax* djP" 

V, then we shall have 

where Z is a positive quantity ; but if, on the contrary, V be 
greater than \ y^, Z will be n^ative. 

d^fx 
Substituting this value ^i-j^ in that €i£J{x+h), and ob- 
serving that h^ is a common factor, our three developments 
will now become 

^(yH-A) = K+(V+MA)AS 
Hxi+h) = K4- (V+ NA)AS 
/(y+A)=K+(V+ZH-PA)A«; 
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and by making h exceedingly small, the quantity Z, which is 
independent of h, may became greater than the expressions MA 
and NA, which tend to 0. 

In this case^ if Z be positive, /(^'+^) ^> greater than 
^(jr'-^hywid ^(jp'-^k), and we have therefore f(jt-{-h) or 
FM" (fig. 34) greater than either FM' or VW, which shows 
that the curve y ^fst, represented by MM'*', cannot pass be- 
tween the other two. ' 

If, on the contrary, Z be negative, we haveyC^-f A), or 
FM>^ less than FM' and FM"; and the curve MW being 
then that which approaches nearest to the axis of x, cannot lie 
betwixt the two others. 

148. We can now explain why the straight line {^g^ 5) which, 
art. 145, is an osculate of the first order, is. a tangent to the 
curve ; for it follows from our theory, that betwixt that straight 
line and the curve, we cannot draw any other straight line, 
which is a property of the tangent. 

The tangent is said to have a contact of the first order with 
the curve ; and generally an osculate of the order n has a con- 
tact of the same order with the curve to which it is an oscu- 
late ; thus when we have, betwixt the two curves, the equa- 
tions 

these curves have with each other a contact of the second 
order ; if, besides these equations, we liavc also 

d^ipjt (PFx' 



'• f 



the contact will be of .the third order, and so on. 
149. The equation to the circle, which is 

contains three constants ; and we may therefore determine the 
circle which has a contact of the second carder with any curve 
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Fig. 26. MN (fig. 26)> of which we know the equation. For this pur- 
pose, let y and y be the coordinates of the point M in the 
circumference of. the circle ; the value of y will then be ^irea 
by the equation 

and must replace T?^ in the equations of contact^ whidi are 
, _ , d(paf dFa* d^fa^' -.cMV 

If at the same time we take ^ and y for the coordinates of 
the curve y=^^> at the point of contact, the preceding equa- 
tions will become 

dt/ 
and in these we must substitute for the quantities j/, -jy 

•-p^i their values derived from the equation (73)> and its suc- 
cessive difierentials, which are 

(y'-/3)^, +^'-a = 0....(75), 

But the substituting in die equations (74) the values of y" 

du d^u* 

^>^» given by the equations (73), (75), (76), wiU be 

same thing with eb'minating these quantities betwixt the equs 
tions (73), (74), (75), and (76), which wiU be done by 
hdng the accents in the equations (73), (75), and (76) 
observing at the same time that when 

y =y, we have ,v^af. 

Suppressing the accents^ therefore, we shall find 
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(y-^)^ + *-«=o....(78), 

from the last of which equations we deduce 

and putting tkis valae in the equation (7R)> we obtain 
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*-»•*= 



dj^ 'dy 



T-. • • . (81). 



£^ dor 

If in the equation (77)> we substitute these values of ^— j3 
axxd .r-^-a, it becomes 



V ^i^g«/ \_df I 4y^ 
^dj^l \d^) 



a.x\d^ adding the numerators which have a common fisu^tor, we 
aluill have 



dv« 



dy' 



&Q equation which reduces jtself to 

— i-=v*. 



— 7: » 
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and, by extracting the square root, gives 

150. The double sign refers to the position of y : if the 

curve be concave to the axis of x, then -r'J will be n^ative ; 

and in order that y may then result positively, we must take 
y with the negative sign, and write 



(>*g)* 



r= — Jr ■ • • («»>•• 

d^ 

dhJ 

for the ctirve being concave to the axis of the abscisss -7-^ 

appears as a negative quantity, and therefore, when substituted 
in equation (82), ^vill render the value of 7 positive. 

151. The circle which we have just been considering has 
received the name of the osculating circle, and its radius that 
of the radius of curvature; in order, therefore, to obtain the 
radius of curvature, we require only to have the equation of 
the curve, £rom which to deduce the differential ooe£Sdents 
that are to be substituted in the formula (82). 

If the curve ought to be convex to the axis of x, the po- 
sitive sign must be prefixed to the value of y, 

162. The value of y ii sometiines written thus; 

a form which is leadily deduced ftom the equation (82) ; for by redudog^^ 
the two terms within the brackets to a coounon denominator, and obsenringf;^ 

that {djfl)^ is ixi, we obtain « 
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d^ ~ 4lxd»y 

153. As an application of the formula (82), let it be pro- 
posed to find the radius of curvatore of the parabola NAM 
(fig. 26), the equation to which is «« = my. ^*«'^- 

This equation gives 



„ . ^ dy 2x d^y 2 

ax m ajfl m 



therefore 



.0-^)*.[i(?^-)} 



m m 

and raising the two factors to the power |, we have 

-8 (t +^V Ct+'')* ^^^ 



» 



m 



but the normal to the parabola has for its expression 

('7'+^ J 9 ^^^ "^^ "^' therefore^ that ^Ae radius ofcurvalure 

efthe parabola is equal to the cube of the normal, divided by 
4he square of the semuparameter. 

154. The osculating circle will serve to measure the curva« 
ture of the curve at any pdnt M (fig. 26) ; for if at that 
point M we describe, wiUi the radius of curvature, an exceed- 
ingly slnall circular arc ML, that arc may be considered as 
the arc of the curve itself, frmn which it separates but in a 
very slight degree. Now the greater be the curvature of the 
arc ML, the less is its radius ; and it follows, therefore, that 
from the decrease or increase of the radius •f curvature, we 



/ 



may determine the increai^ or tdefi^^aae of the corvaitiire ^ike 
curve. 

If^ for example, we examine the equation (83)> which gives 
the racUus of curvatu^ of the parabolay we see that lyt. ijut 

successively increased, y increases ; which in tfm a t flB, th^eie- 
fbre, that the curvature of lihe parabola goes on continuallj 
decreasing, as we retire from the vertex. 

155. — expressing the trigonometrical tangent of the aaf^ 

which the t^n^t at M (27)' mi^ce^ Mpith the axis of .r, the 
equation of t|ia normal made to past thnni^ a point whose 
coordinates mre a and fi^ will be 

and this equation being the same with the equsdofli (78) ia 
which a and fi are tlie coordinates of the centre of the oscu- 
lating circle, we see that the radius of that circle is a normal 
to the curve. 

156. If now, through all the points of a efbrve MM'M", &c 
(fig. 28), we draw the ra4ii of curvature MQ, M'a^ M" O ', 
&c., we shall construct a series of points O, &, (y , &c. ; 
which points being all sttb|ect to a certain law*, wemay g^vf 
to their system the name of curve ; though we cannot ye^ say 
any thing of the nature of this new curve, which we call the 
evolute of the curve MM'M" ; thi^ latter curve, ccm»flexfii re- 
latively to the evolt^te^ bei^^ called the involute, 

157. If now we pa|8 from one point of the evolut^ to an- 



* This law is implioitly conlaiiicd in the equation of U^ oaxv IIM'M*' ; 
fof tlwt cuwe being giTCO, tlie paction of the poinu CK (y, CK V &G. Kodts 
ton it ^ 



Other, not only will x and y vpry, but a, /3, and y will also 
vary at the same time ; for ainee a and /3 are, generally, the 
coordinates of the centre of the osculating circle, and the evo* 
late is formed by the system of those centres, it follows that 
a and j3 are the coordinates of the evolate> and thereftfe co- 
ordinates which must vary for diferent points of the curve. 
It is the same with y, which is the radius of the osculating 
circle, and represents the distan^ of any point e£ the evolute 
from that point of the involute whence y is drawn ; . and con- 
sequently, by differentiating Ijhe equation (7S), in respect of 
all the letters *, and dividing by dx, we shall obtain 

m 

and subtracting the equation (79) from this, there remains 



whence we tmH 



dx dx^ ix 



da 



But, art. 67, 



* We cannot difeentiate otherwise the equation, 

» 

and its derlvatea ; and yet we appear to haye done so when from the equa- 
tion (73) we have deduced the equatioDa (76) and (70) ; to which it mayl^ 
answered, tiial haviBg tV9 arUtiu^r aoasiiAtB in th9 9qi¥4k» (7SX iV9 have 
detennined then oa the oooditaQQ tet the tMitKkm veprawnied hy th« tot 
sides of the equations (76) and (76) AouM be each eqvlal to ; without 
this, we should have had no right to'oonclude that because the equation (73) 
holds good, the equations (76) and (76) nust hdd good also. 
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dx 



therefore^ 



dy da da 

ilx" dx dfi' 



and, consequently^ art. 24^ ^ 

dy^ da ^ 
di^^dp 

which Talue of -^ being substituted in the equation (78)> we 

dx 

shall obtain 

y-/3=^Cj?-a)....(M).. 

djt* 

1 68. We saw, art, 1 66, that the equation y — /3 = — ;j-( J?— a) 

was that of the radius of curvature, passing thnnigh the point 
whose coordinates are ^rand^ ; and it will therefore be alwap 

the equation of the same radius, when — — is replaced by -r-. 

But the equation (84) is also that of a tangent drawn at the 
point of the evolute, whose co-ordinates are a aAd /3 *; and the 
radius of curvature is therefore a tangent to the evolute. 

169. Since in the following demonstration we shall have to 
employ the differential of an arc of a curve, we will proceed to 
find that differential. 

Suppose that an abscissa AP=x (fig. 31) receives an in- 



* We may observe, that « and B being generally the ooordinatea of any 

point in the evolute, the equation of the evolute wiU be B^fa ; and there- 

dB 
fere — expresses the tangent of the angle which the tangent at the point «, 

B, makes with the axis of the abscissa: 
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crement PP'=r A; if then we draw MO panllel to the axis of 
X, we shall have evidently 

chord MAf = v^MO«+M'0« = v<A*+M'0« ; 
but 

substituting which value in the expresnon for MM', and re- 
presenting the coefiicie^its of k^, AS &c. by A, % ice. we shall 
have 



or 



MM* = a/a« +^*A»+AAHBA*+ &c., 
MM' = 4/a*(1 + ^)+AA»+BA*4- &c., 



and therefore 



MM' / 3J» 

In the case of the h'mit we have ArsO. and the chord coin- 
ddes with the arc which we will represent by # ; so that we 
shall have 



whence, multi^ying by dx, we deduce 

160. For the evdute the coordinates are a and fi ; and for 
it, therefore, we shall havein like manner 



101 . If now we differentiate the option (77) in respect of 
all the letters, we shall find 
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and equation (78) gives us 

which equation being subtracted« from the preceding one, we 
have remainiqg 

— (y— /3) ^/3-(«— a)rfa=yrfy (86). 

Subsdtuling m tUs equafion (85) and in the eqiiati<m (77) 
the value of y— /9, given by the equation (84), we shaD find 
the two equations 

■ — —- (A-a)— (^•-A)</a=y*y, 

which, putting j?— a as a cmnmon factor, and extracting the 
square root of the second, become 






C'-a)-^^ — di ~'^' 

and dividing the first of these equations by the second, we 
obtain 



> ■ .^ 



But we have seen, art. Mto, tbat, jrepvcsentiay ijr • aa are «f 
the evolute, we have 

ds-^l^^Td^i\ 
comparing which equation with the preoeding on^ we deduce 

dyzz^ds^ orrf(y+5)=0; 

and since every function whose differential is must be con- 
>*^ ^>u^Ht«^*> y^ have y +•* tjl^j and dierefore if the radius of curva- 
ture increase, the arc s must diminish, and by the asme qoaii* 



curvature vetrie^ fty ikt iome i^ffbrenc^ M Ike tvolltte. 

i62. L^(%.29)MO±=y,OBsr^MXy=y»,<yBs:r;we 
have then for the radhtt nS e iir f atttf g MO, 

MO+ arcOB=:coiu/4nU (86). 

The radius of curvature M'O' gives rise, similarly, to ihe equa- 
tion 

or 

M'Cy+ arc (yB=z constant (87); 

and naoe the seocrnd sides o£ these equations (86) and^8j7) 
represent the same ccmstant, we derive from them, 

MO '+ arc aB = MO + arc OB, 

when oonsequently, 

M'O'— MO= arcOB— arcO'B=arcOO', 

which shows «b that the difference 'of two radii qf curvature is 
equal to the arc comprehended behoeen them. 

163. It fiillows from thi^ Ihit if «n 4he folate OB <fig. 90) 
we wrap a string OBM, which, belihg «f ^oonrse a iatigefit *o 
the evolute at the point B where it leaves it, has its extremity 
in the point M of 'ihe involute G, wheini>% unwrap this string, 
keeping it constantly stretched, its extremity M will trace 
out in k3 course iSbe involute MO; ferimp]poring thst in the 
course of its motion it has reached the position (YM, it will be 
increased by OO', and w411 ^msequelitly be equal in length to 
the radius of curvature passing through the point O', whence 
the extremity M' of the string will be still in the involute 
MC. 

164. The equation of the evdute is determined in the fbl- 
^kwiAgmamner: P. we dedvoe tfront'the^uatian of ihe<ninr«, 

the values of ^, :^, — ; 2^^. we subsStute iSfaese values in the 
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equadoiis (78) and (79), when we shall get two new equatioiu, 
which are fuuctions of x alone; 3^. eliminating jr between 
these eqoationsj we arrive at an equation betwixt a and /3; 
this equation will be that of the evolute. 

165. To determine by this process the evolnte of the pr 
rabola, whose equation is ^ = my ; we have^ by differentiatiiiig, 

2xdx^fndy, 
and consequently 

dy_2x dhf 2 

which values of y> -^^ --r^, being substituted in the equations 
(78) and (79), they become 

(f!-|3)?f +^-a=0 . ; . . (88), 

(7;r-^)|-+S+^=« • • • («»)' 

and subtracting tiie equation (88) from the equation (89), 
multiplied by x, we shall obtain 

a+-T=^ • • • • (90). 

On the other hand, the equation (89) multiplied by «»S ^^ 
reduced, gives us 

6**-2iii|3+m«=0, 

whence we find 

^ Sit"* fn ^-._ . 

and eliminating x betwixt the equations (90) and (91)) ^ 
shall have the equation of the evolute. 

But before we perform this operation, we may observe tnat 
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at the origin^ where :p^0, the equations (90) and (91) are 

reduced to a =0, /3 =-^ ; and taking, therefore, AB=: -^ (fig.' 

32), we hare the point B of the evolute ; we see, then, from 
the equation (91), that giving to x values positive or negative, 
/3 goes on increasing according as these values increase ; whence 
it follows that the evolute is formed of two branches EC and 
BD. 

166. To eliminate x betwixt the equations (90) and (91), 
the iirst, raised to the square, gives 

>4 



*« = a« 



nr 
16' 



from the second we deduce 

the two sides of which being cubed, we find 

'•=(^-2)27' 

^nd equating these two values of afi, and dividing by m^, we 
obtain 

Let P—a-=P> multiply each side by 27, and make . . . . 



-jT^nt = n ; then the equation becomes 
"^hich is the equation of the evolute. 



* It is eajiy to prove that the branches BC, BD have their convexities op- 
Posed to each other; for by differentiating the equation j9'3=ffA«, or 
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Fig. 22. By the assumption of /3 — ^- = ^, the origin is transformed 

to the point B, whose coordinates are and j3 — ^. 

167. An osculating curve may be situated in two diffierent 
wa3rs in respect of the curve with which it is in contact: 
V^. it may have its two branches, both of them above tbe 

Fig. 33, 34. curve, as in fig. 33, or both of them below, as in fig. 34; in 

which case the osculate will only touch the curve: 2^. the 

osculate may have one branch above and the other below the 

Fig. 35. curve, as in ^g. 35 ; and in this case the osculate will cut tbe 

curve in the point M. 

168. We will proceed to show, that the osculating drde 
Fig. 3a (fig. 36) cuts the curve. 

For the same abscissa x-\-h 

let Y be the ordinate of the curve, 
Y' be the ordinate of die osculate ; 
we have then 

Y = <p(x^-h) = <p^ + AA 4- BA*4- CA« + &c. I .ggV 

Y' = F(^H-A) = F.r-fA'A+B7iaH-C'A*-f&c.J ' ' • ^ ^' 

and since the circle is an osculate of the second order, the 

three first terms of these developments will be the same; 

whence the difference of the ordinates, corresponding to j^-^) 

will be 

(C-.COA' + , &c. . . . (93). 

Suppose, now, that the abscissa becomes x—h; we inn«t 
then change h into —A in the difference of the ordinstes^ 
which will become 

-(C-C')/.»4-,«tc. ... (94); 



/8'=«M, we find ^= - |«*a"^ = -|'/jL, a negative valut (ot^^ 

a positive or negative value of at, whidi pcovei that each branch is cooC*^ ^ 
the axit of x. 
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and since, by taking h sufficiently small, the first term of the 
aeries (93) and (94) may be made greater than the sum of all 
the other terms, it follows that the difference of the ordinatcs 
mil change its sign, when the abscissa, instead of being «r+^> 
shall become x— ^. Hence, taking (fig. 36) PP'=PP'=A, 
if the difference of the ordinates corresponding to x-\-h be a 
positive quantity, i. e. if the ordinate FM' of the curve be 
greater than P^', the ordinate P"N" of the dsculate will be 
greater than the ordinate P'M" of the curve ; whence we con- 
dndc that the osculate is on one side above the curve, and on 
the other below it, and consequently cuts it. What we have 
said of the circle, which is an osculate of the second order, will 
apply to every osculate oi an even order. 

] 69. If the osculate be of an odd order, it will only touch 
the curve, instead of cutting it ; as is evident from the pre^ 
ceding demonstration. 

17a We wOl now give the theorem promised jurt. 138, respecting muUipk 
jxAnU. If the curves which meet in one of those points have a common tan- 
gent, the equation to whidi may be represented by y =uix4-(, we must change 

dFx 
Tx into 0x4-^ in the second of the equations (92), which will give —— or 

ax 

A'=:a, arid all the rest of the coefficients in that equation will vanish ; also 
the tangent being an osculate of the first oider, ^»^Ah will be equal to 
Fx+A'A, which wiU reduce the difference of the equations (92) to 

Y-Y'=BA«-hCA34-, Ac. 

Now this difference ou^t to have two values QM and QM' (fig. 30), and 
therefore one of the difierential coefficients represented by B, C, &c., must 

have two values. Let -- — be this coefficient ; we have seen already (art. 

143), that if we take the successive differentials of the equation Pdlr +Q<^y =0| 
after each differentiadou, the term Q will continue a factor of the diffisrential 
of the highest order of y ; so that the differential of the Mth order of the pro- 

posed function may be rmretented by Q- \.k=0; and smcc ~ must 

have two values, we might prove, as in art. 137? that Q=0. This value of 
Q will reduce that of P to ; and it follows, therefore, that the equation 



-7- — — -^ will ffive rr =:r' 
'/.r Q d>v 



l2 
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The development qf/unctions of two variables, 

171. When in a function^ u, of two independent variables^ 
.r and ^, we change jp into x-\-h, and y into ^+^> Taylor's 
theorem will give us the means of developing this function z 
for suppose that first we substitute x-^h in place of Jt, we shall 
have then, by that theorem, 

/(,+A,;y)=«+^+- j;^ + ^. j^+&c. . . . (96); 

in which series 1/ can be contained only in the functions ar,» 

du d^u 

-r-f ^-5» &c. Changing^ therefore, y into y+Ar in these ftinc 

tions, we must replace^ in the equation (95), 

du, d^u k^ rf^tt *» . ^ 
tt by «+:r:*+ jt^ rs + -ttj zro+^- ; 



dy ^d>«1.2^f/^'2.3 



rf^ 



(//< 



dx ^ 



f&c. ; 



du , (ftt 'flte, «tr A* 

di ^ di'^^ '^'d^ • r2 ■*■ ^y 25 



daf^ 
See, 



&c,, &c., 8cc,, &c. ; 



and forming as many lines as there are terms in the eqoatii 
(95), we shall obtain 



m 



+ &C. 



(96)- 
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172. If we had made these sahstitutions in an inverse order, 
we should have foond, firsts hy changing y into y-^k, 

and patting then in each term «+A in place of or, we should 
have arrived at this development, 

du 

-f &c. 

The order in which we make these substitutions heing ar- 
bitrary, (since in putting x+k wherever x enters, and y-^-k 
wherever y enters, these operations cannot affect eadi oUier), 
it follows, that the two develo|mients (96) and (97) must be 
identical, and consequently, the terms affected by the same 
products of h and k have the same values. 

Equating therefore the terms which are multiplied by hk, 
we shall obtain 

d— d~ 
'dx 'dy d*u d^u 

dy • djp* dxdy dydx * 

an equation which shows us that^ in taking the second dif- 
ferential of the product of two variables^ the order of the dif- 
ferentiations is arbitrary. 

The same thing may be proved for the differential co- 
eflSicients of hi^r. orders, by equating the differential co- 
efficients of the other terms of the equations (96) and (97)< 
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Ma»ima and minima infunctiom o/iwo variaUes. 

173. We have seen, an. I7I, that if in a ftmction of two independent 
variables x and y, we lefdaoe » bjr x-^h, and y by y+A;, the derekipnicnt 
of/{'+hy y+Ar) will be given by the equation (96) ; in wbidi equatian, if 

du 

we represent /(jr4-^ y-f-*) by U, Ar by m/r, and -^^J-^^y weahall 
have 

4- tenns 'inh\h*y&c .. . > (98). 

Now, in order that u may be a maximum or minimum, it is neoeanry 
that, wliatever be the values given to the increments h and Ar, U should be 
always less or always greater than u ; but this is only possible when the 

(du du\ 
T *'>+ 7- / ifl evanescent ; for if it be not, then, by taking a proper 
dy dx/ 

value of hy this term may be rendered gr«Mer than the sum of aU the following 

terms, when by taking h successively positive and negative» we should make 

U in one case greater, and in the other less, than u ; hence, in order that « 

may be a maximum or a minimum, we must have 



ox 



du du ^ 

-« + -=o. 

Since also k is arbitrary, m must be so likewise ; and, consequently, this 
equation must Iiold good, whatever be th£ value of ni^ which requires that 
the equation resolve itself into these two : 

• dy" ' dx 

174 We must now see what it Is that distinguishes tfas inwInnMn ftini 
the minimum ; ftr which purpose we must observe^ that siaee the tom in h 
vanishes, it is the term in AS which will decide the sign of the sum of all the 
terms following «, and that, consequently, ^ tenn in A^, if it do not vanish, 
must not, for the difierent values of h and ^, result at one time positive, at 
another negative, or otherwise U might be in one ease less, sad io the other 
greater than u.. We will therefore proceed to hivestigale the 
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nooefMiy thai thia torn in A* may alwaja ha? e Uie nme ii^i, wbalefcr be 
the value! we give to A and Jt ; and, with thia view, we will icpicaent the 
term by 



maldng A a common ftctor, thia will become 

A^i/ B . C 

2 



'(««+a4«»+^) (W), 



and adding and tabtiacting the aame quantitj ~, the expretsioo ($K)) inay 
be written thna, 

C ^ 

which, ifCand Abeofdieaame8ign,and-j-be >-r-.i. e. AC>B«, win 

Ah* 
always have the aame lign aa A ; for then the quantity multiplied by -^ 

win be eaaentiaUy poiitiye, and tlie aign of the espieaaion (100) wiU depend 
on that of A ; ao tliat we ahaU have a maadmum or a minimum, accordingly 

as A shan be negative or poaitive, t e. according to the sign of - -, whidi 

win be the same with that ot'r:^* ^t ^f hyiMthcBii^ C and A are to have 

or* 

both the same sign. 

On the transformoHoH qf rect&nguiar coordinates topolmr* 

175. Let BDC (fig. 79) be a carve, in which we have de- 1^>8* 79- 
teimined it point M, in position, by means of the rectangular 
coordinates AP=x, FM=^ ; this point may be equally de- 
termined, if we have given the an^ MAC, and the radius 
vector AM.: but since we generally measure angles by arcs, 

we will substitute for. the angle MAC the circular arc mo, 
described with a radius unity \ and thus, representing the arc 
9910 by ij and the radius vector AM by u, we may substitute 
the system of polar coordinates 9 and u, instead of that of the 
rectangular coordinates AP^x, and PM=^. 

176. The origin of the abscissae is sometimes placed dse- 
wbere than in o *, for tiie point M will be equally determined. 
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if, having taken d for the origin, we have given the are 6m 
and the radius vector AM. In this case we may repreaen 
dm by d'> and then the abscissse, reckoned from the origin o 
will differ from the abscisse reckoned ftt>m d^ by a constan 
quantity od ; and there will exist between them the 
equation : 

Since, by means of this equation, we can always change 




origin in any manner required, we will, for greater simplicity, 
suppose the origin in o. 

177* Representing now by F^x, ^)=;0, the equation i 
which we wish to change the rectangular coordinates AP= 
and PM=y into polar coordinates Qfm'='^i and AM =» ; an 
investigating the relations that exist betwixt these ooordinateSs^ ^s, 
we see at once, that 

AP = AM cos MAP, PM= AM. sin MAP, 
or 

~«=:Mcosd, ;y = u. sind. . . . (101); 

and we have only therefore to substitute these values in th^^^ne 
equation represented by F(«r, y)=:0, in order to obtain 111 ^ le 
equation in respect of the polar coordinates. 
Fig. 80. 17B. If the origin of the rectangular coordinates x and y 
not in the centre A of the curve (fig. 80) ; let x\ y, be 
coordinates reckoned from the origin A', and a and h the 
ordinates of the centre A, reckoned from that origin ; tfai 
we shall have 

AP=A'Q-A'B, MP = MQ-AB, 

or 

x=j?'— a, y=y— ^; 

which values we must substitute in the preceding formalae. 

On the tranfformaiion of 'polar coordinates into rectangmii 
and the determination of the differential of the arc o^ 
polar curve, 

179. The equation in respect of polar coordinates being 
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presented by F{6, u)=:0, we see at onoe (fig. 79) that we may Fig. 79. 
replace u- by its value derived horn the equation 

AM«=AP«+PM«, 
or 

««=ji«+j^» (102). 

In regard to B, the equations (101)^ divided the one by the 
other, give us 

4 



whence we deduce 



S |^Sl=f'- I 



d=an/tanr:^^=: tan"* •■ 



These values of 6 and u being substituted in the equation 
F(9, «)=0, we obtain 

F(tan"'. IjT/^S^iy) = . . . (108), 

and so. arrive at an equation between je and ^, involving a 

transcendental quantity tan*' 

180. We' may also obtain, between jt. and y, an equation, 

which shall not contain the'transcendental^arc tan"~^Ap)ut 

which will involve differentials; and, for this purpose, i^e 
might at once differentiate the equation represented by formula 
(103) ; but the method generally adopted for arriving at this 
end is the following : representing always by F (9, u) = 0, 
the equation which it is leqvired to transform into a function 
of the rectangular coordinates x,.y, we have seen, art. 179, 
that the value of tc may be expressed in terms of x and y, 
without any transcendental, but that the same cannot b^ done 
in respect to 9 ; on which account, therefore, we eliminate 9 
between the equation F(9, ii)=0, and it^ differential, which 
we will represent by F(9, udt, du)s:0; this process will, in 
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£B»ty introdiioe into the result the di£fereiitiala dd and du; hot 
we shall see that these differentials may be expressed in fiuo- 
tions of the variables jr^ j^y dx and dy. 
For, first, the equations (101) give us 

006 6=' 8in9=^. . . . . (104); 
dividing one of these equations by the other, we obtain 

differentiating, there results 

and replacing --^ by its value, derived firom the first of 

equations (104), and suppressing l|Ac<i>°ii'^o^ &ctor x, w< 
find t\ 

tfidS = xdy-^ydx ; 

whence, consequently. 



M 



an Aftttuig fi^r u its valup, this equation becomes 

dB=dS^. 

The diffeii^tial of the other variable is found still 
easily, for the equatioo (103) gives us 

which being differentiated, we have 

and, by meant of theae valnes cidi, du, and u, we shall 
tbe e^putann obtaiaed by the diminutkm of into aaothw i 
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voicing only a?, y, dy, and i/^ ; a&d wUch^ oonseqiieiiUy, wiU 
be the equation belonging to the rectangular coordinates. 

181. We have teen, art. 159« that the differaatial of an aiv 
z, referred to i^ectanguhur ooordinatesj has lor its txpreukn^ 



dz=:^da»+dif* (106). 

It may be proposed to find the differential of the same arc^ 
when the coordinates are polar ones ; and, in this case^ we 
must substitute in the equation (106) the values cf d!r and 
di/, derived from the equations 

x=«.eos0, ysstt.sint. 

Now, by differentiating these equations, we diall find 

dx^-^u sin S.c/9-l-cos Mu, 
dy= ti cos 9 (/9-f-sin ddu ; 

whence, squaring these last equations, and reducing them by 
means of the formula 

8in«flH-co8*fl=l, 
We shall obtain 

dg =z ^u'^dS^ -k- du!* ; 

which is the differentiai of the arc in a Amotion of the polar 
Coordinates. , 

On suUangenU and mbnormaU, tangents and normais, tofoiar 

curves. 

182. We know that, in curves fefenned to rectangular o^ 
ordinates, the subtangent Jl (fig. 81) is the line oompriaod 1%* 81. 
between the foot P of the ordinate and the point /, in which 
a perpendicular. A/, to diat ordinate meets the tangent : re- 
fraining the same definitlm fcr polar oorvei^ ia which the oiu 
dinate is no longer PM, but the radius vector AM^ the sub- 
tangent will be then the line AT, dncwn perpendicular to 
AM^ and comprised between the point A and the point T, in 
Avhich that perpendicdar outs the Itngent. The subtangent 
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therefore has, in pdar carvesy a poritioii difi^erent to that h 
has in corves referred to rectangular coordinates^ since in 
these the sobtangent is always measured along the axis of the 
ahedsss?^ whereas in polar curves^ in which that axis no loiter 
exists^ the subtangent varies its position at every point of the 
curve. 
Fig. 82. 183. We will now determine the analytical expression for 
the subtangent of pdar curves ; for which purpose^ let AM 
and AM* be two radii vectores; from the point M draw the 
perpendicular MP to the radius vector AM'^ and to that per- 
pendicular draw the parallel AT ; then the similar triangles 
ATM', PMM^ will ^ve us the proportion 

PM: PM:: AM': AT; 

whence we deduce 

PMx AM- 



AT=r 



PM' 



and ob^rving that PM' is a side of the right-angled triangle 
PMM'y this value of AT becomes 



^^^ PMx AM' 



^MM^-PMa 

In the case of the limits AM' is equal to AM, L e. to «, 
PM coincides with the arc MN, the chord MM with the arc 
MM', and AT becomes the subtangent. For the limit, there- 
fore, we have only to determine the expressions for M'M and 
MN; the first of which being tlusn the differential of the arc 
of the curve, we have, art. 181,^ 



MM'=v/««rffi»+rftt«; 

in regard to MN, the sectors ARR/ and AMI^ give us the 
proportion 

AR : RR' : : AM : MN, 
or 

1 : RR' : : » : MN, 
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and therefore MN=:tt . RR', a quantity which, in the case of 
the limit, reduces itself to udS. 

Putting these values of MN and IMfM in that of AT, 
changing AM' into u, and reducing, we shall find 

which is the expression for the subtangent. 

184. To determine the subnormal, we must observe that 
the normal SM being perpendicular to the tangent, the or- 
dinate AM (^. 81) must be a mean proportional betwixt the 
subtangent and the subnormal ; whence, consequently, we 
have 

AT : AM : : AM : subnormal, 
or 

-•; — : u : : u : subnormal ; 
du 

and therefore 

subnormal ^-^^ 

In r^ard to the normal and tangent, the right-angled tri- 
angles MAS, MAT give 



MS=v^MA*+ASS MT = v^M A«+A'P ; 

and substituting in these equations the values of MA, AS, 
and AT, we shall find 



185. To find the analytical expression of the sector in polar 
curves, the triangle AM'M (fig. 82) gives us Fig. 82. 

._^„ AM'xPM 
area AAf 'M = 5 ; 

in the case of th^ limit, the area of the triangle AM'M (fi^. 
82) becomes that of an elementary sector, the perpendicular 
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PM may be replaced by the arc MN> which we have fonnd 
equal to vdd, and AM' by u ; when^ ralJung these substitutions, 
we shall find 

The elementary sector may also be expressed in a functiafi 
of the rectangular coordinates, for, by putting in this equation 
the values of u and d9, given by the equations 102 and lOdi 
it becomes 

Tdy-^vdjf 
area of the elementary sector '=^ — 9^ — ' 



On the determination of the expression for the radius of curt 

ture in polar curves, 

ISGL We have given^ tri. 1499 the expression for the radium of curratu- 
refened to rectangular coordinates ; which, assuming the positive sign -^^«t 
y, is 



0^)' 



That this value of y may be expressed in terms of the polar oooidinaio, ^'^ 

must eliminate the differential cocffidents which enter into the formula (1^ ^'^ ' 
by means of the following e<|uations, 

jr=ficos&, ^=uain9; 

which, bemg differentiated, and the results divided the one by the other, ^ ^"^ 
shall obtain 

iy._ rfw sin 9 -|-f/ cos OrfO 

dr ~~ i2m cos 6 — « sin G <f9 \ 

and, representing the two tenns of this fraction by m and m, we afaall 

m =:<2u sinf -f-ticosdtift, ) /inox 

f. = litt cos e - « sin «rfd. S ^^^' • 

and consequently 

j^ = =^ (10!)), 

ax n 
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by means of which last equalioQ we find for the numerator of the value of y. 



(■+i)'=(=^)'' 



3 

and raising each term of this firaction to the power -^ and obaerring that 



^^ 



^thc power - of iv^ is «3, we have 






DifierentiaUng now the equation (109), we shall find 

tt^f _jndfn — mdn 

and dividing the first side of tfaia equation by dXy and the second by n, which 
is equivalent to dx^ we shall have 

— - -^ .... ClU). 



^y means of these values given by the equations (110) and (111), the equa- 
tion (107) becomes 






ndm — mdn 

9jid we have now only to transform this equation into a fianctkm of and u ; 
fk)T which purpose we must determine fint the value of ff>-H>^9 by adding 
tlie squares of the equations (108), and ledudng by means of the equation 
«in •e+cps«d=l ; when we shall find 

fi«4-sCi=u2»«-Hi%26« .... (113> 

"^o obtain the denomfnalor of the equation (118), we must diffisrentkte suc- 
cessively die equations (108), eonslderfaig d$ as constant; and muk^ying 
^lie results by n and m respeeUvdy, we shall find 

nima iMf*tf sin 9 + 2ndu cos 9i9 — fitt sin 6d9*, 
mdn^mdl^ucot 9^2mdm sin 9d6 — ant cos di2$>, 

'Whence, subtracting the second equation from the first, we have 
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I— mcos9) ) 



ndm—fndn= d^u («8hi$— i 

H-2J«d9 (« cot •-fmalii 0) J-. • • .. (114). 
— ififi* (nsind- 

Now, mulriplyiDg the first of the equatioDS (loj^ by cos e, and the second by §1 
sin d, subtracting the one ftom the other, and reducing by means of the rdt- ' 
Uon sin «9+ COS •9= I, we shall obtain 

II sin 9 — m coi 9 = — «tf 9 ; 

and the value of n cos 0-^|(pRr being determined in a similar manner, we Jlk 
shaUfind - ^ 

n cos d-|-m|p7s<fii' 
Substituting these values in equation (114), it becomes 

ndm—mdn = ^ud^ud9'\-2du*d9-\-u^d6i .... (115), 

and the values thus determined in equatioQs (1 13) and (1 15) change the oqus. 

tion (112) into I 

_ (du^-^tfid^)^ 

^ " 'Jdu^d^-ud^udf^ u^d'.i 

On tramccndental curves, 

187- Curves are thu8 called which contain transcendental 
quantities or differential coefficients^ and whicli> generally, 
cannot have their equations expressed in a finite number of 
algebraic terms. We will proceed to examine some of the 
most remarkable of these curves. 

On the spiral of Archimedes or qfConon. 

188. This curve is thus generated : whilst the radius AB 
(fig. 37) revolves about A as a centre^ a point A^ setting out 
from that centre^ moves uniformly towards the extremity 6 of 
the radius^ in such a manner^ that when AB has completed a 
revolution about the centre A, the moveable point, whidi at 
the commencement of the rotation was at A, is arrived at B. 
The moveable point traces out in its course the spiral of Archi- 
medes. 

Let AB=a, arc BN = d, AM = «; we have then, from the 
preceding definition. 
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AM : AN : : arc NB : BCDB, 
or 

H : a :: 6 : 2va> 
whence we find 

11 = -^. 

2ir' 

the equation to the curve, which, as we see, has not its co- 
ordinates rectangular. 

When AB has made a complete revolution, the arc NB 
is equal to the circumference, and therefore t=2rga, which 
changes the preceding equaticm into 

If the point A continue to move on uniformly, the radius 
AB will make a second revolution around the centre A, and 
if wc take BB'=BA, the moveable point, at the end of this 
second revolution, will be arrived at B' ; when 6 will be equal 
to 4ira, and therefore u=2a, and so on. 

« 

On ih0 logarithmic spiral. 

189. The logarithmic spiral is a polar curve, in which the 
angle AMT (fig. 81) formed by the radius vector Avith tlie 
tangent MT to the curve is constant ; so that, representing 
the trigonometrici4 tangent of this angle by a, wc have 

tan AMT=a. 

But the triangle ATM, right-angled at A, gives us 

1 : tang AMT : : AM : AT, 

whence 

AT 

tanAMT=:^; 
AM 

and replacing the radius vector AM by u, and AT by the ex- 

K 
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pression ^^, which we found, art. 183, for the subtangent 

of a polar curve, we shall have 

udB 

tan AMT, or a =-;-; 

au 



r 

from which we deduce 



f^=rf5 .... (116), 
u 

and integrating, we shall find 

a log tt = 9 + constant. 
Let e be the base of the Napierian system ; supposing tlien 
that we have a system of tables such, that a may be the loga- 
rithm of e in that system, we may replace a by he, and he 
log u will be the logarithm of ti in that system*; so that 
we shall have 

Ltf = 6-f-conflan/. 

190. The logarithmic spiral may be constructed by points 
in the following manner : having divided the circumference 
OO'O" (fig. 83 ) into equal parts, draw radii to the points of 
division, and along these radii take the parts Am, Atn,Am", SiC- 
in geometrical precession ; then the points m, m', m", &c 
will belong to a logarithmic spiral. For if in the logarithnuc 
sj^ral the parts mm', mm\ m"m"', &c. be taken exceed- 
ingly small, we may consider them as. straight lines, and it 
will be easily seen that the triangles Amm', Atw'm", Am'wi 
&c. are similar, since the angles at A are equal by constroc- 
tion, and J;he angles mm' A, m'm*'A, m*m'"A, &c. are so by the 
property of the curve ; we have therefore from these tnu^ 
the series of proportions, 

* To demonstrate this, let « be the base of the Napierian system ; weshsU 
have then «=c%m ; and taking the logarithms in the system of tabkt indi- 
cated by I«, 

Lm = L (r'^ir «) = log 1/ !•. 



LOGARITHMIC SPIRAL. 131 



Aw : Km' : 
Am : Am" : 
.&C, : &c, : 



Aft/ : Am', 
Am" : Am'", 



which shows us that the ordiiiates Am, Am', Am", &c. are in 
geometric progression. 

191. In the logarithmic ipiral, the nonnal is equal to the ladioi of curva- 
ture ; for the radius of curvature, in a polar curv^ having for its ezpreasioa 

if^ in this fbrmula, we subatitate the values of du aod d*«, as derived from 
the equation (1 IB) to the logarithmic spiral, which gives 

ud9 ^ du ,^ ud^ 
du= — , rf»tt=: — d9 = , 

we shall have 






If now, in the expression for the normal, which \m (art. 184) 



y 






d%fl /"I 

we substitute die value of —-, we shall find the same value / Z.jl*a 

which proves that in this curve the normal is equal to the radius of curva- 
ture ; and since the two lines (art 155) have the same direction, it foQows 
that they must coincide. 

102. This property wiU furnish us with the means of demonstrating that 
the cvolute of the logarithmic spiral is another logarithmic spiral ; for the 
point N of the normal being considered as belonging to the radius pf curva- 
ture» and being taken at its extremity, will be in the evolute. Let vl and H' 
be the coordinates of this pohit N (fig. 84) ; it will be easy to determine p: o| 
them in a function of the coordinates it and d of the point M of the curve ; 
for if 00 ' be an arc of a circle described with a radius unUy^ the abscissc of 
the points M and N will differ fhnn each other by that angle, which, since 
MAN is a right angle, will be equal to a quadrant of the chvumfcKnce, and 

k2 
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ify therefore, adopting the umial notation, we represent the quadrant of the 
drde described with radiiia unity by — , we shall have 

an equation, which, being differentiated, gives 

Tot the polar ordinate «' of the point N of the evolute, since this oidinate ii 

du ^ 

equal to the subnormal -T^€/i ihe logarithmic spiral, we niust dumge -r 



into «i', in the equation of that curve, when we shall find n:=iam\ and, coo- 
sequendy, du^iadii ; and substituting these values tdd^tdm^ and • in the 
equation (116) of the logarithmic spfaal, we shall find 

du' 
u' * 

an equation whidi, being of the same fbnn with the preceding one, shows n* 
that the logarithmic spiral has for its evolute another logarithmic spirsL 

On the hyperbolic spiral and the spirals comprised under ikt 

equation u =ia}". 

193. The property of the hyperbolic spiral is to have its 
Biibtangent constant ; if therefore we represent this subtangent 
by a, and equate It to the expression for the subtangent (art. 
183) of a polar curve, we shall have for the equation to tbe 
hyperbolic spiral 

where a is taken negative, because we have then 

_du_d^ 

«« " a ' 

an equation which, being integrated, gives 

u a 
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and C, being an indeterminate quantity, may be replaced by a 
similar quantity — ^ when we shall have 

Id C 

and taking the origin of d so that the absciflsa d + C may be 
equal to some new abscissa B, the equation will become 

1 B 



^ » 
u a 



or 



«=J..(117)5 

which shows that when d=0> ti =od ; and that consequently 
the radius vector which corresponds to the point where d b 0^ 
is an asymptote to the curve. 

194. The equation (117) shows us^ also^ that the radius 
vector is in the inverse ratio of the abscissa^ so that making 
successively d=23r> d=4ar, 6^6^, Stc, we shall have for u the 

series of values ^ j-, ^, &c., which shows us that at the 

end of two revolutions the radius vector is reduced to the 
half of what it was at the end of the firsts at the end of three 
revolutions to a third of that value^ and so on. 

195. The equations to the hyperbolic spiral and the spiral 
of Conon are particular cases of the equation ti=a9^V for by 

making n = 1^ and a =5-^ we obtain the firsts and by making 

» = — I, we obtain the second. Among the spirals determined 
by this equation we may notice the parabolic spiral^ which is 
found by making ji=2. 

The logarithmic curve. 

196. This is a curve in which the coordinates arc rcctan- 
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gnlar, aud the abscissa is the logarithm of the ordinate ; the 
equatlou to the curve is therefore 



whence we have 



and consequently 



i^ = «^ 



(UV 

197* To .discuss this equation ; if we make £=0, we shall 
find y = \, and giving then to <r values increasing and positive, 
y will go on continually increasing;' but if we give to / a 

negative value, — «, we sliall find y = a"~« = — , whence wc see 

that, in respect of the negative abscissse, y will be diminished 
the further we retire from the origin, but that the curve can- 
not reach the a3us of <r, produced in a negative direction, ex- 
pept at an infinite distance from the origin, in which case the 

1 . 1 • 

equation y =— ;; will become y = -^ =0 ; whence we may con- 
clude that the axis of .r, so produced, is an asymptote to the 
curve. 

198. If, setting out from the origin, we take the equal ab- 
Fig. 30. scissap (tig. 38). AP= //, and AF = — w, we shall find 

PM = a", P]M'=a-Vnd therefore PMxP'M'sl. 

J 99. The most remarkable property of this curve is, that 
its subtangent has a constant value ; for the equation of the 

curve being differentiated, gives UvS ;r^ = «'log a, whence we 

,, , a'dx 1 ydx 1 _. , ^ . , i. ^i.*^ 

imd - ,- =t , or "— =_ . But the first side of this 

dy logo dy log a 

o(juation expresses the subtangent of the curve, art 69, and 

this subtangent therefore is constant. 
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On the ctfcioid, 

200. The cycloid is the curve traced out by the motion of 
a point M (fig. 39)^ situated in the circumference of a circle Fig. 39. 
which rolls along a straight line RC. In this motion from 
R to C^ it is evident that all the points of the arc RM must 
come successively in contact with the straight line RA, until 
at length the point M itself comes in contact at A ; the arc 
RM, consequently, will be equal to the straight line RA ; and 
since also every point through which M passes is, by hypo- 
thesis, a point in the cycloid, A must be a point in that 
curve. 

Taking A, therefore, for the origin of the abscissae, letting 
ficdl the perpendicular ME on the diameter BR, and making 
AP= ^, PM =y, BR = 2a, arc MR = z, ME = u, we shall have 

AP=AR-PR, 

or 

J* = arc MR— ME, 

or 

j-zzz—w. .. (118). 

Proceeding first to eliminate the arc 2, we must differen-* 
tiate the preceding equation, which will give us 

dx^dZ'-du . . . (119), 

and to obtain the value of dz in a functicm of 1/, we must ob- 
serve that between u and z we have the equation 

V = sin z, 

which being differentiated, art. 42, we find 

J , C062 

du^dz. , 

a 

whence wc have 

, adu 

dz= , 

cosr 
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and replacing^ in this equation, the value of oob z given by 
the equation 

8in«z-Hco8*«=ft*, 



or 



we obtain 



tt*-Hco8*z=a*, 



i/z = 



adu 



which being substituted in the equation (119)> it becomes 

adu 



c/x = 



V'a^— tt 



du... (120), 



and we have now only to express tc in a function of y. For 
this purpose, let O be the centre of the generating circle BMR 
(fig. 39), we have then 



OE^v'MO*— ME«, 



or 



a— y=-v/a«— tt« . . . (121), 
which equation being squared and reduced, we deduce from it 



tt = ^2fly-i^'...(122), 
and, by differentiating, 

du^^^M. . . , {my 

The equations (121) and (123) transform the equation (120) 
into 



^j = 



ady (a^y) dy 



^^ay-^y^ s^^ay^y"^ 



and reducing we find. 
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dx=z 



_ ^^^ 



which is the equation of the cycloid. 

201. The equation of the cycloid may be obtained also in a 
function of the arc^ in the following manner : the equation 
« = sinz gives 

2=8in--*.w, 

so that putting for u its value derived from the equation (122), 
we have 



^=8in-».-^2a^-yS 

and this value and that of n being substituted in the equation 
(118), it becomes 

jr=8in-J . ^s/^y—y^'-s/2ay^y'^ • . . . (124). 

202. To discuss this equation, we will prove, first, that y 
cannot be either negative or greater than 2a. For, in the first 

place, if we make y = — ^', the expression sin~* . ^2ay—y^ be- 
comes sin~^ . >/ — ^ay-^y'^, an hnaginary value ; and, secondly, 
if we make y =2/1+ J, the expression sin" V2fly—^* becomes 

dn— i.y^— 20^**^, which is also imaginary; and if, there- 
fore, at a distance £F = 2a, along the axis of «r, we draw (fig. Fig. 40. 
40) AB parallel to CD, the curve will be comprised within 
the parallels AB and CD. 

The greatest value that y can have is 2a ; for if the gene- 
rating circle be made to roll from A to C (fig. 41), the point 



* The sine here corresponds to a radius a ; that of the tables, having 
unity for radius, would be 

a 
«4ad if, therefore, we wish to introduce this sine, we qnust write 



y/2ay^y* 



jr zza sin- 1. ^ s/'^y — y"* 
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M^ which was at first at A, will rise continually until it 
reaches B at the extremity of the diameter BD ; when the 
abscissa AD will be equal to DEB, i. e. to the semi-circum- 
ference of the generating circle. 

This result agrees with what is given us by the equation 
(124); for if we make ,y=2fl, we find .r=sin"-^.0; but the 
arc whose sine is must be one of the following ; 0^ DEB, 
2DEB, 3DEB, &c., and we see that, in the present case, the 
arc is DEB. 

If the point M, after having arrived at B, and so described 
the arc AB of the cycloid, continues to move on, it will de- 
scribe a second arc BC, similar to the former ; and if the ge- 
nerating circle be supposed to roll continually along the axis 
of the abscissa?, the point M will trace out an indefinite series 
of arcs of the cycloid, CB'C" C'BC", &c (fig. 42). The 
generating circle may be supposed also to move from A to- 
wards A^, and we shall then have another indefinite scries of 
arcs ABA', AB 'A', &c. 

It is the assemblage of all these arcs, which, in the most 
general sense of the word, constitutes the cycloid. 

203. The normal at the point M, whose coordinates are jf 
Fig. 43. and y (fig. 43), is determined, art. 70, by the formula. 



the normal =: y / --- + 1 ; 

in which, if we substitute the value of -r- derived from the 

ax 

equation to the cycloid, we shall find 



the normal = i// -5^-JL^ j - ^2ay. 

To construct this value, if we draw the chord MD, fig. 43. 
we shall have 

DE : MD : : MD : DB, 
or 

// : MD : : MD : 2a, 
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whence consequently 

the cord JID= \/2<iy ; 

and since, by the property of the circle, 6MD is a right angle, 
the chord MB will be perpendicular to the extremity of the 
normal MD^ and therefore the chord MB produced will be a 
tangent at the point M in the cycloid ; for we know that the 
tangent and the normal form a right angle with each other. 

We may therefore construct the tangent at any point M 
by describing the generating semicircle BMD, and producing 
the chord BM -, but instead of having to construct this circle 
at every point of the curve, it will be sufficient to describe 
the semicircle on the maximum ordinate BD of the cycloid j 
and having drawn through the given point M, the perpen- 
dicular ME on BD, to draw the chord BC ; then the parallel 
MX to that chord will be the tangent required; as follows 
immediately from what has preceded. 

204. To obtain the expression for the radius of curvature 
of the cycloid, we must deduce, from the equation of' the 

curve, the values of -^ and -7^, and substitute them in the 
expression for the radius of curvature, art. 150, 



{>*& 



d^ 

to which we prefix the native sign, because we know that 
the curve is concave to the axis of .r. 

Now the equation of the cycloid gives us at once 



dx y 

to obtain -7-^, making -r--=-p, wc shall' have 
tlx'^ ^ djr ^ 
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and, by differentiating, art. 21« we shall find 



<2a . ify/2ay—y', 



'77- 



whence %-=— -- 



and multiplying this equation by equation {}^h ^^ nhalV- 
obtain, art. 26, 

dp^ a d^if a 

dx ^'^flS*""""^* 
By means of these values we have for the radius of curvatures 



and bringing y into the numerator, 

y=2^fly=2.2f^flV=2v/2^, 

Kg- 46. and therefore the radius of curvature MM' (^g. 46) of the 
cycloid is double of the normal MR. 

205. We shall obtain the equation of the evolute by sub- 
stituting the values of ^ and ^ in the formuUe^ (art. 149) 

dx* 
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d^ 
when we shall find 

2a 

?" 
and therefore 



or (fig. 46) 

QM'=MP, a = AP+2ME. 

Observing that AP+MEsAR= aroMR> the last of these 
equations may be written thus^ 

a=arcMR + ME (126) ; 

and prodadng BR, taking RL=BR=2a, and describing on 
RL the semi-circumference, RMX, that semi-drcumference 
will pass through the point M', on account of the equal chords 
M'R and MR, and we shall have 

arcMR=arcM'R and MEbM'E/ 

which values being substituted in the equaticm (126), we shall 
find 

a=arcM'R+M'E', 
and therefore 

a=arcM'R+ ^2a/3-/3» (127), 

the equation which exists between AQ=a, and QSfzjS, the 
coordinates of any point M' in the evolute. 

If now wc produce the ordinate CD=:2a to a point A' 
(fig. 46), so that DA' shall be also equal to 2a, and through Fig. 4fiL 
the point A' draw the parallel A'D' to AD, and transfer the 
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origin from A to A', making A'Q'ssa', 01^'= |3', we shall hx\ 
for the abscissa 

AQ =AD-AQ, 

or 

a=^ generating circumference— A Q, 

or 

in regard to the ordinate fi, we have 

M'Q'=A'D-QM', 
or 

from these equations^ therefore, we derive 

and substituting these values in equation (127)) it becomes 



or 



M— a=:arcM'R+ v'2fl/3'-./3^ ; 
irfl— a sarcRMli— arcMli^- v/2a/3 — /3' 



rr-n-a— arcM'L+ ^/2fl/3 — ^ «, 

and, consequently, 

^ a'=arcM'L-^2ai3'-/3'«, 

which is the equation to a cycloid, and therefore the evolut^^ 
of a cycloid is another cycloid. 

206. It may be demonstrated by synthesis also, that the evo-^ 
Fig. 4^ lute A A' (fig. 46) is a cycloid ; for we have 

arc LM' + arc RM' = ira, 
and therefore 

arc LM ' = -n'tf — arc RM' ; 
on the other hand, 

arcRM =arcMR 

= AR, (art. 199), 
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which value being substituted in the preceding equation, we 
shall have 

arc LM =ir/7-AR= AD— AR, 

or 

arcLM'=:LA', 
which is a property of the cycloid. 

On the change of the independent variable. 

207* When an equation is given containing differential coefficients,- we 
can eliminate them only by means of the equation of the curve to which we 
wish to apply the fonnula; thus when we have the fbrmula 



('^) 



dy 

and it is osked what it becomes when the curve b a paral^ola, we deduce 

dy dhi 
from the equation y^ojfl of the parabola, the values of -^ and r- -, and 

substitute them in the formula, when the difierential coefficients will disap. 

pear. If -j- and — be considered as two unknown quantities, we most 

have in general two equations in order to eliminate them from any proposed 
formula, and these equations will be obtained by differentiating the equation 
of the curve twice successively. 

208. \llien, by the operations of Algebra, dx has been removed fimn under 
<ly, as in the following formula, 

dx^-\-dt^-yd^if ^ " 

the substitution is made by considering <2r, dy^ and d*^, as the unknown 
quantities; and since to eliminate them we must have in general an equal 
number of equations, it does not appear at first sight that this eliipinadon can 
be effected ; for the diffinrentiation of the equation of the curve can furnish us 
with only two equations betwixt dx^ dy^ ahd ihf ; but we must observe that 
when, by means of these two equations, we have eliminated dy and d*y^dx* 
wUl be found as a common fkctor in the formula, and will consequently dis- 
appear. If, for example, the curve be a parabola represented by y=a.r*, 
thifl equation being diflFerentiated twice sucressively, wc shall obtain, 
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» and these naues being substituted in the fonnulA (128), and the common 
factor dJt* suppressed, there results, 

y(l-h4a»^) 
4a«x« — 2ay' 

200. The reason why dx^ thus becomes a common ftctor will be csiflj 
seen ; for when in a formula containing originally — and — , the dcqpmi* 

nator of ^ <• niade to disappear, all the tcnns, except tfaoae ^^^ 

•—, most aoqniie the common factor dt^y the terms afibrted by ^-l will no 
ax «*■ 

dy 
longer contain dx^ whilst the terms affected by -^ will involve the fiiit power 

dy 
of dr, for the produa of -^ by dx* is dydx. When, therefore, we differen- 

dx 

tiate the equation of the curve, and so obtain results of the form d^zMdXy 

d^zzSdx*^ thflM values, being substituted in the terms involving d^ and 

d|^dr, will change them, like the other terms, into products of d!j^, 

210. What we have said of a formida containing diffiscentials of the two 
first orders will apply to those in which the difibrentUls are of higher orders, 
and it follows, thaefore, that by diffinentiating the equation of the curve as 
often as it shall be necessary, we may always dear a proposed formula of the 
difibentials contained in it 

211. This will not be the case, if, besides the differentials which we have 
been considering, the formida should contain terms in <^x, in (f>jr, Ac ; for, 
suppose that there entered into the formula the following diffcrentialadlr, d'y, 
d^y, d^x, and that by differentiating the equation represented by y=/r twice 
in succession, we had deduced from it the equations 

F(r, y, dfj, Ar)=0, F(r, y, rfr, dy, d*Xy ff«y)=0, 

with these two equations then we could eliminate only two of the three diu 
fercntials dy, d*Xy d^y^ and we sec that it would be impossible to make all the 
differentials disappear from the formula. In this case, therefore, there is a 
tacit condition expressed by the differential d*Xy which is, tliat the variable s 
is itsdf to be considered as a function of a third variable which does not «p- 
pearin the formula, and which is called the independent t^riable ; this will 
become evident, if wc observe that tlic equation y=fx may be derived from 
the system of the two equations, 
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w ' (^ — c)* 

Detwixt which t has been elimiiMited ; thus the equation y =:a . ^ — r— — le- 

^erts to the system of the two equations 

and we may conceive that x and y ought to vary by yirtue of the increment 
vfaich t receives ; but this hypothesis, that x and y vary according to the in- 
crement given to t, supposes that there are certain reUoions betwixt x and f, 
and y and t^ one of which rdaUons is arbitrary ; for the equation, which we 

represent in general by y =/r, being, for example, y =a ^ , if we esta- 

blssh betwixt x and t the arbitnry relation x== — this value being snbstf- 
tnted i^ the equation y=a ^ will change it into y=a ^ , an 

equation which, combined with the one jr= . must, by elimination, give 

y =a . ^ '-^ the only condition to which we need have r^ard in the diofee 

of tbe variable <. 

212. We may, therefore, determine the independent variable t arbitrarily. 
For instance, the chord, the arc, the abscissa, or the ordinate, may be talmi 
for that independent variable; and if/ leprcsentthearcof the curve, we mutt 
have dt=,ydx*^fdy^; if t represent the chord, and theorigin be at the vertex 

of the curve, we ahaU have l^:»y3^-\-y^ ; lastly, t may be the abscissa or the 
ordinate, and we shall have then /=T, or t=y. 

213. The choice of one or other of these hypotheses is indispensable, in 
Older that a formula containing difieientiBls may be freed ftom them ; and if 
it is not always made, it is because we tadtly suppose that the independent 
Variable has been determined. For instance,, in die most ordinary case in 
Which the formula contains only the difiercntials dr, dy, d*y^ (2^, &c., the 
hypothesis is, that the abscissa has been taken for the independent variable i, 
for then there results 

dx _ d».r ^ dSjr ^ . 

^«d we sec that the formula cannot contain any difTerentials of or of a higher 
Older than the first. 

214. To establish the formula in all its generality, it is necessary, then, 

L 
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from what has pteoeded, that x and y should be functions of a thixd Lxscl 
pendent Tariable i ; and that we should have, (art 26), 

dy^dydx^ 
from which equation we deduce 

^4 ('«»)' 

di 

and taking the second differential of y, and applying to the second side oi 
this equation the rule ibr fractions» art 16, we shidl find 

djc d»y . dy d^ 
d^ ^ H ~^^lilU 
d» " djfl 

IF 

In this expression dt has two uses ; one to indicate what the indqMDdat 
variable i is, and the other to enter as an algebraic symbol If we Iceep in 
mind tliat t is the independent variable, dt may be cbosidcrad only in id 
second character ; and then suppressing d^ as a oommon &ctor^ the pnoediqg 
expression will be reduced to 

d^ dxd^y-^dyd^x 

dx^ dj^ ' 

and, by dividing by dx, will become 

d^y ^dxd*y — dyd*x 
djF dJU ' 

215. Proceeding in the same manner with the equation (129), wr seetfatt 
by taking t for the independent variable,' the second side of the eqostioD be* 
comes identical with the first ; and, consequently, when we take < for the 
independent variable^ the only change we have to make in the fbnnula coo- 

toining the differential coefficients --^ and ---^, is that of repladng theseodod 

ax fljp* 

dxd^u — dy d*x 
differential coefficient by ^""^^ — • "^o ^PP^y ^bese considenttiooi » 

the radius of curvature^ which, art. 186, is given by the equation 



0-*^)' 



d^y 

dJi* 
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if wc wiah to have the Tahie y, in the am In whidi I b the indflpeodou 
variable, we must change thu equation into 



( 






dxd^—tfy(fi* * 



and obietving that the numentoc ndaeat itidf to ^ ^— ^^-^ wethaIIhM« 

W44S 



(d,.+V)l 

216. This value of y auppoiea then that # and y an ftinctkm of a thiid 
independent vanable ; if x ihoald be this fariahle, L e. if # = x, we should 
have d«j? = 0, and tha dpresrioD (130) wmld be reduced to its oidinaiy 
fonn, 






217* But if, instead of taldng # iai the htdependent variable, we wished 
that y should be that variable, this condition would be cxpvessed by the 
equation y = #> and by difoentiating this equation twice suceenivelj, we 
should have ' 

The first of these equations tdb us only that y is the indqMDdent variable, 
and makes no change in the foonula; but the second shows us that d^ 
ought to be 0, and then the equation (190) is lednoed to 

^ (ix«+4y)* 
dy^x 

218. We may observe, duu when x is the independent variable, we have 
<Kr =0, an equation wfaidi shows us that dx is constant ; whence it ftOows 
that, generally, the vaiiabk which is considsMd as independent has always 
a constant differentiaL 

219. If, ksdy, we take the arc for the independent variable, we riiall 
have the equation 



l2 
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and fquariiig and diTiding by dtS this will g;iTe us 

^4-^=1- 

diffeientiating this equation, we ipist consider, art 218, dt as oodktiot, 
since < is the independent variable; and applying the usual rules, we dun 
find 

whence we deduce 

and, consequendy, if we substitute the value of (^r, or that of c(«y, in the 
equatiim (ISO), we shall have, in the first case, 

^ {dx*'\'d^)dhf d*y 

in the secood case, 

220. In what has preceded, we have considered only the two difienntial 

coeflidents ,^ and ^ ; but if the formula should contain the difitnntial 
dx dx* 

coefficients of higher drders, we must, by methods analogous to those jon 
employed, determine the values of ^> , . &c., which belong to the c«« 
in which 4r and y are functions of some third independent variable. 

On the method of infinitesimaU, 

221. The ideas which we have of infinity reduce thenwelves 
to this proposition : A quantity is not iiifinite so long as it ^^' 
mits of augmentation. If, consequently, we have a quantity 
4?+a, and jp become infinite, a must be suppressed, otherwi* 
it would be supposed that jr might be increased by the (p^' 
tity a, which is contrary to our definition. 

222. This being u fundamental proposition, it has been en- 
deavoured to demonstrate it in a more satisfactorv manner, as 
follows : 
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Let the equation be 

^ + i=M (131); 

•vLich, being multiplied by the product ax, becomes 

^+a=Ma4r. (132). 

Supposing, now, that x becomes infinite, the fraction -, 

baving reached its last d^ree of -diminution, is evidently re- 
iuced to zero^ and therefore the equation (131) becomes 

M = -; 
a 

and this value being substituted in equation (132), we obtain 

which shows, that when x is infinite^ iT+a is reduced to x. 

223. The quantity a, in regard to which «r is infinite, is 
ivhat we term an infinitesimal, in respect of 4^. 

224. Since we consider here only the ratio of quantities, the 
preceding demonstration holds good when x has a finite value, 
provided only that a be infinitely small in respect of «r. The 
theory of fractions will serve to render the truth of this still 
more evident ; fpr if we compare the finite quantity b with the 

fraction ->, it is clear that the more the denominator 2r be in- 

creased, the more the fraction is diminished ; so that when z 
becomes infinite the fraction will become absolutely 0, and, as 
such, ought to be suppressed before b, which will be then in- 
finite in respect of -. 

225. Although two quantities be themselves infinitely small, 
it does not follow that their ratio should be ; for 

a h , 

— : — : : a : 0. 

00 00 
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It will be seen likewise that two infinitely small quantities 
may measure each other> as well as two exceedingly large 
quantities; whenoe> representing the two infinitely small 

quantities by dx and djf, it follows that thdr ratio ^ will 

not necessarily be ; a result agreeable to what we have ob- 
tained by the consideration of Limits. 

226. When a quantity s is infinitely small, in respect oft 
finite magnitude a, the square, x*, is infinitely small in respect 
o£jp', for the proportion 

1 : X i: Jf : J^, 

shows us that a^ is contained in ;r as often as jf is contained 
in unity, i. e. an infinite number of times. It may be demoo- 
strated, in like manner, by means of the proportion 

that s^ being infinitely small in respect of 4*« the term :fi must 
be infinitely small in respect of jr^ ; and for this reason it is 
that infinitesimals have been divided into different orders; 
thus, in the preceding examples, jr is an ihfinitedmal of the 
first order, a* one of the second order, jl^ one of the third order, 
and so on. 

227. We may observe, that if x be infinitely small in respect 
of a, it will still be so when multiplied by a finite quantity b ; 
for, since w may be considered as a fraction of which the d&* 

nominator is infinite, we may represent ^ by — ; and whether 

00 

c he 
we have — or — , these quantities will be no less in respect 

CO CO 

of a. 

228. In the same manner that an infinitesimal of the first 
order ought to be suppressed when placed by the side (^ a 
finite quantity, which it cannot augtnent, we must leave out 
an infinitesimal of the second order, which appears by the sid« 
of an infinitesimal of the first order ; and so on. 
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If, for example, we have the ezpression 

and ^ be an infinitesimal of the first order^ and consequently 
cy^ be one of the second^ and dy^ one of the third order ; we 
must first leave out dy^^ because it cannot augment cy^ ; anf 
since c^^ cannot augment bi/, it must be left out in its turn ; 
lastly^ we must leave out btf also^ since this infinitesimal of 
the first order cannot augment the finite quantity a, and there 
will remain a. 

229. Two infinitesimals^ j^ and if, give for their product an 
infinitesimal of the second order ; for from the product .ry is 
derived the proportion 

1 : ^ : : X : j*tf ; 

which shows us, that since y is an infinitesimal in respect to 
1, xy will be an infinitesimal in respect to jp, i. e. will be an 
infinitesimal of the second order. 

230. It might be proved^ in like manner, that the product 
of three infinitesimals of the first order gives an infinitesimal 
of the third order. 

231. We may now explain the theory of difiPerentiation ac- 
cording to the method of infinitesimals. For this purpose, if 
we suppose that in a function of x the variable x receives an 
increment infinitely small, so that x becomes Jt-^djp, the dif- 
ference between this new value and the former will be the 
difiTerential ot the functioiL 

232. ^or example^ to find the differential of ax, this function 
becoming a(#-(-ii!r)=a4^+4u2r^ if we subtract fnan it ax, there 
will remain adx finr the differential. 

233. Let it be proposed also to find the differential of ox^ ; 
we must then subtract ax^ from a(x + dx)^, and developing 
and reducing, we shall find 3a4p'^djC'\'3ajpda'^+ada^. Now 
adx^ being an infinitesimal of the third order, cannot augment 
SoA'dj^, and consequently we must leave out the term adjr^ -, 
in like manner, 3ajed^, which is an infinltesioud of the socond 
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order, moBt be suppressed, because Soji^cLp is an infinitesimal 
of the first order ; and the^e will remain Saj^djp for the di^ 
ferential. 

234. On the same principle we might differentiate every 
«ther function of x, taking care to suppress the infinitesimak 
of higher orders, which comes to the same thing with retaining 
only the first term of the development, as was done in the 
method of limits. For example^ to find the differential of /r, 
instead of writing 

n 

dfx 
which, in the case of the limit, gives '^dx'=- hdz for the dif- 
ferential, we should have 

/][x-f-rf^)=/x+Ac/:r+B^,t« + Crf^+ &c; 

subtracting the primitive function, there would remain 

Aif^+ B(/j:»+ Cfl?a» -f &c. ; 

and since infinitesimals of the higher orders are to be suppressed, 
we should retain only the term Xdx, which would be the dif- 
ferential sought. 

235. To find the differential of the product of two variables, 
y, Zy we will suppose that when x becomes a:+d>, y becomes 
y-^dify and z becomes z-\-dz. The product ^z will then be 
changed into {y-\-dy) (z+r/s), and developing and subtracting 
yz, there will remain ^c^z-fzflfy-f.rf^rf^; in which result the 
last term, being an infinitesimal of the second order, must be 
suppressed, and we shall have, for the differential of yz, the 
expression ydz -f zdy, 

236. From this last differentiid we may deduce that of the 
product of any greater number of variables, and then that of 
.1'"*, by the same processes that we adopted when employing 
the method of limits. 

237. The differential of a' will also be obtained very easily. 
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wLen we have the development of «*+<*', and this develop- 
ment will be found as that of o^* was^ art 36; we must then 
determine the value of a'+*''— a* , and retaining only the first 
term, reject all the others as being infinitesimals of higher orders 
than the term which we keep. From the differential of a*, 
we shall deduee, as we did before, that of log Jt. 

238. In regard to the differential of sin a', we have sin 
(a: +(£«')— sin a;=sinir .co6(f«r -f sihcfx.cos^r — sin^r, and the 
arc djp being infinitely small, 

cob<Lp=: 1, and sm dx^dje; 
£rom which values we find 

d.unx^^casjp ,dx, 

%39. The problem of tangents* ii^ay almost be said to have 
given birth to the differential calculus. We will show how 
this problem is resolved by the method of infinitesimals. 

Let PM and FM' (fig. 47) be two ordinates indefinitely Fig. A^. 
near to each other, and MO a parallel to the axis'of <r; then 
the tangent MT may be considered as the prolongation of the 
element MM' of the curve, since that element, being exceed- 
ingly small, may be supposed to be a straight line. Call 
AP, A*; PM, y ; then the increment of x will be PP=^jr, 
that of y will be M'O = dy ; and the indefinitely small triangle 
MM'O being similar to the triangle MPT, we have 

MO : MO : : MP : PT, 



or 



and, therefore. 



dy : dje :i y : PT ; 



"=^ 



We l^all find then the normal, the tangent, and the equations 
to those lines, just as in art. ^0 and ^\. 

240. To obtain the differential of an arc, we must consider 
the arc included between the coordinates PM and P M', taken 
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mdefiniteljr near to each other^ as a atraight line ; and then, 
calling the whole arc s, MM' willr be dt, and die right-ai^led 
triangle MM'O will give 

MM«=MO«+M'0«, 
or 

and taking the square root^ 

ds = vf ^*M-^*- 

241. The differential of the arc^f a curve, whose oocndinates are polar, is 
also fonnd very readily by the conndention of infiniteshnali. For let KR' 
and MN (fig. 82) be two drcular arcs described, one with ndius umip^ and 
the other with radius m, and subtending the indefinitely smaU angle M'AM, 
finrned by two radii vectores ; then the triangle NM'M mmy be cooaidcRd 
as rectilinear and right-angled «tJ(f; and we shall have therefiore y^y 

and observing that M'NnrJtf, and that BIK is equal to «^, fWxn dw pro- 
portioD 

1 : i2d : : ti : MN, 

we may replace NM' and MN by dieir values ; when, putting it in plao: 
of MM', we shall have 

The same triangle MM'N, compared with the triangle M'AT, will give us 
die value of the subtangent in a polar curve from the proportion 

M'N : MN : : AM' : AT, 

or repkdng AM' by AM, from which it dififers only by an infinitesimal, 

du I ud9 i: u : AT; 
whence we derive 

AT=---. 

du 

On the method of Lagrange, Jbr demonstrating the prmcipUi 
of the Differential Calculus, without the consideration of 
limits, infinitesimals y or any evanescent quantity, 

^iASL We have seen of what utility Taylor's theorem was 
when it was wished to develop functions in form of a serifs. 
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Lagrange, cl)terriiig the great fMnltty with idbioh die prin* 
ciples of differentiation might be deduced from this theorem 
{ntfte gecond), arriTed at its demonstration without making 
use of the Diiferentiai Calculus, by a process which we shall 
proceed to modify in the manner foUowii^ : 

Let y =/(.r + h) ; from the nature of this function^ wlien h 
is made =0,y(«+A) must necessarily be reduced to fip; and 
this will be the case if the part containing h in this equation 
be a multiple of h. Let this pert be represented by P, we 
shall hare then 

and since P also may be a function of h, if we represent by p 
what P becomes when h=zO, and by Qh the part depending 
on k, we shall have also Ps=p+QA ; and continuing this rea- 
soning we shall have the series of equations 

y=/r-hPA, 
F=ip + Qh, 

&c.=&c.+&c. 

Cutting now the yalue of P^ giren by the second equation, in 
The first there will result 

^putting in this result the value of Q> giren by the third equa- 
tion, we shall have 

and continuing tins process, and putting y(4f+^) in place of 
if, we shall have^ generally, 

/(:r+A)=/r+/>*+^+rA«+tA*+ &c • . • (133), 

243. The expression /(<r + A) represents, generally, the 
function which is not yet reduced to die form of a series ; if 
in this function we change x intp ^ + i, we shall have the same 
result as if we had changed k into A-f-i; for since this func- 
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tion cannot contain x without that variable being followed ij 
mediately by hy a tenn, such as A(j^-f^)*, for instance, wl».^^ 
we change » into jf-f t, will become A(jr+A+i)*, a quanti-^^ 
the same with A(x+A+t)*, whidi would result from 
substitution of A+i in place of A in the function Ki^x-^K^ 
What we have said of this term will apply to all the 
and it follows, therefore, that, on the two hypotheses, the fii 
side of the equation (133) must give identical results, and tl 
consequently the development fx'^ph-\- qh*-^Scc., must 
the same result whether we replace a? by *+t, or A by i+^=- . 
244. Substituting, first, A + 1 for A injjp'\'ph -f gA* +&= <., 
we shall have 

>+p(A+i)+9(A+i)«+r(A+t)'+&c (134); 

and taking only the two first terms of each of these binomia 1s> 
there will result 

^+;>A+;>i+yA«+2yAt + rA»-f3rA«t+&c (135). 

To obtain now the result of the substitution of x-f t for ^'^j 
in the expression Ti'+fjA + y A* +rA'-f&c., we must observer > 
that since A always shows itself wherever it exists in tlt^^ 
scries, it cannot enter into^x, and the coefficients p, q, r, fecr ^t 
and that these quantities therefore can only contain x, 
must be considered as its functions ; and since the equati 
(133) holds good for every function of x, the substitution jp 
for X will change 

/a:into/x-fjw-fyi» +n3 4-51* +&c., 
p into p -\-pi -{-fi^ -H p"'i^ +p''^«* + &c, 
gintoy +y't>y"t»-fg'"t'5 + gW*+&c, 
r into r + r'% + r 't« + r*'i^ + rH"^ + &c., 
J into * + si + *"i« -H*"'t* + *'^t* + &c, 
&c. &c. &C. &C &C. 

where it is almost needless to observe that by the accented Ic^c:^" 
ters we represent the coefficients of the dififerent powers ofi w ^' 
these developments. Substituting these values of />,;?, 7, r, •■^' 
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&c in the 8erie8yjr-f|'A+9A^ + &c., we shall obtain 

+ (9H-^«>^'»*+&c.)A*+(r+/«>/'i^+&c)*>+&c..(136). 

245. Since this development must be identical (art. 243) 
with that denoted by (135)9 the tenns which contain the 
same powers of A in these developments must be equal (note 
third) ; and consequently , if we compare the terms involving 
hi, hH, hH, Sec, we shall find 

p':=2q, 9'=3r, r'=4*, &c (137). 

246. We have seen^ art. 244, that p was generally a func- 
tion of or ; representing therefore p ^jf'x and the coefficient 
of A in the development Qif\x-\-h) hjjTx ; and representing 
in like manner the coefficient of A in the development of 

^/"(«-fA) hjj^'x, and so on, we shall have the equations 

f{jp-{-h)=:fr +hfx -f- terms in h\ A^ &c. 
f{x'\-K)^fx +A/''*+term8 in h\ A», &c - 



X«+A)=/'« + A/"* + terms in h^, A», &c / 
"(^+A)=/'>+A/""««'+terms in h\ h^, &c. r 

&C. = &C. &C. &C. 3 



247- Now, by hypothesis, we have, art. 246, p ^fx ; if, 
therefore, in this equation, we make x:=x-\-h,we shall have 

p+yA+p"A«+/'A'+&c. = r(;r+ A) .... (139) ,• 

and putting in this equation thfe value off(x+h), given by 
the second of the equations (138), we shall obtain 

/?+p'*+;?"A«-f&c.=/'ar+A/'>+terms in A«, /*», &c. ; 

which equation being true, whatever h be, the terms involving 
the same powers of h must be .equal, and consequently 

This value of/)' will change the first of the equations (187) 
miof"ar=2qy whence we shall derive 
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and if in this equation we change x into (x + h), there will 
result 

whencej putting for/^(j^+A) its development^ given bjr the 
third of the equations (138), we shall have 

q+^h+qm+8cc.^i{fx+hf"x+termB in AS **, &a) ; 

and comparing the terms which involve the first power of k, 
we shall find ^ = if"^* a value which, being substituted in the 
second of the equations (137)i will change it into ^fx^Zr^ 
whence we derive 

Proceeding thus, we shall find successively all the other co- 
efiidents of the equation (133) ; and substituting in that equa- 
tion the values otp, q, r, &c.> we shall have 

y(j.+A)=/r+V'x+^*+^/^«+&o.. . . . (140). 

248. If now we consider the first of the equations (138), 
we shall see thdifx, being the coefficient of A in the develop- 
ment of/(^ + h), is what we have designated by -^, or by 

ax ^ 

-^ \ observing, in the same manner, the second of the equa- 
tions (138), we perceive that the coefficient f':e of the first 
power of A in the development o{f(x+h) ought to be repre- 

sented by -^— -> i. «• by — - =-13, and so on ; when, conse- 
quently, putting these values o(fr,f'j?,f"a', &c., in the equa- 
tion (140), we shall find 
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249. It is thus that we «]Tive at Tay Ws theorem^ without 

making use of the differential Calculus. The expression r^ 

which enters into this formula^ is the symbol of the operatioa 

by which we obtain the coefficient of A in the development of 

yijf+X) ; and^ after this coefficient is found, the ezpresnoos 

-f^, -^f &C.J indicate to us that the same process repeated 

'will make known to us the coefficients of the other powers of 
h ; so that we require only to know by the rules of algebra, 

what —^ ought to be for each function. If, fbr example, it 

were asked what -f is for the function i^, we should de« 

dx 

velop (ji+A)"^ by the binomial theorem, which would give 

^r^+mtr***— ^A+&c. ; and since -p must indicate the coefficient 

or 

of the first power of A in this development, we should have 

'^:=znuf*-'^. Thus the whole is reduced to the being able to 
cur 

find, by analytical processes, the development cf the different 

sorts of functions which algebra can present ; and these pr0i< 

cesses will not differ in any way from those which we have 

given for developing the different functions which, by their 

combination, give all the others. It is thus that we haw 

given the developments of «»+*; of log (jt+h)f and of cos 

(j'+^), &c. 

250. Here, then, is a third method, by which the principles 
of the differential calculus appear demonstrated in a manner 
independent of every consideration of limits, infinitesimals, or 
evanescent quantities ; but, nevertheless, this method does not 
exclude that of limits, for when we come to its applications, 
and wish, for instance, to determine the volumes, the surfaces, 
or the lengths of curves, or to obtain the expressions for the 
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Bttb-tangents, sub-normals, Sec, we are constantly oUiged to 
Lare recourse to limits or infinitesimals. 

251. In considering the developments of the different fane- 
tions (jr+A)*", a»+*, log(4^+^)> sin(4»4- A), &c., whidi algdn 
presents to us ; since tiiese functions are exceedinglj limited 
in number^ it is easy to perceive that^ in their developmenfei^ 
the coefficient of the first power of h is not either or infiidtjy 
so long at least as x retains its indeterminate value ; and dii 
moreover results generally from the preceding denionstnitiofr 
For suppose that we had p = in the equation 

there would then be two cases ; the value of jp, whidi p coo- 
tains^ would either be given by an identical equation^ or by 
one that was not so; in the latter case /7=0 would represent 
an equation of a certain degree, and this equation would give 
a limited number of values of x, which would be contrary to 
our hypothesis, which admits for «r any value whatever ; bat 
if p=0, i. e. iifx=.Oy be an equation identical in respect 
of X*, making ^= a:+A, we should have still/'(jf-|-A)=0; 
and since h would enter wherever x docs, this equation, con- 
sidered in respect of h, would still be identically 0, or, in other 
words, this equation would hold good whatever were the value 
of A ; and it would therefore be the same with its developnient, 
which, according to the equation (139), is 

p -h/A +/)"A»+/?"'A« -f &c. = : 

but when on equation of this sort is 0, independently of k, 
the coefficients of the different powers of h must be separatelj 



* The caae in which p does not contain .r is comprised in thia ; for if the 
value of/;, which is 0, be represented by a— <i, we may consider it as ... • 
(a~x)— (rt— r). 
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W(nnlc third), ami ivc must consequently Iinve 
p=i),p=0,p =0.8ee. 

(Substitutii^ these values in the equations 
iRobich result from the identity of tlio terms affecWtl by the 
same powers of ih. i»fi, i>h, &C., io the series. 134 and 136, wt- 
ebgnld obtain 



h 



since alMp = 0, tlie equation (133) ivould lie reduced t 



and it would be necessary, tberefiire, that j'+A, pnt in place 
iif^c, should produce no change in the function, whicli would 
require thu function to be idetitiea! or constant ; for we know 
that iifr were, for Instance, of the form ^—j*. or of tlic 
form c+j-' — I*, the substitution (^ r+h in place of i would 
give always the same result, and we see that, in the ftrst cose. 
the function would be identical, and in the second, would be 
Induced to a constant. From this it follows, that the co- 
c-tiicieut of the first power of A caunot be in the genual dc- 
A-elopoient o(_f(.r+/i). 

It ivould he no less absurd to suppose tbot coefficient in- 
finite, for the second side of the equation (133) becoming in- 
finite, the first side would be so likewise, i. e. we should have 
^J{t+h)= ix; and sinceyti + S) is composed of(.»-+A) an 
,_/x is of J, the term which mjl_x+h) renders that expression 
infinite, mu« also render^ infinite. For example, ifjlr+h) 



(.'ontained a term such as z 



. which is infinite. 



it is evident that we must have iny-r the term 

wonld be alio infinite- It ftdlom, therefore, that the pn 
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posed fanction would be infinite, which we do not at all 
suppose. 

252. The expressions f'jt, f% f'», &c, arc what La- 
grange calls the primejunciion, the ieamd Junction, the ikifi 
Junction, kc. of/r, and generally they are the derived Amo- 
tions. Lagrange indicates also the derived functions in an- 

other manner, by replacing -f-^l }/> j^ ^7 If"* tS ^jT'^^n^ 



so on. 



On the case in xxjhich Taylor'i theoremjaiis. 

2S53. In general, when in a ftinction of jr we pnt «-f-A In place of x, the 
fonn of the functioo Tcmamt the nme^ tiiioe jr-f-A enlen ■ hag fe i jr did ; 
thuR, when ft ooDtaint a radical, /[«+ A) will contain it alio; if, for ex- 
ample, we have 

>/' 
the same radical will be found in the ezpresnon 



/(T+A)=ft(x+A)«+ 



a 



254. This would not always be the case, if we should g^ a paiticalar 

value to jr; for instance, if ^x—a should enter into/r,/(x-fA) would ne- 
cessarily contain the term 

and the hypothesis of x:=a would cause the term ^jr— a^ which ijipfan la 

flfy to vanish, whilst the same hypothesis would reduce tJjTf-h^^ whidi 

ent«n into/(jf-f-A), to ^=Jii; so that the devaopnunt of/(jr-|-*} wmU 
then contain a surd quantity, which does not exist in/r, and cooaeqiicntly 
could not be devdoped according to integral powers of A. 

This impossibility would manifest itself by the infinite vahiea assumed by 
the difierential coefficients ; for example, if we had the equation 
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nhould find, by dHSereiitiatiiig, 

and we sec that the value of the differential ooefiident becomes infinite, when 
we make ir=a. 

2W. Let, generally, 

^a+A)=AH-BA-|-CV-hDA3H- .... MA^N*""*" • -h &c . . (142) 
be the development whidi we are supposed to obtain by making azza^ and 

in which n-) — represents a quantity lying between n and ii-f 1 ; we will pro- 

z 

cecd to show that the difoential coeflki^nt of the order ii-f-1 is infinite. 
For this purpose, considering a as a variable, we know, art 63 and 64, that 
we have 

da " dh ' da^ " dl^ ^^^' 

now, by differentiating the equation (142) successively in respect of A, and, 
fat the sake of brevity, representing by M', N' ; M% N", &c what the co- 
efficients M and N then become, we shall have 

n+i-1 

l^^i5!i=B+2a+3D^ . . . + M'*»-i :fN'A ' -h &c, 

ah 

«-!--— 2 

^?^!^^i^=2C-f-2.3DA +M''A*-a+N"A ' + Ac, 

&C. &C. &C.; 

repkdng the first sides of these httt equations by their values given by the 
equation (143), we shall obtain 

^1^1^ B 'f-aCk +3IM« . . . +M'Ai.-> +N'* * + . . . (144),- ' 
in 

«H 2 

^?^!^±^=2CH-2.3-DA -hM^^w-^+N"* * +...(146); 

and making A =0 in the equations (142), (144), and (146), &&, wc have 

m2 
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which will suffice for delcnniiiing the ooeflicieiits A, B, C« Ac ofdiecqM- 
tion (142). 

Thia being pitsniied, from the inspection of the eqnatioDt (144) and (145), 
we see thAt, since every difeentiaiion diminishes n by unity, when we bsrc 
arrived at the »' * difiereotiation, we must have 

and horn the next differentiation, we shall find 

but - being less than unity, 1 is a negative number, and the pnoediiig 

equation may therefore be written thus, 

h * 

consequently, when we put h =0 to determine the coefficient of one of the 
terms of the equation (142), we shall find 

dan+i ""0 ^*' 

and it will be the same when we wish to determine the diflfbential eocffidents 
of a higher order. 

/«^It foUows from this theorem, that when tte make z=:a in the devdopmewt 

/ of f][x+h), if there he a fractionai power ofh in the devOopmaUy audit He 

\hetwixt the terrnt (Reeled by hn and hQ+i, ve ^U not he oftfe to delerwi»t 

\the terms of the series of Taylor heyond that of the order n; atttke other 

}ferms will become injinite. 

250. A function of x represented by/e being given, if we wish to de- 
tennine the development of/(x+A), on the hypothesis of x=a, we most, ss 
we know, calculate the terms of the series 
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bat if in nMkhig tfiit calcnlatton we find that one of the diiRacntiel oo- 
oiBdents beoomee infinite oh the hypotliada of 9=0, we mnit no longer leelL 
to obtain the devdopment of /('+A) by Taylor*! acriee, but empby the 
following method : We muit pat X'\-h in plaee of x Jn the functioD/r, 
then the term whidi contains or— a in the dcnaminator, will contain x—a-^h^ 
and win no longer become infinite when we pat «=a, but will produee a 
teimafl&cted with a fractional power of A. 
257. For example, let the function be 



fx =ztax — a'-Hi^/x"— «*, 
by differentiating, we find 

^ ox 



:2(a-a:)-+ 



dx ^g*^a* 

and substituting thew values and those of -T^i j^« ^' '^ Taylor's for- 
XQttla, art 55, we obtain 

in which expression, when jr=a, the term multiplied by h beocxnes infinite, 
maSi therefore the development is no longer posable. 

In this case, according to the preceding rule, we must put X'\-h for x in 
Che equation 



«ind we shall find 



<in equation which, on the hypothesis of ar=:a, becomes 



4X 



and developing by the binomial theorem, and, for brevity's sake, repre- 
senting by A, B, C, &C., the coefficients given by that formula, we have 



when, substituting, we find 

/(aH-A)=o«-A«H-cAv'H-ViBAv^X+oCfcVH- &c. 
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We tee, torn tiiis example, that by puttfng «+ft ibr «, in the fiuutioa, 
and maUBg «=a, we may introdace one or more ftactknal powcrt of A ; 
we then develop, separately, die terms whidi are susceptible of it, eidicr by 
the binomial theorem or oUierwise, and subatitate these terms in the valne of 
f^a^h\ whidi then gives die development. 

258. When x continues faideterminate, Lagrange has demonsHmled dat 
the development of /(x-fA) cannot contain terms widi fractknal pofwcn of 
h. For suppose that we had 

8— 

then, since Ki^A allows of three values, M, N, P, we shall have the three 
developments of f{x-\'h) : 

fix-\'h)zzfx+ph-^qh^+ . . . H-P. 

But since fa must contain the same roots that /(x+A), art. 253» does, fa 
must also have three different values Q, R, S, and substituting aucoeasively 
these values in place of /r, we shall find 



/(.T+^)=Q-H*+jA«-|-. 
f(x-hh)=Q+ph-^qh^-\' . 

/(TH-;0=R-fi>/*-f?/*='+ • 
/(*+A)=S +;,A+yA>+ . 



+N, 

■fP, 

+M, 
+N, 

+P, 

+M, 

+N, 

+P, 



so that the expression /(•r+A), when developed, will have nine difTcrcnt 
values, whilst, undcvelopcdp it can have only as many as fa contains, and 
consequently three on the present hypothesis ; thus we cannot suppose that 
the devebpment of/(x+/i) contains a fractional power of ^ without faUiiy 
into a contradicdon. 

259. It is easy also to demonstrate that f{x-^h) cannot contain in iu de- 
velopment a term aficcted with a negadve power of /i, for if it should oooutn 
a teroi such as MA— ^, we should have 

M 

/('-f^) =/'+/'/' +?A« +~, 
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aad, bj maUiig A=Ob the fist tide wonld bceomt^, wlillit the leeondy in- 
Moid of being rednoed to/ir alio, would beeome infinite, on acoount of the 

tmn-T— • which it contains. 



260. The anxie thing wonld hatpprnf if the devdopment thoold contain 
stBtmafeetedby the logarithm of A; ftr if wo hod, hr eiamplo, a tenn 
■iicfaaaA]pgi^JhiitaBn,wlMnwomBdeA=;0^ wooldbeeooBoAk^O; and 
aiDoe the logarithm of is — eo, Ae lam A log A wonld then be infinite ; 
whence /ir wooU beeome so Ukcwise, which la contrary to oar hypothesis. 
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OF THE 

DIFFERENTIAL AND INTEGRAL 

CALCULUS. 



INTEGRAL CALCULUS. 

On the integration of monomial diffsrenttals. 

261. The object of the Integral Calculus is to find the func- 
tion, which, being differentiated^ will produce a given dif- 
ferential. To commence with the most simple case, we will 
proceed to int^rate the expression x^djt; with which view^ 
differentiating the expression 4^'''^ we shall find 

rf.ir«+» = (w-fl);rVj', 

whence we shall deduce 

fn-fl 

and since the constant m + 1 has no effect on the differentia- 
tion, the preceding equation may be written thus, 

d, ^ — x^dx; 

consequently, ^e quantity which, when differentiated, will 
give .r^dx is . . To indicate this operation, wc put before 
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the differential the characteristic y^ which signifies s^m or in- 
tegral*y so that we may write 

*^ l»+l 

262. Hence we dednce this general rule ; to integrate x*dx 
tve must increase the index by uniti^, and divide by the indejt so 
increased and by the differential. 

cdjt 

263. Take, for example, — --- : we shall hare then 

"^ jr 

jidx - , - AJf"*"*"* £W'-^ a 

we shall find similarly that 

5 + ^ 3 

264. We must observe^ that when we differentiate a -t- x^y 
we find maf^-'^dx, as though wc had differentiated only x*" ; 
consequently, in integrating, we must add a constant to the 
integral. Thus, in the preceding examples, we must write 

adx a ^ , . — 3 ^ ^ 

265. This constant C, which ought to vanish by the dif- 



* This term tumt for deagnating the integral, has been introduced hy the 
andent geometricians, because, according to the method of infinitesimal^ ihxj 
considered a function y as the sum of all the infinitesimal increments. 
Fig. 48. For example, we see that the ordinate being MP (fig. 48), wc have 

MP=ii6-|-fl7»'-f a"6"-f-a"'6"'-f fl'^M ; 

that is to say, y u equal to the sum of all the infinitesimal incremeiiUf re- 
presented each by dy. 
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f^irentiation^ is in general arbitrarj^ unless ftom the nature of 
the problem it be determinate. 

If, for example, we have the equation y =fljf»— J, which is 
that of a parabola CBD (fig, 49), whose origin is in A, and Fig. 49. 
we deduce from it 

d^s^2aj? dx, 

we shall find, by integrating, 

y=a*«+C....(l), 

and this equation may belong to an infinite number of para- 
bolas, according to the value of C. 

But if we wished that of all these parabolas CBD, CB'D\ 
C"WD^, &&, the curve which has for its equation y = or* 4- C, 
should be a parabola passing through the point £, whose co- 
ordinates ore 

y=:0, ;r = AE= /t 

it is necessary that, on making j^= /^, we should have 

^=0, which will reduce the equation (1) to 

0=* + C, 
whence we shall deduce 

C = -6, 
and substituting this value in equation (1), we shall obtain 

as we had before the differentiation. 

266. When the nature of the problem does not determine 
the constant, we may dispose of the constant as in the fioUow* 
ing example ; having found that the intend of jp^djp is 
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we will give to x a determinate value h, when the •eoond aide 
of our equation will become 

r^C...(3), 

and C being arbitrary, we may determine this oonstiuit on tLe 
condition that the expression (3) is 0, or, which is the same 
thing, on the condition that we have yss.O when xz=.b; then 
the equation (2) will become 

= r+C' 

mi- J 

whence we shall deduce the value of C, which being mbsti- 
tuted in equation (2) will give us 

^ m+1 ^ ^ 

267* There is only one case to which the rule of art. 268 
for integrating jc'^dx will not apply; it is that in which 
INS »1, for then the formula (4) becomes 

^"' "0' 

in this case, therefore, we should have to make use of the 
rule of art. 81 for determining the true value of the integral ; 
but wc may avoid this inconvenience by observing that .... 

jf-^dx =. -'-, and that this expression — is the differential of 

log jr, consequently, we shall have 

/^ = log*+C. 

Certain complex differentials xvhose integration may be effected 

by the rule of the art. 262. 

268. Wc have seen, art. 22, that the differential of a p<^y- 
nomial is formed of the sum of the differentials of its tenm> ; 
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reciprocally the integral of a polynomial will be eqnal to the 
sum of the integrals of the terms which oompose it. 
For eiuunple^ 

or, by performing the requisite operations (art. 262), 

We have added but one constant, because each term giving 
a constant to the int^ration, we may represent the sum of 
these constants by a single letter. 

269. Every polynomial, such as (a-|-^x+^^^+&c.)'*di', 
may be integrated by the same rule, when «n is a positive 
integer ; since we have only to raise the polynomial to the 
power indicated, by n, and integrate each term separately. 

For example, to int^rate (a-|-6.r)*</;r, we shall have 

yt« + M*^**' =yT«*+ 2a64f + *V)<ir 

270. When we have an expression such as (FjpydFjp, com- 
posed of two fiiictprs, one of which is the differential of the 
part Fjt within the vinculum, we must put Fjr = x, and con- 
sequently dFjf^dz ; when, substituting, we shall find 

{FjpydFjt=z^dz, 
and integrating, 

yiP,)^,=j^+c=i-i_+c. 

To give an example, let the expression be 
{a+br+ci*)^{bdx+2crda') ; 
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Binoe hd»^2cxdx is the differential of the quontitj ci m tiiined 
within the vincnlom^ putting 

\ve shall have> by differentiating, 

and therefore 

(fl + ^^ + tJif^)^{bdjp + 2cxdr) = z^d%, 
whence the integral of the expression will be 

5 5 

271. If one of the fexXon be the differential of the other, 
except as to the constants, we may still intqpttte by the same 
process. Let the expression, for instance, be 

{a+b3^)^mxd:t • • . (5); 

since we see that the differential of a-f^or^, which is 2bjtd,r, 

differs from mxdx only by the constant, we will put 

a+6.r^ = j?, and consequently 2bjpda'=:dz, whence we sbaU 

dz 
deduce jpdxzz—, and substituting these values in theexpres- 

sion (5), we shall obtain 

{a'\-bx^ymxdjr:^^z^dz ; 
and, by int^rating, there will result 

/{a + bx^)^mxdx = £ ^^ + C= g (a + b^)^ ^ C. 

272. The same transformation will also apply for reducing 
certain differentials to logarithmic forms ; if we had, for ex- 
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odx dz 

a>nple> — -r-, making a+ixszz, we should dedooe dr =-;- ; 

substitutingy we should have 

^odx a dz a dz a . , ^ 

and putting for 2 its value, 

adjf €L . 

Proceeding in the same manner for — ?-, we shall find that 
the integral of this expression is 

Integration by circuiar arcs. 

273. Let the arc CB (fig. 50) = z, and its sine CE =^ ; we Fig. no, 
have then <r=:sin m, and differentiating, there will result 

djpzzcoBxdz, 

whence we shall get 

, dx 
dz = ; 

0082 

but the equation cos* g + sin* z =: I gives us 

cos «= v^l— 8in*z— v^l— X* ; 

substituting this value, therefore, in that of c^z, we shall obtain 

. i£z 

and consequently we shall find, by integrating, 

/-7^=»+C (6). 
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To determiae the constant^ suppose that when x=0, we hare 

since, then, according to fig. 50, the arc z, represented by CB, 
IS at the same time with the sine x, the equation (6) will, 
on this hypothesis, be reduced to 0=C, and consequently 

— = = sin""* r» 
^/l-*« 

274. On the above integral may be made to depend that of 

dx 



for by dividing the two terms of the fraction by a, we shall 
have 

dx ^x 

a," 






X 

and since this integral is comixxsed of -, in the same manner 

dx 
thaty— ==-, is of X, it follows that 

Vl— ^* 

g. dx , X 

J = 8in-»-. 

^a«— j« a 

275. In the second place, let z be the arc CD (fig. 50) 
whose cosine AG is x ; wc shall have then 

.r == cos z ; 

and, by differentiating, 

<f4' = — sin zdz ; 

whence we shall derive 
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d% = : — ; 

and putting for un z its value drawn from the equation 

006*2 + sin* «=1, 
we shall obtain 

dx 



dz= 



y/\ — C08*Z 

or, since COS x= or; 

djp 



dzzz 



when, integrating, we shaJJ have 

/-^= = co8-»^=arcDC + C (7). 

v^l— X* 

dx 
To determine the constant, suppose that when x = 0^— 



is also ; in this case, then, equation (7) is reduced to 

O=cos-'0+C (8); 

but in order that the cosine AG of the arc CD may be 0, that 
arc must become 

Iff 
DB = \ circufnference = ^ ; 

puttii^, therefore, j^ in place of cos^'O in equation (8), we 
have 

which gives us 

and substituting this value in equation (7), we obtain 

dx 
/ ===-(iir-arc DC) = -arc CB. 

N 



■•%•■ 



#» 
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276. We have seen, art. 45, that 

^^ 008* J? 

if^ therefore, we make x = tang z, we shall find 

dz 
dx^ — r- ; 

C06«2 

and consequently 

but the proportion 

cos 2 : 1 : : 1 : secant z, 

giving 

1 

COBZ = , 

secz 
we shall have 

cos*z = 



sec* 2 l4-tang*5 l-f«*' 
whence, substituting this value, we shall find 

J +«* 
and, integrating, we shall have 

Taking then the integral on the supposition that the integral 
vanishes when ^=0, 2 becomes 0, and we have 

= C; 

und therefore 

f- = arc xvkase tangent is x. 

277* We may bring under this form the int^ral 

dw 
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£ar, diyiding the two terms of the fraction by a^ we may write 
it thus, 

dx dr 



fa* __1 p a 



M 1 uX 

and since this integral is composed of-, as -A is of x, 

a a 1 4- jr 

we shall have 

f-r: — z = -tan-* -, 

Let also x be the ▼eraine DG : then the cosine and versine 
being together eqnal to nnity« we shall have 

.tr -f COS =; 1 ; 

and, by differentiating^ 

djc = dz .sin i ; 
whence we deduce 

d%'=.'-r 



sinz 
but 



sin 2= ^1— C06*«= ^(1— cos flf)(l+C08 2)=v/^(2— jr) ; 

substituting^ therefore, we have 

dx 

dz^=^ ; 

V'ar — ^« 

and, by integrating, 

dx 

: = versin"* x. 

We add no constant^ because, supposing that the integral 
vanishes when or is 0^ z is also 0. 

^ 278. When we wish to hare the value of the integral for a 

n2 
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particalar value of it*, we must proceed as in the fbUowing 
example. 

dx 
Suppose tliat the intend of - is required, when jr=7; 

the radius therefore being 1 , the tangent will be 7 ; and since 
the tables of sines are constructed with a radius = ten thou- 
sand millions, the tangent relatively to that radius will be ten 
thousand million times greater, and consequently the value of 
that tangent will be 7 x 10000000000. The higarithm of the 
tabular tangent will therefore be expressed by 

log 10000000000+log 7= 10+log 7> 

= 10+0,845098, 

= 10,845006; 

and looking out for this logarithm in the tables of sines, we 
shall see that it corresponds to an arc of 

90° 90*, of the decimal scale^ 
or, 

81^52', of the sexagesimal scale. 

To find the numerical value of this arc^ on the supposition of 
radius=l, we must observe that^ on this hypothesis, the cir- 
cumference = 6,283 . . . . ; and, consequently, we shall have 

400° : db«>96' : : 6,283 : arc sought=:l,^ 

or 

360° : 81052 : : 6,2a3 , , . . : arc suught=:h42 

Integration by parts. 

279. In taking the differential of a product of two variables, 
by the process of art. 14, we find 

dMv = udv + vdu ; 

whence, integrating and transposing, thcf e results 

fudv = «t ^fvdu ; 
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and it is to this formula that we refer the differentials which 
we wish to integrate by the method of parts. 

280. If^ for example^ we were unaoquainted with the in- 
tegral ai jK^dx, we should put t^=u, dx^eh, and we should 
liave 

yjp"iLc = ««+ ' — />.iiix'»->d!r = J^**" ' — m/i^or ; 
whence, collecting the terms affected by :t^djt, we have 

and therefore 

281. Let the integral be 

faUe log X ; 
make 

log x^u, dx = dv, 
and we hare 

/rf;r log «=;r log.r— /c/x = jr log jr— *+C = (log X— 1)^ + C. 

282. As a last example^ let it be proposed to integrate 

dx^a^^a^, 

making 

^a*— jr* = u, and dx = dv, 

we shall find first 

and we must now look out for another value of 



fdx^a^^4^i 
for which purpose^ by multiplying this last expression by 
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wc shall have the identical equation 

whence^ integrating the first of the expressions on the second 
side, we shall obtain 

/cijrv^a«-j^=a»sin->--/— 7==> . 

and adding this equation to equation (9), we shall find 

X ■ 

2fdjt ^a«— x«=^v^a«— j:«+fl* sin-'- ; 

and therefore 

fdx^a^^x'- = ->/fla-.t^+ -g-sin-'-^- C. 

We see^ .from these examples^ that when, generally^ we have 
an expression such nsjvdu, tlie method of parts renders the 
proposed integral dependent on that a£ fudv^ and that, con- 
sequently, this method of integration is not always applicable. 

Integration by series. 

283. Let X(Lr be a differential in which X represents a 
function of x ; if we develop X in a series, 

Ai» 4- B/ + Cj;^ + Dx^ + Kr* + &c., 

arranged according to the exponents a, ^, y, &c., we shall 
have 

fXdj^ = /I A J'* + Bj^ H- Cjr> + D? + Ex' + 8ic.)djt 



a + 1 ^ /3 + 1 ^ y+1 ^ ^ + 1 



H-&C.+C. 



* Should one of the exponents «, /S, y, &C., be equal to — 1, the tcnn to 
affected must be integrated by logarithms. 
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284. Let us take^ for example, the fraction , which is 

the differential of log (a + x) : this fraction may be written 
thus : 

and we must now find the development of , whidhi might be 

done by means of division ; but without performing this opera- 
tion^ we may deduce the development required from a formula 

easily remembered, which is this, 

=l+«+««+««+«^+&c . . . (10)* 

1 ■"•if 

For the fraction may be put under tlie form 

1 1 



" i+- 

a 

1 . .r , 

when, to develop , we have only to change z into — -, in 

- J? a 

1+- 
a 

the formula (10), and we shall have 

1 je sfi jfi 



1+- 
a 



and therefore 



* This formula ha?iog been found by dividon, it might be supposed that 
it would be better at once to divide I by (a+«), but I have observed that 
when a particular formula is fixed in the memory, it is easier to deduce ftom 
it di&icnt developments, than to repeat the operation in each case. 
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1 1 I 1 ^ J-^ V^ . . 

-X or— — = s+T— :t+^-» 

a 
consequently, 

whence, by integrating each term separately, we shall obtun 

' ii-h^' a 2a* oa' 

and observing that the first side of this equation is a logarith- 
mic differential, art. 272, we shall have 

log («+.r)=f-i^^+^_&c.+C . . . (12). 

To determine the constant, we must observe that when 
x=0, this equation is reduced to loga=0-hG; which value 
being substituted for C, the equation (12) will become 

logOi-|-.r) =loga-f - — — + — — &c (♦). 



* We must observe that in tlius determining the constant^ we no longer 

regard it as arbitrary; since by making j:=0, in the eqnatioo (18), the 

constant is necessarily equal to the logarithm of a. Where the constant ac- 

dx 
quired this determinate value was, when, instead of/——, we put log (a-f.f ); 

dx 
for the equation (11) shows us that — - is, generally, the differential of . . . 

C-f-— ^-hg^j^^- &c.; but the series log«-|--— g?"*" **'' '^^^ " 

the development of log (a+i^)) i> a particular case of the preceding series, the 
case, viz., in which C = loga. Thus, the putting log(a+r) in place of 
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285. As a aeoond example, let us4alBB:4^«.^e8 . . 

This differential being written thus •= — -^ x ix^ we must 

find the development of -= -\ for which purpose^ comparing 

cmr expression with r , we shall have 2 = — ^» and sub- 

stituting this value in equation (10)^ we shall find 

y-~=l-*x«+a^-*«+ &c. . . . (13) ; 

and, therefore, 

^ dx i^ j^ d?7 

/y:j^i =*-3 +y-y + &c. . . . +C, 

or, art. 276, 

^ ** x' 
tan->j: = .r q* + "c" — 7+*® +C.. .(14). 

When j:=0, the arc becomes 0, and we have therefore 
C=0. 

286. If the tangent be greater than unity, the terms of this 
series will go on increasing, and we cannot therefore give an 
approximate value of the arc ; in this case, we shall obtain a 

converging series by putting X =1 — in the equation (13), 

k X 

which will change it into 



dx dx 

r was as if , of an the series which aie the integral of — r--i we had 

chosen that in which the constant is equal to logo. 

This remark will apply to the rest of the ezprcMions which we shall in- 
tegrate hy series. 
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whence^ multiplpng the two tenns of the first side by afi, we 
shall have 



and dividing by 4^> we shall obtain 



consequently^ 

and^ performing the int^rations separately, 

tan -'!•=-— +-^-^+ &C + C .... (15). 

To determine the value of the constant^ we must not put jr =0, 
for then the terms of the second side of equation (15) will be- 
come infinite; but by making 0^ = 00 , the expression tang^*^ 
will become equal to the quadrant of the circle, and the equa- 
tion will become quadrant of circle ^O-^-C; whence, repre- 
senting the quadrant by \ v, the equation (15) will give us 

287- To integrate by Ih^^ries 

*'- =(l-a«)~^<ir. 



*^l-*« 



* We mi^t urive at once at the «ame ictult by dividing 1 by l+a*. 
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we will develop (1— a*)" * by the binomial theorem in the 
following manner : we will calculate first the coefficients of the 
developments of (1— J?*)* on the hypothesis of nt = —|, by 
writing down in order 

m— 1 w— 2 m— 3 
*"' "X"' T"' "T"' ' 

and changing m into — ^ in these expressions, when they will 
become 

13 6 7. 
""2* ^4' "g* ""g' *""• 

and multiplying — ^ by — p ^** product by — ^ and so on, 

we shall form the coefficients which are to be substituted in the 
place of A, B, C, &c. in the equation 

(1— a*)"^ =1— A*«+B«*— C^-f &c., 

which will give 

1 ,1^13^136^^ 



VrZ^S 2 • 2 4 ^24 6 

and by integrating the equation 

7fZ^=0+2'*+2-4^-^2-4-6''-^H^^ 

'we shall find 

1 ^ 1 3 ^ 1 3 5 ar' . ,,^, 

We put no constant, because when jf = the arc whose sign is 

X vanishes. 

288. There are cases in which, to determine the vahie of the constant» we 
must neither make ;r=0, nor ;r= 00. For example, let the ezpicnion be 

- =„-,r*-=„-»(,-i)-»^=^,-i)-» , 
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by putting down in order 



and making 



we find 



w— 1 m— 2 



1 



^•--g, 



1 3 5^ 



whence we conclude, as in art. SS?* that 

dx dx/^ 1 1.13 113 6 I ^. \. 

and by integrating wc tliall find 

dx _1^J 13 J 136 J 

^JX^X" 2'ar« 2'4 4j:< 2T6*««« 

On the other hand, 




=/ 



-{-dx 



and therefore 

II 13 1 ^ „.. 

l<'g(*-|->/x«-l)=log» -2-2ii"'2*4-4S~*'^ • • ' ^ '^ 

To determine the value of the constant, we must not put «=co , iiar tkn 
log X will become eo ; nor, on the other hand, must we put jr=0, ftr the 

terms log x, « 'olji &c. will then become 00 ; but if we suppose j=1, ** 

equation (17) will become 



which gives 



^^11 131 1361 ^ ^^_^ 

=0 — . .— — ~ &C. -fC =0, 

22 244 2466 ^^^t^^-^' 



^ 11.131,1361 
^=2-2+r4-4+2'?6-6+*^^ 
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log {fl-*)=kg a-^-^^-ftc. 

and this equation^ being subtracted from the former one* will 
give us 

log («+«)- log («-*) =2(^+^+^+ Ac) 



or 



29L To determine, for example, the logarithm of 2, by 
this formula, we shall suppose 

a— it""!* 
and consequently 

whence 

3 _ 1 x_l ji* 1 

and substituting, we shall have 

,^^^11111 ^ X 

fl 

Limiting ourselves to the ten first terms of this seriesi re- 
duced to decimals, we shall determine the value of the log^ 
rithm of 2 ; and taking the triple of this logarithm, we ibaD 
have that of 2^ or 8. If, then, we calculate by the fon&olt 

(18) the logarithm of—-, and add to it that of 8, we shall have 

the logarithm of -3- x 8 = log 10 ; and we see that by similar 

o 

processes, the formula (18) ^vill give every other logarithm; 
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but it must be observed that these logarithmB belong to the 
Napierian system. To deduce from them the tabular loga- 
rithms^ if we represent by ha the tabular logarithm of a num- 
ber a, we shall have a = 10^; taking the Napierian loga- 
rithms^ this equation will give us 

log a =kig 10<^ =La log 10, 
and oonsequently 

los a 

80 that the tabular logarithm of any number is equal to the 
Napierian logarithm of that number, divided by the Na- 
pierian logarithm of 10. 

292. A Mriei has been fbimd, for decotoining a logarithm, idll more con- 
'voEgent than that given by the formula (18) ; it may be deduced from that 
f cvmula in the fUQowing manner : 

By dividing a+jc by a— ^r, we find 

a— X a—x 

repreaenting the fraction — by -, we have the equation 

multiplying by a^jr, then lewlta 

, av vx 
a-}-»=a— *-!— , 

Z M 

and tiantpoiing, we obtain 

vx^av ^ 

multiplying, then, by ar, we find 

2jrx+ur=ai'f 
and consequently 

X V 

a ""2af-f-r ' 



kubstituiing ihcK Tkluci of • 
thUtcMik 



In ih« fomnLi (IS), «r h 



Tot cxunple, id obuin the bgaiidini of 3, «« muat jut v = l, i=l, and 
I'dnacquentlf log i=0; «hcn •utnilniting in the prcadiag fanmb, ar 

shaUtuK 



l"(tS-2(^ + 



6^+*'-) 



luiii bedividol by ihc Nnpicrim toguithm of Jl 
buUr logsrilhin ofS. 



ffn Ihe method of rathrwl/ra, 
>. Let the expression propmed for integration b« 

P,r'' + Q.r— ■ .+IU + 8 



pv+Q.>- 



fS' 



in which the multiplier of <l.r la a rational fractioii ; we will ' 
shoH' that in the given expression, nv may iilwB3n suppoae tlut ' 
n ia greater than tn ; for if this stiouM nnt he tho csae the in* | 
t4^Tatioii ma; be reduced to tliat of a differential of the some ' 
form, in which the highest power of x in the denominatur h I 
greater than the hi|;hest pow^r of j in the niitaenttor, by simplj 
dividing the numerator by the <leuominatar, as in the foUo* 
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P . Q B S 



makinff then 



Q" ' Q'""^' Q' "■ ' Q^ 



— _R, Q7-S. 

we shall have 

and the division will be effected in the following manner : 



PV-f.R'"F'*«+S"T"ar 



F'^+M 



1^ rem! .... (Q"-R T')^-h(R"-S' F>+S" 

M^H-MR">4-My" 
2^ rem'. (N-MR'>+S''-MS ' 

This last remainder may be represented by Kr+L^ and then 
we have 

and by integrating, we obtain 

thus the question reduces itself to integrating 

x*+R">+W^^* 

294. It follows from this that, whatever be the rational 
fraction under consideration^ its integration may always be 
reduced^ in the most general case, to that of 
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Considering the denominator of this fraction as the product of 
n factors^ such as «r — a, x-^b, jC'-^c, &c, these Actors maj be 
real or imaginary, equal or unequal. 

To commence with the most simple case, we will sappoie 
them real and unequal, and we must then proceed as in the 
following examples : 

295. Let it be proposed first to integrate — — - : resolring 

the denominator into its factors, we shall have 

adjf (idx 

and we will suppose 

1 ^TT-T-v= ( + )^ (^^)» 

where A and B arc constants which we must determine. For 
this purpose, reduping the second side of the equation to a 
common denominator, we shall obtain 

adx _ (Ax-hAfl-f Bj*— Ba) 

and suppressing the common divisor (4*— a) (jr-f ff) and the fee- 
tor dsr, there will remain 

a = Aa'+Afl+B^— Ba (20); 

and, arranging according to r, we shall have 

(A-|-By+(A-B-l)a=0. 

Now je being indeterminate, as the proposed differential neces- 
sarily supposes*, this equation must hold good whatever x be ; 



* In fact, the chancterittic d^ which preoedei a-, iDtimatct that x ii comU 
dcred as rariahle. 
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and^ consequently, according to the method of indeterminate 
coefficients, the coefficients of the different powers of x most 
be separately equated to zero ; or, which comes to the same 
thing, the terms must be equated to each other, which, in equa- 
tion (20), contain the same powers of ^, when we shall have 

A+B=0, (A— B-l)a=0, 
and these equations give 

Substituting, therefore, these values in equation (19), "we shall 
have 






and by integrating, we shall find 
and, consequently. 

For a seccmd example, let us take the fraction — —dr : the 

factors of the denominator are » and a^^jfi^ and since a^-^jfi 
resolves itself into (a— Jf) X (/!+««'), the simple factors of the 
denominator are x, a— jf, anda+jf; and the expression to 
be integrated therefore is 

ur(a— *) (0+^) 
assume 



4.(0— jr) (a+jf) J? fl— jr a-^-r 



o2 
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equating, then, the ooeffidents of the same powers of jf, we 
shall obtain these equations of condition, 

-.6=-4A-.2B, 3=A-hB, 

whence we shall dednce 

and patting these values in the equation (22), we dudl find 

•^^-ftp+8 2^ «-2"^2^ j'-4"^ 

=|log(*-4)-llog(*-2)+C. 

297* As another example let us take 

xdjp 

equating the dentoiinator to zero^ and resolving the eqoationt 
we find 



representing this last product more simply by 

(x+K)(;r+L), 
we will suppose now 

X A B 

.r« + 4a j: - 62 "■ ^+K "*■ ^TL' 

and reducing the second side to a common denominator^ we 
shall find 

.r A.r-HAL + Bx+BK 



.1 * + 4tf *— A« x« + 4fl.r— A« 

whence we deduce 

A+B = l, AL+BK=0 
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oontequently 






K-L' K-L' 



and therefore 



298. In general, let 

^+Q'jt«-* . . . +R>+S' 

be a rational fraction^ in which the simple fu^rs of the de- 
nominator are suppoeed unequal : to integrate it, we shall first 
resolve the equation 

^+Q'.i?^*-I- . . . +R'«+8'=0, 

and having found that it is the product of the fieustors, ;e— a, 
as — b, jp^c, 8ic, assume 

P.r^'-f-Qx>^^ -fRr -f.S _ A , B , ^ . i» 

x~ + Q>»-' . . . -f R'i« + S' ""x-a"*"^— A+x— c "^ • 

Aeducing, then, the second side of this equation to a common 
denominator, the numerator of each of these fractions will be 
multiplied by the product of the denominators of all the 
^hers, i. e. by a polynomial in j? of the order m — 1 ; and the 
second side of the equation will consequently be a polynomial 
consisting of m terms. It fbUows, therefore, that if we equate 
the coefficients of the same powers of x on the two sides of the 
equation, we shall have m equations of condition for deter- 
mining the m coefficients. A, B, C, &c. ; and these coefficients 
being known, we shall then only have to integrate a series of 
terms such as 

Ada: Brfo? 

, 7, CKC* I 

X— a jf— 6 
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and the int^^ required will therefore be 

Alog(jr— fl)4-BIog(4r— i^) + &c.+ constant. 

299. The method which we have followed^ when the roots 
of the denominatofi are unequal, will not serve if, among the 
roots which we will still suppose to be real, some of them are 
equal. For we have seen that, on the hypothesis of the roots 
being unequal, we may assume 

Pa*H-Qx»4-R**-f84:H-T A B C 



(4»— a)(x— 6)(x— c)(x— rf)(a:— ff) x— o x— 6 x— c 
D E 

But if several of these roots should be equal, if, for instance, 
we should have a=zb=ic, the preceding equation would 
become 

P^*4-&c. A + B+C D E 



and then, on reducing the second side to a common deno- 
minator, A-f B+C might be considered as one constant A'l 
and we sec that the three constants A', D, and E would not 
be sufficient for establishing the five equations of condition 
which ought to be obtained by equating the coefficients of the 
same powers of .r. 

300. To obviate this difficulty, the fraction 



(./'— fl)^ {x—d) (r— ^) 



must be decomposed into another series of fractions, such 
that, when reduced to a common denominator, they shall again 
produce the fraction. 
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Suppose^ therefore, 

{jc^ay (jf-flQ (x-i?) "" (x^ay ^^-rf"^ Jt-^e ' 

then, redacing the second side of this equation to a common 
denominator, we shall have a polynomial in x of the fourth 
degree, which will contain five arbitrary constants ; flnd which 
will consequently be sufficient for establishing the identity of 
the terms affected by the same powers of .r. 
We will now show that the term 

(x^ay 
may be put under the form 

A' B^ C 

A', B', C, being indeterminate constants. To prove this, let 

we have then 

jfzza+g ', 
and, therefore, 

A+B/i-HCo^ B^2Ca C 

- z^ + ^ +T' 

when, putting the value of 2 in this equation^ we shall obtain 
A+Rr+C^* A+Bfl+C tt^ B+2Ca C 

a result of the proposed form, since A', B', C, are any con- 
stants. • 

This demonstration will apply to an equation of any higher 
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degree, and we therefore oondude tliat we may aiqipQee, ge- 
nerally, 

A" A- 

+ 



• • • • 



It follows from this, that to integrate the expression 

we must suppose 

(X— a)' (x— £/)(!•— ^) 

A A^ A^^ D E 

the fractions then being reduced to a common denominator, 
we shall determine the constants A, A', A", D, £, by the pro- 
cess which we have already employed, and we shall have then 
to find the integrals of the following expressions : 

E ^ D , AV^ A'djc Adr 

ax, -ax, 



The three first are int^;rated by logarithms ; in respect to 
the other two, since dx is the difi!erential of the expression 
X — a, contained within the brackets, we may assume x— a=:z> 
(art. 27O), and we shall have 



z x—a 



and consequently 



/; 
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Pj^-hQa:»+&c- A' A 



. . . 4-D log (x— </) +E log (x— f)+ cofMton^ 

Ml. Let us take^ for example, the fintetion 

2axdjp 

shall have 

2a^ A A' 



luciiig the second side to a common denominator^ and sup- 
essing it on both sides of the equation, there will remain 

2a« = A -h A' jf + A'a ; 

bence we shall deduce the equations of condition^ 

2a=: A', A+A'fl=0 5 
liich give 

A'=af, and A=— 2a2; 
;d consequently 

obtain the integral. We must observe, that dx being the 
ffeiential of (x-f a), we may suppose if +a =2 ; and therefore 

ben, integrating the first fraction by the rule of art. 262, 
id the other by logarithms, we shall obtain 



^2eutdx 2^2 ^ , ^ 
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and replacing the value of Zi • 

fy r:;= h2alog(fl-H*)-HC. 

302. As a second example, we will investigate the intepal 
of 

for this purpose, equating the denominator to zero, we see thtt 
the terms all destroy each other, on the hypothesis of 4*= a; 
and therefore the equation .i^— a**— 0*^+0' is divisible bj 
jt^a. Performing this division, we find for the quotient 
a*^a^ ; and thus the quantity to be integrated is 



■"(x-a)*(jf-ha)' 
Assume, therefore, 

^ A A' B 

+ +-T- (24); 



(.r— fl)«(^+a) (jf— a)* ^— o ^+a 

then reducing the second side to a«common denominator, we 
obtain 

^g _ A(j+<i) + A^(a«— flg) + B(«r— a)g , 

and, developing and equating the coefficients of the saioe 
powers of .r, we get the equations of condition 

A'+B = 1, A-2Ba=0, Afl-.A'a«+Ba»=0 (25). 

Multiplying the first of these by aS &nd adding it to the third) 
we shaU have 

Afl -yB«« = fl2 \ 
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tiiisy in its turn, being added to the second multiplied bj a, 
^we find 

a^ =: 2Aa, and A = ^a ; 

and putting this value of A in the second of equations (25), 
^e obtain 

the first therefore gives 

and, by means of these values of the constants, the equation 
(24), multiplied by dx, becomes 

a^da* adjp 3dx dx 



(^-fl)«(*+a) 2(jr-.fl)« ^ 4(jr— 11)^4 (^-hfl)' 

— , ddx 

To int^rate -^^ r^, we must put «— fl=«, when the ex- 
pression will become 

adz __ ax^dz 

2^""T^' 

and we shall have for the int^p^, art. 262, 

~2^ 2z 2(«-fl)' 

%nd therefore 

«^(i!ir a 3 

+2 log («+ a) +con^an/. 

303. We shall proceed'in the same manner, if the deno- 
minator contain several groups of equal roots. For example, 
let the expression be 

adx adx 

(j^«l)«= (,«!)« (^-f-l)« ' 
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we shall asrame 

a A A' B B' 



+77TTT.+7TT«W' 



(x-l)»(^+l)«'' (x-.l)«^(^-l) ^(«+l)«^x+l 
wHen^ redadng to a common denominator, we shall find 



A(x+l>+AX^-l).(x+iy+B(x^l)«+B^(x-l)V4-l ). 

and suppressing the common denominates, and derdopng 
the numerators, we shall obtain the equations of omdition 

A+B'=:0, 
A+A+B-F=:0, 
2A-.A/-2B-B'=0> 
A-A'+B+B'=a. 

The first of these equations reduces the third to 2A— 2B=0, 
and therefore A = B ; the second reduces the fourth to 2A 

+2B=a, or 4A=a; whence A = 2=B; the fourth eqoft- 

tion consequently becomes B'— A' = ^, and this being com' 
bined with the firsts we find 

when, by means of these values of the constants, the differen- 
tial proposed becomes 

\ i dx djc dx dr ^ ' 

The two first of these expressions must be integrated by the 
rules of articles (270) and (262), and the others by logarithms; 
when we shall find 
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304. Before we proceed to examine the case in which the 
denominator contains imaginary roots^ we will make a few ob- 
servations on quantities of this description j and firsts we will 
consider the equation 

««+;?*+g=0 (27), 

and investigate the conditions necessary, in order that the 
roots of this equation may be imaginary : for this purpose, re- 
solving the equation, we find 



=-i,±y|-. 



and the first condition necessary that this value of x may be 
imaginary, is that the last term of the equation (27) be po- 
sitive; for if it be n^ative, the expression '— g, which is 
mider the radical sign, will change its sign, and the surd part 
then involving only positive quantities, x cannot be imaginary : 
this condition being fulfilled, x will be imaginary, if 9 be 

greater than t^^. The excess of q over -^ being then essen- 

tiaUy positive, we will represent it by /3^, since a square is 
always positive \ and we shall have 

making 2P*=a^» for the avoiding of fractions, this equation 
will become 

and substituting these values of p and g in the proposed 
equation, we shall find 

j*-f 2flw-*-a«+(3«=0 . . . (28); 
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an equation which^ being solved, gives 

x=-.a±i3\/^ . , . (29); 
and its two roots are therefore 

which shows that its roots are disposed in pairs, so that one 
being known, the other will be given by changing the sign of 
the imaginary part. 

305. Generally, an equation may have several pairs of imt- 
ginary roots, and each pair will give rise to a factor of the 
second degree, of the form 

;r«+'2(ur+a«+j3* . . . (30). 

306. The imaginary roots are sometimes equal, excepting 
as to the sign ; this happens when a=0, and one of the roots 
is then +/3^"in^, the other — /3v^ — 1, and the hctm of the 
second d^ree is reduced to .f^ + /3^- 

307. To give an example of an equation whose roots are 
imaginary, we will take the equation 

^«-.6a.r+10o«=0; 
resolving it, we find 



j:=3a±v/— a* = 3a±a^— 1 ; 

and comparing this value of jp with equation (29), we have 

— a = 3fl, /3 = a; 

in the present case, therefore, the equation (30) becomes 

^»_6a^+9a«-fa«. 

308. To conclude, when we have an equation such as 

^+4r+12=0, 

whose roots are imaginary *, we may compare it immediately 

• 
* This wiU be recognised by the conditions of art. 304 being fuUilled. 
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with the formula {20), and we shall have 2a=4> and there- 
fore a* = 4 ; subtracting 4 from 12, there remains 8 for the 
value of j3^ and the equation may be put under the form 

J?*-^4r+4+8=0. 

The term 8 is not, in fact, a perfect square ; bat we may 

consider it as the square of >/ 8l 

309. We will employ ouraehres now in the integration of 
rational fractions, the denominators of which contain ima- 
ginary factors ; and to commence with the most simple case, 
we will consider that in which we have only a pair of ima- 
ginary roots in the denominator ; suppose, for instance, that 
having decomposed the denominator into its factors^ we have 
found 

P- hQ^-f-IU*H-S^+&c 

(.r-fl) (x-6) (j'-A) (.ra+2xr-f a*+/3*) ' 

we shall equate this fraction, as we have done before, art. 900, 
to the series of terms 

;r^a"''^-.6 ■*"^-A'*"^+2a.r+a«+|3» ' 

and having determined the constants A, B, . . . . H, M, N, 
by the process already employed, all these terms, except the 
last, will be integrated by logarithms ; in respect to the last, 
it will be integrated in the manner following : 

The quantity <i:^-f2a«r+ a* being a perfect square, the term 
to be integrated may be written thus, 

making .r-{-a=x;, this becomes 

Mz + N-Mo^ 



210 INTBGRAL CALCULCfS. 

and representing the constant part N —Ma by P, it is re- 
duced to 

Mz+P, 

an expression which resolves itself into 

Mzdz Fdz 

To int^ratc the firsts we most observe that zdz being the 
differential of 2* + j3^ with the exception of a constant factor, 
we may, art. 271, suppose «*-f-/3*=y, which will give us, 
by differentiating, 

and substituting these values, wc shall obtain -s^> whence 
the integral will be 

= 2" ^^ U' + 2flw + a2-f ^«) 

= M log (a^ -f 2oLr-t a^ + ^«)^' 
= M log ( ^.r« + 2aar-fa«+/3V 

Fdz 
In regard to the expression ^^ , by dividing the two term? 

by |3*, it may be brought under the form 



3 'z^ ; 
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and we see that its integral is 

P z N-Ma x-ifOL 

lastly, therefore, 

Mar+N l_ N-Ma 

tan-',ii^... (31). 

310. Let us take, for example, the fraction— r — rflflr : the 

denominator having <r— 1 for a factor, we shall find the other 
factor by division, and the fraction proposed may be put under 
the form 

(x-l)(^«H-x-fl) ^' 

when x^+x + l being the product of two imaginary fiictors, 
as may be seen by resolving the equation a* +4* +1=0, we 
shall assume • 

a-^-hx A Mr+N 

{^-.l)(x*+x-fl)"*i^"^^+^+l ' 

i*educing to the same denominator, and proceeding as has been 
directed, we sl^ find 

« 

tlie expression ^> ^4*4.1 being then resolved into its simple 
Pactors, by comparing it with the expression (30), this will 
give us 

2a=l, a«+i3« = l, 
^nd consequently 



-Wfv 



p2 
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Bubstitnting these values^ and those of M and N in the equa- 
tion (31 )« which gives us the second part of the integral^ and 
observing that the first is 

Adx a-)rb. 

we shall find 

Ja-\-bx)dje a+6, . .. o+ft , 

/ ]^_\ =^log(*->) J^ log^*«+x+l 

*^3 



J\ 



311. When the fraction has in its denominator eqtial ins- 
ginary £Eu^rs, it will contain one or more factors of the second 
degree, of the form (if + 2ax-H a* + /3*)p, accordingly as it con- 
tains one or more groups of equal imaginary fiictors. The 
&ctor 

will correspond to the series of terms 

H-t-Kx H'+K'x 






and having proceeded in the same manner for the other groups 
of equal factors, we must determine the constants 

H, K, H', K', H", K", . . . H , K^ &c., 

as before. 

Multiplying, then, by djr, we shall have only to integrate 
each term separately, which may always be done if we know 
how to integrate the first term of the series (32) multiplied 
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by dx^ ainoe all the others are of the same form. For this 
parpose we shall put the term under the form 

H + Rr 



making x-^- a^^z, it will become 

U^Ka+Kz 



(Lt ; 



(t^+P«)P 



dz ; 



and repre^nting the coustant part H^Ka by M^ we shaU 
have to integrate 

a fraction which may be resolved into the two 

Kzdz Mdz 

To integrate the firsts since zdx is the differential ofz^+/3^^ 
except as to a constant ^etctor, we shall suppose z^+/3^=j^ 
(art. 271 )> when we shall have zdz = ^di/, and substituting, we 
shall obtain 

^ Kzdz A^ dy 1^^_^ liry^**"^ 
'^(z« + /3«)P ^2 yp 2 ^^ ^ 2 1— p 

_1 (^«+2«)-p-H' _l K 1 

It remains now to integrate — — — — or M(z2+/3«)-"'£/k (33), 

to arrive at which integral, we shall deduce \i (note fourth) 
£rom that o{J{afi-\-fi^ydz, in the following manner : 

To dimiduh the index p by unity^ is to divide by z^+/3* ; 
oonsequently^ multiplying at the same time by that quantity, 
we shall have the identical equation 
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performing the multiplication indicated on the second side, 
there will result 

and integrating, we shall have 

/(/3*+z«)prf2=/3y(2«-f /3«)^'rfx+/(/3«+^*)'-^i««/x . . . (34). 

Of the two integrals on the second side of this equation, we 
shall leave the first under the integral sign -, to the second 
wc shall apply the method of parts. For this purpose, mul- 
tiplying and dividing the expression (/3^-i-z*)'*"'r'rfar by 2, wc 
shall put it under the form, 

then (/3« + z^)p-^2zdz will be the differential of i^!±iL. so 
that the expression (35) wUl become 

z (^±ty^ 

und comparing it with the; formula 

yudv = Hi' — fvdtt, 
wo shall put 



2 {^'-{-z^y 

2 p 



when we shall find 



Substituting this value in place of the last term of the equa- 
tion (34), and putting the constants without the integral sign, 
the equation will become 
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transposing the last terni on the second side, and reducing, 
wc shall find 

whence wc deduce 

putting/?— 1 = — J17, and, consequently, /? = !—/;, wc have, 
lastly. 

By means of this formula, then, the intend of (jS* + z*)-P(iz 
is made to depend on that of (/3*+«*)~^'^^^</;r, in which the 
numerical value of the index, instead of being p, will be less 
by unity ; similarly the integral of (/3* + a*)-<'^*^tf2 will be 
made to depend on that of (/S^-f-s')-^''"*^*, and so on ; so that 
the index of the integral part being diminished by unitt^ after 
each substitution^ the expression to be integrated will at length 
become 

and wo have seen, art. 277* that tub integral of thib ex- 



• • 



pressiion la 



1 , c 
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We do not attempt to make the int^ral of (0* + »*)-'//« de- 
pendent on that of (fi'^-^s^ydz, a quantity which reduces itdf 
to dz; for if in the formula (36) we should makc/} = l, the 
term 

would become infinite. 

313. It follows from this theory tliat the intention of 
every rational fraction depends only on the three followiog 
formulas: 

l^'.f^dxzz^; 2o./-=^=:log(^+cl); 

r»« .. dd* I X 

And it is therefore we say that every rational fraction may be 
integrated algebraically, or by logarithms^ or by arcs of circles, 
or by the union of these methods. 

314. We will conclude this theory by an example containing 
all the cases ; let the rational fraction be therefore 

RRR' . ..SS'...TT . .,UU ...' 

in which we have 



R =J7— O, "v 

R =a-/;, / 

«'. _ \Jaclorft real and unequal. 



S = 



{a'^ey \ 

(.1'--^'* ^'/aciors real and equal. 



T =.r'* + 2a,r + a'2-f j3* >-ffwlors imaglnaiy and unequal- 
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U=(x«+2aar+a*+/3*)p i 

U' = (4?® + 2a « 4- fl^ « + fi^^y > factors imaginary ani equal. 

We shall assume then 

P^"'H-P'.«^' + PV'-^-f&c. _ A B C 
RRR . . . SS' . . . TT . . . UU' . . ."■*-fl"*'.r-6"*"*-.c * ' * 

E E' E" 
+7 N^T+T"" — \;r=T+7 \:;zi5 • • • + &c* 

p p p^ 
G-fHof K+Iat 

^(j^+2a^+a24-j3,2)p-^(^+2ax-*-a»+/3«)i-i^'*^- 

and having reduced to a common denominator, we shall pro- 
ceed according to the rules already laid down and explained. 

Integration of irrational functions. 

315. When in a differential expression, which contains 
radicals, we can, by means of any transformation^ make the 
radicals disappear, the int^ration will be reduced to that of 
rational fractions. 

Radicals may always be made to disappear which affect 
only monomial quantities ; the process to be employed for ac- 
complishing this will be the same with the one we are about 
to make use of in the following example : 

Let the expression be 

— = =or T r> 
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we shall first reduce the fractional indices to the same deno- 
minator, and having found that the common denominator is 
6, we shall suppose x = z^ ; we shall have then 

and substituting these values, we shall find 

this expression we shall integrate by the method of rational 
fractions^ and then substitute in the int^ral the value of :• 

316. This method will not generally apply when the quan- 
tity under the radical sign is a polynomial ; we may, however, 

integrate every expression in .r, whidi contains >/ A-f Bj-H-Cj*, 
that is to say, every expression of the form 



P(arV.A -hB^+ Cjfl)dx, 

There may be two cases : the term C** may be positive, or it 
may be n^ative ; if it be positive, wc shall write the expres- 
sion thus. 



7T /A B 



but if that term be negative, wc shall consider it as the pro- 
duct of -fC by — x*, and then the radical may be put under 
the form, 



^^y-c+F'-'^' 



and putting, for greater simplicity, 

wc iihall have to integrate the two exprcbsions 



F(.r,v'// + /;x + a-'^) r/.r, F(J•,^/a-f //r— ./-)^Ai. 
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We will now emploj ourselves with the first 

Our aim being to obtain, by a transformation, the values of 

X, d,v, and >/ o + 6«r+ x*, in a rational function of a new variable 
z, we will suppose 



.^a+d^+jK»=:z+x • (37), . 

because on raising to the square, the terms in o^ will destroy 
each other, and there will remain between z and x an equation 
of the iirst degrecj from which we shall be able to deduce the 
values of a? and dx in rational functions of ;:;. Raising, there- 
fore, equation (37) to the square, and suppressing the terms 
ill X*, we obtain 

a+6.r=2^2+2« (38), 

whence we deduce 

a* — a 

and by means of this value the eqi%tion (37) becomes 
or, reducing to the same denominator, - 



N/tf-f ^.r+.t« = - > ^_g^ — (40). 

It remains now to determine (/.r in terms of z, for which pur- 
pose differentiating the equation (38)^ we shall obtain 

f • • . 

6drr:2j^dz-{-2zda''\-2zdz, 

whence we shall deduce 

(6— 2z)rf«=2(a?+2)c/2, 



* We might also equate the radical to ;k— jr, became on squaring the two 
sides the terms in x« would equally vanish on either hypothesis. 
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and eliminating the radical betwixt the equation (37)^ and 
the equation (40), we shall have 

when, substituting this value in the preceding equation, we 
shall find 



and therefore 



(&-2g)^ = - t^2z ^^> 



^= (6-2z)» dz,,.m' 



317* Let us take> for example, 

djf 



x>/A+B^+C^' 



A B J ^ 

putting •^=a>andY? = P> the expression may be written 



thus> 

dx 



The equation (41), divided by the equation (40), will give us, 
after reduction. 



and dividing by the equation (39), we shall have 

dr 2dz 

. x>/a-f 6j:+^« "2'— a ' 

multiplying the denominators by JC, this equation will be- 
come 
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dx dx 2dx 

rrOr 



y/Cx x^a+bxT^ x^/A + Bjt + Cx* (a*— a) i/ C"' 
a fraction int^^ble by the method of rational fractions^ since 
>/C may be considered as an ordinjiry constant. 

318. Asa second example^ we will take ^^/m*+x* ; com- 
paring the radical part with that of the formula (40), we have 
a=zm^, b^O, and putting these values in the equations, (40) 
and (41), we shall find 

*« + «•, «'+?P*j 



whence 



(^«-fm«)« 



and having integrated this rational expression, we must snb« 
stitute for z its value in terms of jf. 

319. The preceding method cannot be employed when Cj;^ is 
negative ; for, on proceeding as above, we should have 

v/A+Bac-Cx«=y^Cy^+ C^'"^ 

and if we should suppose v'«+A«*'— **=*+^> ^^ squaring the 
two sides of this equation the terms in afl would not vanish, 
but we should have a term 2x^, and the value of jr in terms of 
z would result irrational. To treat this case, we must observe 
preliminarily that the polynomial a-^bx^jfi may always be re- 
solved into real fieK^tors of the first d^ree*. 



* To demonstrate this, let the polynomial be written thui, 

— («•— ftar— «); 

we shall find then the fittton of x<~&x~a by equating this exprenion to 
zero, which will give us 
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Let a and a be the roots of the equation j*— 6x— fl=0; 
we shall have then, fh>m the property of equations, 

and, consequently, by changing the signs, 

a+ftcT— «• = — (ar— a) (r— a') = (.r— a) (a — r) ; 
substituting this value in the radical, we will suppose 



-s/(j—- a) (a— J?) = {a:^a)z .... (42), 
which being squ^^ed, gives ns 

(^— a) (a— ^) = (^— a)*2S 
and suppressing the common factor, we have 

a'-rt= (.r— «) 2« % . *. (43), 

whence we deduce 

a' + or* 



rf'= 



therefore, 

a -fax* 

2*-f 1 

and reducing to the same denominator, 

a'— -a 

■'-«=75rp(«). 



and, therefore, by the property of equations, 

and since, by hypothesis, a represents a positive quantity, the factors whitli 
compose this product cannot be imaginary. Besides this, without resolving 
the equation x*—br—a=0, we may conclude, from the sign of its last term, 
that it has its roots real, (art. 304). 
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^^^^hich value being substituted on the second aide of the eqoa- 
"fcxon (42)/ we obtain 



a — a 



v/(x-«)(«-^) =-q:Y.- • . . • (45). 

X n regard to (lv,^we have only to 'differentiate the equation 
C^) to obtain its value in terms of z, and we shall liave 

320. Applying this process to the example 



>/a+6jr— J** 



"we must divide the equation (46) by the equation (45)» when 
'we shall have 

^ 2(a -a)2 , 2dz* 

——————— — ,(iz — — 



and^ therefore, 

/ / . i ==-2tan"^g+C, 
or, putting for x its value^ given by equation (42)> 



da^ 






= C— 2tan-». 






321. Let us take also, for example, dx»j2ax^j^i com- 
paring this radical with that of the equation (42), we shall 
have a=0, a=2<i, whence the equations (45) and (46) 
become 
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and these equations, being multiplied one by the other, give ns 

an expression which is integrable by the method of ratiooal 
fractions. 

Integration of binomial differtntiaU. 

322. We have seen that a method, very extensive in its 
application, for the int^rating of irrational functions, is to 
traiisform the functions into others that are rational, so ss to 
be able to apply the rules for rational fractions. 

The difficulty is to determine the transformation whidi 
ought .to be employed in each case ; we have already stated 
the one that is applicable when the surds are trinomials, in 
which the variable does not rise above the second d^pree ; aud 
since expressions of this sort occur very frequently in analysis, 
the knowledge of the transformation necessary for rendering 
them rational will be of great service. We have also given a 
general process for rendering functions rational which contain 
only monomials raised to fractional powers ; and we will now 
proceed to examine whether, by means of any transformation, 
binomials affected with fractional indices can be rendered 
rational. 

323. The general form for binomials is 



* The binomial expression A«r^-f-Bx« being a particular cane of the one 
(Ar^-H-B^)?, it is to the latter form that we shall refer the binomial dif* 
ferentials : it may be written thus, 
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Kf p be a whole number, this formula will be integrated by 
Eurt. 269 ; but when p is equal to a fraction -, we shall have 

p 
jt^^^^a-^bjc^yda^ (47). 

ITo render this expression rational, we will put 

a+6^ = «« (48), 

cDr, which comes to the same thing, 

1 
(fl+6x'»)^=s, 

snd, consequently, 

(a+6.r")^^=2''....(49). 
Then the equation (48) being differentiated, gives us 

bnjB^^da^=qs^^dz (50); 

the same equation being resolved in respect of j*, we have 

and therefore, raising the two sides of this equation to the 
power m, we obtain 

m 

■ 

differentiating the two sides, putting the constants in front, and 
dividing by m, we find • 



and making s—rzzn, fp=m— I, it becomes 

.r'>i-i(A-fBj'»0''' 

We have replaced rp by w— 1, rather than by w, because, as wc shall sec, 
the conditions of integrabiliiy are more readily cxprcbited on that supposition. 
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nb\ / 
and substitutuig this value in the equation (47), as also thiit 

of (a -f A^')"v given by equation (49), we have lastly 



!"-! 



A(^r ^*'-'^- • • • (51). 



This expression is rational when — . is a positive whole 



number^ for then — — is raised to an integral power, and wc 

may reduce the expression (51) to a limited number of mono- 
mial t^^ns, each of which will be integrable by art. 262, or by 

art. 268. If — be a negative whole number, the expression 

(51) becomes also rational, and may be int^rated by the m^ 
thod of rational fractions. 

324. Let us take for example the expression 

in this case we shall have 

/i = 2, 9 = 3, w— 1 =5, or fw = 6, n^ 2, 

and consequently the condition of int^grability is satisfic^l- 
Substituting, therefore, these values in the c^^ression (5l)> 
we shall have to integrate 

whence 
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and wo must substitute in this result the value of s in tenns 
of*. 

325. To obtain another condition of intcgrability> we will 
\vrite the expression (47) in the manner following : 

and, raising the factors of the product ( — +^ )•»*'' to the 

power -, we shall have. 
9 



m+^^-l 



But, according to the preceding demonstration, in order 
that this quantity may be integrable, we must have 



np 



9 » 



n 



= whole number, 



or, performing the division. 



[--= u^ole number. 

n q 



326. Let us take, for example, the expression a^dxitj a + bx^^ 
writing it thus : 

we have 

m=5, « =3,71 = 1, 9=3, 

u2 
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consequently 

m tt 5 1 „ 

— +--o-fQ=2» 
n q o o 

and the quantity^ therefore^ is integrable. 
In this case we shall havc^ (art. 325), 

and adding together the indices of x, this expression will 
become 

making ax'* + 6 = x% we shall find 

or 

1 z^^b 



(^^^V'-i- 



x^ a ' 



the latter of these equations gives us 



.r3= '^ 



whence we deduce, by differentiation, 

az'^dz 



x2(/x= — 



(z^-^by-' 
multiplying the two last equations together, wc hav 



x^dx = — 



(z^^by' 
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xmd this value oi x^dA*, and *liat of (fljr-»-f ft)* being sub- 
stituted in the expression (52)^ we find^ lastly^ 

sn expression which is integrable by the method -of rational 
fractions. 

Formula of reduction of binomial differentials. 

327* When the equation xf»-idx (a + &m)p does not satisfy the oondi. 
tions of integrability which we have just Uid down, we may apply to it the 
method of intiegpration by parts, in the manner following : 

Comparing the formula y>m~iir (a +&2^)p with the first side of the 
equation 

JUdv =iiv —fvduy 
we may assume 

(a+6j?«)p=«, aii»r-idjc=zdvy and therefore v= — , 

fn 

and we shall have, putting the constants without the sign of integration, 

wt fit 



/x»^i(ir(a-f6a?n)p = (a+&t»»|p^-?^/r»i+»-i(aH-&rn)p-i<fa (63); 



on the other hand, we have the equation 

(fl+&iw)p=(a-f.6i^)p-i(a-f fca**) ; 

^tid, multiplying out, this equation gives 

(a+&i»»)p=<i{«-|-'&r»)p-i-f6in(a-f6a*j)p— 1 ; 

whence multiplying the two sides by am~idr, we find » 

fxr^^idx^a -f far" ) P 
=o/x'»—ldj?(aH-&r»»)P-l-f %/>«+»— ldx(a4-6x*«)p-i .... (64). 

By means of this equation, we may eliminate the hut term of the equa- 
lion (53) ; for if we multiply the equation (64) by ~, and add it to the 

971 

equation (53), w^ shall find 



230 III TSQRAIi OAIiOOLUS. . . 

■nd, multiplyiiig by m, and dividing then by the oonttapt fiicCor on die fint 
gide, we shall obtain 

= (m +pi»/ ^'*'^^^ J^^I!^xi^xix{a-^li^)v^\ . ... . (»). 

By this fonniila, tbeKfore, the int^g^ral ef x«*— idr(a+&i»)p may be made 
to depend on another in which the hidex of the pait within the brockets wiQ 
be diminished by unity. 

If now we put in this foimula /» — 1 in place of ^ die lotegnl of 
jc»— ida<a+6j")i>-i will depend on that of «»— iAr(fl-fta«)P-« | by As 
same process, this, in its turn, will depend on that of A^idx^a+^Jp-^i 
and so on ; so that the exponent of the part within the biackets will be 

cessivdy /», /»— I, ^^2, p~3 p^n (by fi rqvesenting the 

integral mmbec contained in p, which we suppose fiactional). 

If, then, we can obtain the integral of d7'tt-id!r(a+&'")'^'*» Keshan have 
that in which the index q& a-f &r is greater by imity, and so on, up to the 
integral of x"*— ^ifx(a+(x«*)p, which we shall thus obtain in a finite number 
of algebraic terms. 

327* If p were negative, the equation (55) would give 

and making 0—1 =2?, we should have 

yjr'n-irfi(a-fft»)p 
__ — x«(a-f6x»)p+i-f [m-|-(/;-|-l)"]/i"»-Jdi(fl-f6j«)p+i 

: (^+i>;--^ •••f*'^' 

a formula in which, if we make p negative, the integral proposed will de- 
pend on another in which the index of the part within the brackets will be- 
come more nearly equal to zero by unity. * 

328. We may also diminish the index of x without the brackets. F(x 
this purpose, the first sides being equal, we shall equate to each other the 
second sides of the equations (53) and (54), which will give 

\m pnh ^ 

(<j4-&t")P— ^— /r'''+"''(a+ftx'»)p-i<ii 

whence wc shall (k-duce 
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(pnb\ jl"^ 
6-f-'?--Wjm+>»— i(o-f6i»)i>-iAir=(a-f 6in)p. a/x»»»-idj((i-f.&r»)/»-i, 

coiuequently 

and makiog m-f-nam, and p^\ zzp, this equation will become 



.... (67). 

By means, then, of this formula, the integral will depend on another, in whlth 
the part «"•—!, without the brackets, will become j r » * » * i ; this second inte- 
gral will, in its torn, depend on a third, in which the part without the brackets 
win be jrm— <»— 1 ; and continuing the process, the indices of x without the 
brackets wiU be suooessiTdy m— I, m^fi^I, m— 2»— I, m— 3n— 1, .... 
m^rn^l ; m being the greatest multiple contained in m. 

In the last of these operations, therefore, the index of jr without the 
brackets* on the second side of the equation of reduction, will be m— rw— 1 ; 
and consequently jt, on the first side of that equation, will have for its index 
m— (r— l)ff— 1 ; thus making m=m-'(r— l)it, in tlie fennuk (A7)y and 
representing the part integrated by X, that formula will give us 



If m be equal to m, the coefficient m—rn becomes 0, and consequently the 
part affected by the sign of integration, on the second side of the preceding 
equation, will vanish, and there will remain 

X 

y,,„_.(r— 1 )n— 1 rfjr(fl -f-fti w ) P = -- 



bn(\-^p) 



This integral being determined accurately, aU the others will be so likewise, 
and the proposed formuli^is therefore in this case intcgrable. 

329. In the ibrmula (57), which reduces the index of Jt without the 
brackets, m was supposed positive ; to obtain the one which applies to the 
case in which m is negative, we derive from the fimnuUi (57), 

(ff 4-&r»')P+ 'x«— " - 6(m-f/ml/i»-i«/.r(a4&r«)n 
/rm-n^irfx(a-fArn)P=LJl_J (;;r::n)a ^ 
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wheaoe, making m— fi=«ii, we have 

nui 
.... (69), 

and by means of this formuUi, when the index of x without the bncketi is 
negative, the integral will depend on another, in which the value of that 
index wiU be diminished by n ; for the index of x, without the brackets, oo 
the second side of the equation (69), being m+ti — 1> if we replace m bj its 
negative value, whidi we will represent by m', that index will become . • . • 
~(m'— n) — 1, whilst that of x, without the brackets, on the first side, viD 
be — m'— 1 ; and considering only the numerical values of these indices, it 
is evident that — (m'— m)— 1 will be greater than — m'— 1 by ». 
330. To give an application of these f^rmulse, let the expression be 



- m 



VI -.l-J 

this being put under the form a^</j(l — i*;"^, and compared with the ooe 
a»»"'-"irfi(a-|-6i«)p, we shall have 

1 
m— l=m, or m=fA-|-l, a=l, 6 = — 1, fi=2, ^ = — -; 

and the index of the part within the brackets being less than unity, we must 
diminish the index without the brackets by substituting the above values io 
the formula (57), whith will change it into 

.-* (1— J*)^ w» — 1 -1 

m . m ^ ' 

or 






If now we make successively 

xm—^dx 



m=m-2, we have/l— l^rr-rm-SN/iziV^^ i-^dty 

Vl-_.ia ,„__2 m-2-^ s/\^ 



»J\—.i^ m—\ m — 4' 



n/1-' 
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m=m— 6 / =— j-m^-t v* -^ -i- 1/ — -— _— ., 

^^d so on. 

jp** ^d»r , , , 
The first of these equations wUl give us the value of/ "'=^» ^™™ 

tieing put in equation (60), we shall find 

and substituting successively the values of 

J >/ — ;7==» *Cm 

^1-Jf« y/\~X^ 

the last integral which we shall obuin, if m be even, will be 

but if m be odd, this last integral will be 

xdx 
S 



>/l-Jr» 

and since Kdx is the differential of jr', except as to the constant, we shall put 
1 --.r'=«, which will give us 

t — . r= f zz f m ' Jar: — z* = — /w/2""— vl— j:*: 

the last integral being thus found, it follows that when m is an integral 
number the expression may always be int^rated. 

331. Let us take also for example 

dx 



this expression being written thus : 

x-«»(l-fl:«)~*dlr, 

and compared with the formula (59), in order to diminish the index without 
the brackets, we shall have 

m — 1 =— m, a=l, 6= — I, fi=2, />=——, 
by means of which values the fonnula (59) will become 

fx-mdx{y--x'^) ^='- f- .rl-m4.f__^/^w+2ir(l-^) ' 

I — wi 1 — ftl 
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or 

and if m be an even number, for example 8, the iDtegral of r w»U 

(to 
depend on that of . t ; this, by virtue of the same formula, wiD de- 

dx 
pend on the integral of — . ■ , and we shall come at length to iii=8; in 

whidi last case the formula (61) will give 



ilJl_^/l— +C; 



^•v'l — *• "^ X 



so that, by these successive substitutions, we obtain the integral when n is 
even* 

In the case in which m is odd, for example 7) the values 7i ^ 3, bdng 
successively substituted for m in the formula (61), we cannot proceed to 

m=l ; for, on this hypothesis, the coefficient of the second intti^ 

m— 1 

will become — r = — oo ; the least value, therefore, that can be given to m 
will be m=3; and on this hypothesis the formula (61) will become 

dx ^ ,/\^^ ^r ^ 



-1« 

To integrate the expression 

dx 



X ^\ -X-' 



wc shall put .r =-, which will give us 



^ — J, vl--i-=— 7— , 



z* 



and con^ucntly 

di dz 



I 



But wc harve found, ait. 288, 
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di 



= log(r-t.v^i«-l). 



and, therefore, changing x into x, we shall have 
and putting for z its valae -, we obtain 

X 

=-k,(l±4::i)+c. 

dx 

Thus the formula --—===• may be integrated, whether we take m even or 

a*»^l— 1« ' ^» ' 

odd. 



Integration of Junctions of sines and cosines, 

332. The int^ration of quantities involving sines and co- 
sines depending on the possibility of developing coeCj:^ co^x^ 
cosV, &c. in functions of the expressions cosx^ cos2j% cosSjf, 
&c. ; we will proceed first to show how this may be accom- 
plished by trigonometry alone {notejifth). 

If, in the formula 

co8(a-f 6)=cosa.cos6~sina.sin6 . . . (32}> 

we make a =5^ we shall have 

cos 2a = co8*tf — sin*fl = cos*a— ( 1 — co8*£i ) 

=2cos*a — 1; 

whence we derive 

co8*rt = ^ + Jcos 2a, 

and multiplying this equation by cosa, it becomes 
cos'r/ = ^cos« -|- Jcos« . cos2a . . (63). 
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But if to the equation (62) we add the one^ 

cob(6— a) =co8a . cos6+8hia • 8u^6> 
we shall obtain 

cosfl .co8A = ^co8(a + 6)-i-^co8(6— fl) ; 

and making b^2a, wc shall have 

cos a . cos2a = -§^008^ + -^cosa ; 

eliminating, therefore, cosa.cos2a betwixt this equation and 
the equation (63), we shall find 

cos'fl =^co8a -^-JcosSa ; 

and by the same process may be calculated the higher powers 
of cosa. 

333. This being premised, when we have to integrate the 
expression coB^jpdr, in which m is an intend number, we 
must put for oobTx its development, which, according to wbat 
has preceded, will contain only terms of the series 

constant, cos x, cos 2x, cos 3x, cos 4r, &c. ; 

so that the whole will be reduced to the knowing how to inte- 
grate the expression cos injcdjc. 

For tliis purpose, we must observe, that if, in the equation 

(/ sin s = cos zdz, 

we make z = mx, we shall have 

d sin m.** = cos mxjndjt' ; 

and therefore 

, sin 7nx 
y cos m*va,r = — 

and, similarly, wc bhould find tbat 



m 
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cosmx 



jKnmjrd.r=i 



tn 



Taking, for example, coB^jrdx, and putting for cos^x its value 
}-f ^co8 2.r, we shall have 

/co8«*(/jr=/(|+|co8ar)(/4:=|+l8in2jf+C. 

334. If we wished to int^^tc sin^j?dx, we might proceed 
in a similar way; or, otherwise, representing the comple- 
ment of «r by z, we should have 

jT = ^ir — z, da:= — dz, sin jc = cos z, 

which would therefore change the formula sin^xda* into the 
one — coBk^zdz, and we might integrate as above. 

335. Taking the most general case sin^x cosVe/o? ; if m be 
even, we will put m=2m', when we shall have to integrate 

sin*'*'^ cos" xdjp = ( 1 — cos" j)"^ coeTxdx ; 

and developing (1— cos^x)'"', and multiplying by cosVrfi', we 
shall obtain a series of terms, each of the form co%^xdjc, which 
we shall integrate as above. 

If m be odd, we must put ms2fil^ + l, when we shall have 

sin"* X cosTxdx = sin*"*\r cos" j^ sin xdx 

= (1 — co8*;r)"*'co8*.rx — dcwx ; 
making co8jr=s, we shall change this expression into 

and m' and n being, by hypothesis, integers, wc may develop 
and integrate. 

336. Applying this process to the expressions 

cos"*.r</*r ain^u'dx 
sm X cos j^ 

since the second comes under the form of the other, by making 
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ft 

t = ^—2^ we shall consider only the first : and if m be even, 

we shall assume m=2m', when we shall have 
ef»^:tdje (1— sin*a:)'^dl{r 



sin* a: sin*!* 



w'-l 



1— .m'sin^jr-l-m' 2 sin*jr*-f&c., 

dz, 



sin^JT 



an ezpressidn^ the integral of which will depend on thoie of 



sin' jrdx and ~ 



sin^jr 
If m be odd^ making m=2m'-f-l, we shall have 

ooeTxdx (1— sin*x)'*'co8Jrrfjr ,_ , . ^ ^oMxdi 

. , = ^ r-i =(1— w'sm«r+&c.)— r-i— ' 

smV sm*.r ^ sin J 

an expression^ the integral of which will depend on those of 

. , J , dxcosx 

sm'ir cos jpojp and --t—z — • 

8in*A' 

The integrals of sin'orc/^r and 8in'«r co&xdx have already been 

dx cos JT 

treated of : to intefi^rate — 7— r — wc must put sin j: = z, whence 

dxoosjrzzdz, and consequently 

dx cos X dz 2— *-♦• * 

sin*«r z'* 1 — Ar 

djt 
In respect to the intend of —^-r — , the same transformation 

sm* X 

dz 
will change this expression into , a formula which 

we know already how to integrate. 

da- 

337. If, lastly, we have to integrate — ~ — ; we must 

cos .rsin X 

multiply the expression by cos^ .r + sin^ .r, a quantity equi- 
valent to unity, when wc shall have 
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djp dx dx 



V 



co6"'j'8in*« cos**— *« 8in*4r oo8*4? sin*"* j? ' 

by which the sum of the indices of the denominator will be 
<liminished; and repeating the operation, and setting apart 
successively all the fractions, which, in their denominators, 
contain powers of the sine alone, or the cosine alone (since we 
Imow how to integrate these fractions from what has pre- 
ceded), at the last operation we shall meet with terms still 
containing powers of the sine and cosine, or which will be of 
the following forms : 

djp dje djc 

cos<rsin.r' cosj:' sinjr' 

dx 

1*0 integrate ; — , we must multiply the numerator by 

cosoi'smx ' ' 

cos^iT-f sin^iT, and we shall have 

djc , cos^ , sinjr c/.sinx d.cosjp 
zzdx.- 1-a.r- 



cos<irsm.r sin<r ' cos^ sinj^ cosj? 

the integral of which is 

log sin 1^— log cos 41*+ log C =log C tang jr. 

To integrate -; — , we must put cos x = z, and we shall have 
° smj? ^ 

, dz dx dz dz 

dx= — r- , 



sin a;' sin 4? sin*x 1— 2«' 

an expression int^rable by the method of rational fractions. 

In regard to , we shall suppose sin j; = z, and we shall 

oo8.r 

find 

^ dx r ^^ 



COScT ^ , 1— 2« 

338. In general, we may always transform expressions con- 
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taining sines and cosines into others which do not contain 
them^ by simply equating sin x or cos 4^ to a new variable z. 

For example, if in the expression sin"*^' ooG^jpdjt, we sup- 
pose siaxzzz, we shall have 

dz 



and substituting, we shall find 

sin*j»C08*Jr^*=2«(l— «*)i"(l -r*)"*dz = 2'*(l -t«)T(/:. 

an expression which comes under the form of binombl dif- 
ferentials. 

The method of integration by parts may also be applied im- 
mediately to the expression^ sin"*x cosVdi*. 

339. Lastly, trigonometrical formulae also may in some cases 
be employed with advantage. To integrate, for example, 
sinmjr cos njtdjr 5 since Trigonometry gives us 

sina.cos5=-Jsin(a + A)+^sin(fl— ^), 

by comparing the expressions sinw.r cosn.rdj' with this for- 
mula, we shall find 

s!nmj?C08na:{/«r = ^sin[^(yw-f fi)x]t/./'4-^ sin [(m— n)<r]f/.}, 

and the integral will be, art. 333, 

.cos[(wi-f n)^'] cos[(w — «).r] 

L— ^ ■ — ^. • 

► m+w * m — n 

On the integration 0/ ewjwnenlial and logarithmic quanlitks- 

340. It has been demonstrated, art. 37, that, taking tin* 



• To compare the expression with s/Jv, we iiiuvt (leconipt»5c it thu? 

5in»n— i.r coR".r sin rih-~ - sin •" — 'rr/. . 

;. + ! 
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logarithms ia the Napierian syitem, we ha?e da*::ia'dx logo, 
and tlierefore^ reciprocally. 



log a 



a form whidh will sef ye to integrate the general expression 
a'Xdjr, in which X is a ftinction of x. For this purpose we 
most write the expression thus : X.a'c/dr; and integrating bj 
the method of parts we shall have 

the function X and its derivatives being then di^^entiated 
successively, we shall deduce dX^X'djf, dX!:sX*da, Sec; 
and therefore 

/JllrfXor/,— a^d^ = 7r^— /t'-/ ,!^ rfy; 
•^ loga -^ loga (logfl)« -^ (kgii)» 

whence, substituting this value in the place of ihe Ipst term 
in the equation (64), we shall obtain 

This operation being thus continued, we shall arrive at length 
at the development 

' ^'^'^''"'^logfl"(loga)«'^(logfly (logfl)* • • - (loga)-^»A* 



••+1 



(logfl) 

and if, taking the series of-the differential coefficients 

X', X", X" X<»>, the last of these coefficients be constant, 

we shall have cQC<'')=0, and therefore the part under the in< 
tegral sign will vanish. 

R 
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341. Let us take, for example, X=** ; we deduce thenoe 

X' = ar«, X"=2.3.^, X" or X<">=3.2; 
and therefore, 

/•-3 w - / '' ^' . 2.3j 2.3 % 

If we make a equal to the number ty which is the btfae of the 
Napierian system, logo becomes loge, and since loge=l, by 
virtue of the equation « = e^«, the preceding series will become 

/«s<f'cir=e'(a»-3^»+2.ar— 2.3). 

342. We may arrive also at another development %AJaFlkdr 

in the following manner : making 

fXiUf:=^V,f?dje=iQ,JQ,daf^Vi, See, and integratiiig by the 
method of parts, we shall have 

/a»X(ir=fl*P— /fl'logflPfltr (65), 

/a'log« ,Pfl/'x= a' loga .Q— /if (log«)« Qiij* ; 

substituting in the equation (65) it will become 

/a'.X££r=w'P~a'logfl.Q+/a' (\oga)^Qdj' ; 

and continuing to int^ate by parts, we shall have generally 
ya'Xdr = fl'[P— Qlogfl + R(logfl)«— &c.] ±/Za'(logfl)"du. 

343. If we apply this formula to the case in which X = -r, 
we shall find 

P- ^ Q- ^ R_ 1 ^ 1 

and therefore 

•' ^i' V 4.r* 3.44» ""2.3.4^«/"" 2.3.4 -^ " 
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Tbe integral of is a transcendental function, the cHact 

value 01 which has never yet been determined. 

344. We see^ genendlj^ that whatever negative and in- 
x^gnl value we give to the exponent of j^^ we shall always 

come at last to the transcendental/ ; for the ezjNments 

of J* in the functions P, Q> R« &c. being successively dimi- 
nished by unity, the last of these func^ians must be of the 

A 

ifonn — f and consequently the last integral will be 

since A is constant. 

A X'mi ' 

To obtain an approximate value of the integral of ^ 

we have no other means than to substitute in the expressioo 
the devek^ment of a*, which^ as we have seen^ is 

l+*loga+^(logfl)«4-^logfl)»+Ac., 

and then to intq^prate each term sqparately. 

345. If in the equation — s=i/.logtf, or cf« = ud\ogu, we 
make u=tf, we shall have 

thus, whenever we can decompose a differential into two parts, 
one of which may be represented by afi, and the other by d, 

log ^> the integral will be jt^ -f C. 

346. The integration by parts may be applied also to the 
expression X^^Clog jr)* ; lor if we represent the integral of 
l^dje by X^ we shall have 

yiW^(logj.r=X,(logjr)«-a/^*(!ogx) ; 

r2 
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and thi8 last integral may be made in its torn to depend on 
another of the form 'X.^dx (log x)^*~^^ and so on. 

BemouiUa^ seriei. 

347« We have seen that differential expressions are fre- 
quently not int^graUe nntil they have been redneed into the 
form (^ a series, and that, for tiiis purpose, representing by 
'Xd3r a differential 8i*which X is any function whatever of x, 
we have first to reduce the function represented fay X into the 
form of a series, and then to integrate, afiter having substitutcJ 
the development thus obtained in the formula Xiir. 

The series of Bernonilli has the advantage of redncing/Xir 
into a series, even b^ore we have given the fSorm of X, and is 
in the int^rltl calculus what Taylor's series is in die difecB- 
tiid r it is proved in the following manner : 

Proceeding first to integrate Xdx by the method of parts, 
we shall compare/X</j* with the first term of the fbrmula 

Jitdv ^ uv-^Jvdu, 
when we shall have 

X = tt, djr = dv; 

the integration by parts will therefor^ be effected by making 

fXdx^XxSxdia (06) ; 

and the integral being taken in respect to Jt, we have 



and consequently 



</X = —r—dx, 
djr 



fxdX =/-T — xdx. 
djp. 



Integrating again by parts, u will be represented, in this case, 

, </X 1 1 , , , X* 

by -^, and dv hj^dx, so that we shall have r=^ and we 

shall find 
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or, putting the fraction ^ before the a^ of integration. 




and replacing — — by ' c fo^, and rejj/ffttDg the process, w 
sliall obtain 

7>«.^ in/^.^d, = 4^ _-j-t/x» . ^, . . . . . (68) ; 

wbencti sniietitnting in tlie equation (66) the Talae of the 
first side of the equation (67), uid in the result substituting 
the value of the first side of the equation (68), and so on, we 
shall obtain 



On' tke ^uadraiure of curves. 

348. Let s be the area ABMP (fig. 51) of a plane curve ; p^g. 51. 
if the abscissa AP=^ become AF^Jt+h, the area s will 
become 

area ABM'P'=«+^A+^^+&c.; 

and we shall have therefiopre 

ds d^s h^ 
curviimear area PUMT* = -5— h + -y-r -jj — |- &c. 

Now this area is oompriKd between the two rectangles PM', 
and VM, for which we easily obtain the analytkal ezpreisioDi 




reciangte PM'=FM'xPP=/(*+A)U 
rectangle FM = PMx PF=/r . * ; 

the ratio of these rectangles therefore is 

f{x^h)k _ fjx^h) 

and^ in the case of ^hfijimit, this ratio is reduced to 

A" 

But the curvilinear snrfiEtce PMMT, being comprised be- 
tween the two rectangles^ must diier le« from the reetan^ 
PM than the rectangle PM' does ; and consequently, % ^ 

PM' 
the case of the limit, we have „^ = 1, much more will nmty 

be the limit of the ratio 

area PMM'F 






Wangle PM 

B«placing ther^O|s't% te^^Vof^ins !»t^ try th& ahsdftltt 
expressions, we shall have 

ds . d^sh^ « ds d^sk ^ 

f ax dx^ 2 ^djp dx*2 

and, passing to the limit, by making A=0, we shall find 

djfjt 
whence d^ ^fx.dje ; and putting fbr^ its value, we shall have 

ds-zzydx .... (69), 

^« W- 349. We might also determine the differential of the area 
of a curve, by the method of infinitesimals, in the manner fol- 
lowing (fig. 59) : 
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ifop^zium PMMr = PM^FM^ ^ pp, 

= -^ — ^ — ^-djt =^ ydjf -^^^ ; 

and rejecting dxdi^ as an infiniteaimal of the aeoond order^ 
there will remain i^dx for the differential. 

350. As a first application* we will determine the area of 
the portion BMP (fig. 52) of a parabola. 

Let ^- = ffU' be the equation of the parabola, and B th< 
origin ; we find tben^ b^ differentiating, 2yd^^mdxi there- 

2v 2v* 

fore ds^-^-dy, and consequently ydjt = -^^d^ ; whence, in- 
tegrating, we have 

To determine the constant, we mu^observe that when ^=0, 
the integral which expresses the sRa^ught is also ; this 
hypothesis, therefore^ redtfces.jth^^ualioncC^) to 0=0+C, 
and 

351. We have now some important observations to make 
respecting the determination of the constant; and for this 
purpose we shall solve the same problem, taking the parabola 
whose equation is 

y»=jii4-»* .... (71)- 

In this case the origin of the abedsse is no longer at the ver- 
tex of the curve ; fbronmaking^=:0,the equation (71) gives 

;r =: ; and since this abscissa must terminate at the point 
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Fig. 63. B, in which^=0 (fig. fi3), if we draw from B the^ne . . . . 
B A = — , A will be the origin. 

71 

. This being premised^ on proceeding as before, we shall find 

2^* 2 I/* 

^ydy-ndjtyydx--^dyy and^flKrs^. -^+C . . (72), 

d to determine the constant, we most observe that the aret 
MP, which here riepreaents the integral; most become 

hen the ordinate MP coincides with AD. 
' Now AD being the ordinate which passes through the 
ofigin A where ^ abscissa 4>=0, the equation (71) will 
give us, on this hypothesis, 

y or AD=: ^m ; and making, therefore^ yy«^jr=0> and ys, ^w, 

2m^ 
these values will reduce the equation (72) to 0=^ — + ^> 

whence we deduce C = ^av — , and consequently the integral 
sought is 

fydx ^%^ — i, - = area ADMP. 

352. In what has preceded, we have deduced from the 
equation of tlie curve the value of dx, in order to substitmtc it 
in the formula ydxy and then integrate. We might proceed 
otherwise, putting in that expression the value of y instead 
of that of dx y for to obtain the integral, it is sufficient that 
the differential proposed contain only one variable; thus, in 
making the substitution, we may choose the one which re- 
quires the least calculation. 

353. An integral^ such as ffxdxy may always repreaent the 
iU'ca of a curvc^ the equation to which is y =fx 3 for this equa- 
tion being given, if m'c substitute the value of y in tlie for- 



malAfydx, we litu^^hfsve/fiiftLt for the avail tf that cm^. It 
is on this account that when a proUetn oondacts us to the ia- 
tegrating a fonctioD of only one ymtibk, ^Ihe pTviAfim it said 
to be reduced to quadratiuee. .1 . . 

354. Let X be a fimotMp o£ :ii*j ,attd/8|ippo(^ th»% ij in<p 
tegrating Hdr we have obtained 

this int^ral^ in whidi the conatant C is not yet.datenniiiqdt 
bears the name of the general indefinite integrai, ixr, more 
simply^ of the indffinite integral, and it is complete when it 
contains the arbitrary conatant C. 

355. If, by any hypothesis^ we determine this constant C; 
if 9 for instance^ we suppose tbatJ^Xds ought to vanish when 
jt:=a, the equation (73) gives, in thiscase^ Os=Fa+C^ whence 
C= ~ Fa, and the equation (73) becomes , 

/Xrf^ = Px-Ffl; 

this integral Fx— Fa is then a particular int^ral^ and we see 
that a differential expression has an indefinite number of par- 
ticular integrals, since we may make an infinite number of 
hypotheses respecting the constant., 

356. In making the hypothesis of the integral : being when. 
,v=a, we suppose that taking an abscissa AB= a (fig. 54), the Fig. 54. 
surface is comprised betwixt the limit BD and the indefinite 

limit MP, which corresponds to AP = .r ; the operation, there- 
fore, by which we determine a particular integral is the same 
with that which would fix the position of the limit BD, firasn: 
which we reckon the int^al. llie second limit MP wiU, in 
its turn, be fixed invariably; if we give to ^ a determinate 
value b; and then the particular integral ^dlir=Fjr— Fa 
will become . i . • . 1 ' 






and tbc sur&tee BDMPhiHU be iMr longer arbitiferjr. - la tliia 



•■■ ' 
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the imcgnl bean the name of d^uuU mitgnd, wad u 
and to be taken fixxn xssa to jt^b, 

-^857. Wewill now inyeetigate the definite integral eijg^Jjt, 
presuming, of conne, that we have giren the two Talnea a and 
b, which aatifify the indefinite integial 



^*v • • • irn+c • • • <7«>' 

Soppoae that the fint conreeponda toJj^-^O ; we AaBhave, 
then, 

and the particohur integral will be 

•^ m + 1 m-fl* 

Pat now x=b, and we shall have for the definite integral 

358. We might arriye also at this integral by making 
snccessively j^=a, and a'=^b in the indefinite integral, and 
subtracting the first result 

— TT + C 

WI + 1 

from the second 



m + 1 



+ C; 



obeerving only that, in taking this difiTerenoe^ the part 8iil>- 
tracted must be the value of the function of jt at the origin of 
the inte^^. 
359. As a third application, we will determine the area of 



a right-angled triangle ABC (fig. 66): in this caae the equa- 
tion of the straight Hne AC being ^sat/oh putting tfaii 
value of y in the formula y<£r, we obtain ajpdx, whence 

and the area being when ^=0^ the constant is equal to4>; 
and therefore 

urea ABC s-^ s^ X ojfs^. 

360. If in the formula ydx we put the value ofy, deduced 
from the equation of the circle, we shall findy2&^a<— or* far 
the expression of the area of the dide ; and we saw (art. 
282) that this integral had for its value 



s ^a« — Jf« + 4a« 8in->-+C. 
2 'a 

The part ^ sin~'- cannot be determined except by suj^posing 

that the ratio of the diameter to the dreumierence * is known $ 

and we see, therefore, that the integration of dx^a^^j^ can- 
not lead to the solution of the problem of the quadrature of 
the circle ; which is likewise tiie case with the quadrature of 
the ellipse, which depends on 

b 

If we compare these two expressions, we shall derive the pro- 
portion 



-o, we hiYe — =s 
art. 278, to deloiniiiB tin «ontfpoiKliiig ai& 



* If, for exataiplfl^ x =: -a, we hive -=r^, and we nnat proeftd ii^'in 

O <l o . 
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area ofeiUpu : area ofcwcU : : -^/djf^«*— ai* :/dr^a*— a;*, 

or, 

area ofeilipie'i area of circle : : - : ] ; 

wkenoe we have 

area of ellipse = -^^^^ of circle ^-^a^^icah. 

On the^ reetificaiion qf curves. 

861. To rectify a cnnre is to obtain a atraigbt line equal to 
an arc of the corve. Now we fband^ art 159, that the dif- 
ferential of an arc of a curve had for its expresnoa 



ds^^dj^-\'dy'^ . , . (76); 

if, therefore, an equation be given between two variables, » and 
y, and we wish to rectify the cnrve to which it belongs, wc 
must differentiate the equation, and substitute the value of 
dx or dtfy thus determined, in the expression (76) ; the quan* 
tity under the root will then involve only one variable \ and 
if we can obtain the integral, the curve is rectifiable. 

362. Let us take, for example,, the curve* found art. 165, 
the equation to which is ^ = na,^ ; this equation, being dif- 
ferentiated, gives us 



* It bean the name of the semUeuhical parabola. This equation, as well 
as that of the common parabola, is only a particular case of the genefil 
equation y^zzax»y which, for that reason, is caUed the equatUm (if the pan. 
bola of all orders* 

We may also consider the equation xy =a of the hypcdwla between the 
asjrmptotes, as a particular case oi the equation x^yn ^t^m+n^ which is 
therefore calkd the equatkm of the hypefMa ofatt order§. 
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whence we deduce 

4 n*A'^ ' 4 n\f^ ^ 4« ^ 
and subetitutiog, we have 






^rf;;q^=y(J^+i)rfy'=d,y|.^+i: 

To int^ifate thia, since dy is the differential of the expression 
under the rooti except as to the constant^ we shall put, art. 
971, 



whence we deduce 



^4- 1=« • 

4 n ^^-'' 






and substituting, we shall have 
and therefore 

2 

or, replacing the value of z> 

To determine the constant, we see, from the nature of the 
equation of the curve, that, at the origin of the abscissae, y is 
; whence, supposing that the integral also is at thai poiiil^ 
we have , 
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and ooiueqiieiitly 



If 4f = a^ the arc s oompriaed between the limita x = 0, and 
^=(1, will be 



s 



-%j.[i&*^i-%- 



363. The equaUon of the cycloid, wt 800, giTet dx* =-£-!-; thii 
viloe^ therefiire, being substituted in the fbrmuk (76)« we shall find 



*=y^+^=v^=*%A? 



X 



=(2a)«x 



(2a-y)*' 



and since —dy expresses the dlfihrential of the part under the root, we ihaO 
put (art 271) 2a—y=Zy when we shall have 

dy /_?!L.= -(2ci)*»^rf«, 
V 2a-y 

an equation whidi, being integrated, gives 

fdy/^^^ « (2a)* aa:*+C=-2>/sC4-C ; 
or, restoring the value of y, 

To determine the constant, we will take the integral so that it shall vamh 
when y» 2a ; on this hypothesis, the equation (77) is reduced to O=:0-fCt 
which shows that there is no constant to be added, and the arc of the cyckid 
F*fr *7- will extend ftom the point B (fig. 67), where y = 2a, to the point M, 
whose ooordmates are x and y. The absolute value of the arc MB being 
2y/2al'2a^y)y it will be observed that BE=2a— y, and therefore 
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» 

whence it foUowi, that die are MB of tbe cydoU ii doabb o£ the dnwd BG, 
conuequently are AB=2BD. 

On the determinntioH of the smr/kce of a ioHd o/revofuiim. • 

364. If a curve BC (fig. 51), lying in one plane^ revolve 
about the aaus AX^ it will generate a solid of revolution. We 
will now investigate the expreasian for the differential of the 
surface of the solid which is thus generated. 

iPor this purpose, let AP = jr, PM =y> PP's A> and oooh 
sequently 

PM=/x=y 

then the ordinates MP and M'F describing, in the course of 
their revolution, unequal circles, these circles will be the 
bases of a truncated cone, of which the chord MM' will be 
the side ; and the expression for the surfieioe of this truncated 
cone will be 

circ, PM -f circ, FM' , *»»«*/ 
5 XCAoniMM, 

or, representing by I : i* the ratio of the diameter to the cir- 
cumference, 

2tf.PM+2yPM ^ ^^^i^j^. =:ir(PM +FM')cAorrfMM' ; 

whence, pntti^ for the. ordinates PM, FM', their analytical 
values, we shall iflhre ^^ 

surface of truncated cone MM' 
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and, dividing by chord MM!, 

surface of cane MM /^ dv. . <^i^ ^* . « \ 

If novir we sqvresent by s the arc MM' of the carve, and by v 
the 8ur£EU» generated by that arc ; since, on diminishing h, the 
arc tends to coincide with the chord, the first side of the pre- 
ceding equation must be replaced in the case of the limit, by 

3«y, we shall obtain 

whence du^^tjfds; and putting for d!f its value found, art. 
159, we shall Imve, lastly, 

du^2ift/^dje^+d^^ .... (78). 

365. By the metliod of infinitesimals we should have con- 

sidered the element of the surface of revobition as that of a 

truncated cone generated by the revolution of the elementary 

Fig, 69. trapezium MPP M' (fig. 59) about PF ; and this truncated 

cone would have for the eiqpression of its surface 

(PM + PM") 
circ> -^ i X MM' = ir (2y -f flfy ) (is = 2it^d8 + tdyds, 

whence, suppressing irdyds as an infinitesimal of the second 
order, there would remain, for the element of a surface of re- 
volution^ 



2ityds = 27ry ^/dj^y^. ^ 

366. As a first application, we will take the surface of a 
paraboloid of revolution, which is the solid generated by tLe 
Fig. 60. revolution of an arc AM (fig. 60) of a parabola about its aiis 
the equation of the parabola y^ =^px gives 
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rf..=^ and rf.»=^'; 
P P" ' 



this value being substituted in the formula 2iryv^(2.v*-t-</y*, it 
is reduced to 



and ydy being the differential of the quantity undei the radical 

sign^ except as to the constant^ we must put (art. 271} • . • • 

dz 
%*+p* = 2, when differentiating we find yrfy=-o-» ^a^ s^^ 

o 

stituting and integrating, we <^tain 

.4-4 

The constant is determined by supposing that the int^^ is 
when ^ is 0, which reduces the preceding equation to 

0=-|-^+C, whence C = — gp*; 

and supposing that the int^ral is taken from^sO to^s^^ 
the definite integral will be 

367. As a second application we will find the value of the 
surface of a sphere. This curve surfiice being generated by 
the revolution of the semi-drcumlerence about its diameter, 
let .z^+^^ = a^ be the equation of the circle : this being dif- 
ferentiated^ we shall find 

xdx^ydy=.^, 
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whence 

and snbstitnting this valne in the formula (78), we shall 
obtain 






To delennine the constant, we will take the integral to oqp- 
Fig. 61. mence from the point A (fig. 61 ) ; and since the origin of the 
abscissae is at the centre^ we shall suppose the integral to be 
when ar= — «, an hypothesis which will change the eqoatuio 
(79) into 

0=— ara*+C, and therefore C=2r(iS 

and substituting this value in the equation (79), we shall have 

flitadx = 2ir (fl J* + «*)• 

Taking now the definite int^ral betwixt the limits #=—0} 
and <rr=a^ we must change <r into a in the preceding formula, 
and we shall obtain for the surface of the sphere, 

f%cadx = 27f (2r/2) = 47fa«. 

308. We may also find the surface of a cylinder ; for this 
surface being generated by the revolution of the rectangle 
Fig. 62. AD (fig. 62) about the axis AB, let AB = fl, AC = A; then 
the equation of the straight line CD will be ^ = 6, and there- 
fore fl(y =0. Substituting these values in the formula (78), it 
is reduced to 2'nbdj^, and integrating we have 

whence, taking the definite integral betwixt the limits ar=0 
and ^ = a, we find for the surface of the cylinder 

2irdrt = 2ir6 x a = circumference of base X height. 
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In regard to the 8iir£Me of the 6on^ this 9did being genwatri 

by the rotation of the right angled triai^e ABC (fig* 66) '. 
about the axis AB, let AB=a, CB=*; then the equation of 

AC will be y^-x, and this being differentiated^ gives 



a 



h Ifi 

These Talnes of y and d[y« being subeliCttted in the Kvmok 
(78), we hare 

and taking the definite integral betwixt the Hmits Jt^O and 
jr=a, we obtain 

AC 



area of cone =ir^v'a«+A*=2irtx-5 
^drcwtiference BC x -^ 



OHtheembaiureqfsolkhdfrtWibuion. 

369. Let V be the Tdame of the solid generated by the 
revolution of the eurvilinear area ABMP about tbe axis AX 
(fig. 51). Fig, 51. 

If the abscissa AP =4^ beeome AF sjf + k, this volume will 
be augmented by the part generated by Ae revolution of the 
mixtilinear trapesiom PMM'F about the same axis; and 
since the volume generated by ABMP is a function of 4p, for 
it increases or decreases at the same time with .r^ the volume 
generated by ABM'F will be a function of .r+A^ and will 
have for its expression 



dv , d^v A* . 



s2 
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wbeiioe> oonseqnently^ sabtracting v, the volume generated by 
' ABMP^ we shall have 

fbr the volume generated by PMM'F. 

But this volume being comprised between the cylinders 
generated by the two rectangles MP' and MT, must differ 
less from either of those cylinders than the cylinders diftr 
from each other ; and if, therefore, it can be proved thst, is 
the case of the limit, the ratio of those cylinders is unity, stiU 
more must this be true fbr the ratio of the volume described 
by PMM'P' to one of the cylinders. This being premised, 
we have, evidently, 

cylinder described by PM' = irQ/'(jr4-A)]*A, 
cylinder described by F'M^tf(fjpyh ; 

* 

the ratio of those cylinders is, therefore, expressed by 

C/(£±A)I. 

(fiy ' 

and since, on making A = 0, this ratio is obviously reduced tu 
unity, the same will be the case with the ratio of the volume 
generated by PMM P' to that of the cylinder described by 
MP. But this last ratio being represented by 

dv.d^vh^ ^ dv d^vh , 



<An 


*(/')* 


we have, in the case of the limit, 




dv 

dx 


= 1; 


<Ay 


whence we deduce 
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and lastly 



dv^it^dje (80) 

370. We might arrive at the same result by the considera- 
tioD of infinitesimals ; for the volume MON (fig. 64) may be Fig. 64. 
conceived to be divided into infinitely thin slices, by planes 
perpendicular to the aads of revolution; and one of these 
slices, which will be the element of the solid, may be con- 
sidered as a cylinder, the base of which is the circle described 
by y, and its height the thickness ab of the slice represented 
by djp ; this element will consequently be expnssed by mi/^dje, 

371* Applying this formula to the determination of the 
volume of the prolate spheroid, which is the solid generated 
by the revolution of an ellipse about its major axis, since the 
equation of the ellipse referred to the centre is ........ 

^ = — (a*— J?*), we must substitute this value of y^ in the 

formula Tty^cUp, when we shall have 

« ■ ' 

and int^prating, we shall find 

>yd«=)r:^ ("''-f ) +C • • • (81). 

Supposing that the integral is at the point A (fig. ^)9 y\%, 66. 
where or = — a, we shall have 

and substituting this value of C, the equation (81) becomes. 
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Making^ theii> jf=a, in order to have the definite integnl 
comprised between the limits «r=— a, and .r^ +a> we shall 
obtain 

i« 4 4 , 

uriiicfa is the vdhime of the prolate spheroid. 

If bsza, thiB Tcdume will become that of the $fhen, and 
will hare finr its expresskm 

4 2 2 

^o^ 3 ^ta^X 2a=s of the otrctniMcraftfc/ cjfUmdtr. 

We maj also determine the volume of the paraboloid of re- 
voiution ; for which purpoae, taking the geaeral paiabob aa 
the generating oarve> its equatioa will give 

and substituting this value in the formula (80), we shall 
obtain 

2n+m 

To determine the constant^ we shall suppose that the volume 
is at the origin where jr=Oy whence we shall have C=0. 
In the case of the common parabdia, m =: 2, »£= 1, and therefore 

Fig. W. Now iry« being the area of the circle of which PM (fig. 65) is 
the radius, the expression i^y^..r represents the half of the 
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cylinder described by APMB about the axis of the abscjastf ; 
and therefore the volume of the oommon paraboloid is the half 
of that of the circumscribed cyliader. (^iitHMaft). 



On the cubature of todies bounded by curve surface^ by uteane 

qf double integraie. 

372. Let EDCB (fig. 85) be a aoHd Amtained within the angle of the Fig. 8A. 
coordinate axes Aj?, Ay, Aa, and tenmnated by a f^ne IX^G, patalld to 
the plane oiyz; i£ x become x-\-h, the volume of this solid will be incrsaaed 
by a slice VIYCC, whose thickness is A ; and representing by V what the 
Tolume then becomes, we shall have 

and the iliM DD'CCTO irin be Mcftowd by 

which, in the case of the limit, gives us 

--=-..,,(81). 

The two methods of limits and infinitesnsals have already been fully ex- 
plained, and wo shall not scruple, thoefon^ to introduce hero etrtain oan- 
siderations, derived fVom die latter, which place the subject before us in a 
dearer light ; after which ^ eao again recur to oar meilhod of Bmifs. Ute 

sqaatkm (81) then shows as that ^ is tho dtfieiential coefidsot which d«. 

termines the vohune « the diAnntial coBwoaiiily is T-dlr 9 and tUa dif> 

dx 

feientia] is no other than the indefinitely thin alice DD'CGTO, of which dx 
is the thickness. If in this ilioe we make y vary, it will become indefinitely 
tlA hi respect of 9^ as It is already in tespeet of or \ and otaiseqii«liay to wiU 
be reduced to an elementary priasft IDISLF, tffe height of wlilrili ft a, iad-Ni 
base ^ parallelogram FOKL=drJy ; we ihall have therefore 

■dxayzzzdxdy\ 



dxdy 
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tPV _ 
dxdy 

and repladng x by iti vilue derived from the equation of the curre, thb 
▼alttc will be, genarally, a function of x and y, whidi we may lepiaait by 
M, and we shall have 

— — r— =M. 

axay 

373. To deCennine die volume from this expforioD, we ihdl pat h under 
the form 

d — "^ 

"j—dy = Mdy ; 

when the notadon of the fint lide shows us that the expremioo for the <iif' 

ferential of 3- has been airived at by considering y as variabk sad i » 
ox 

constant. The same hypotfaeiis, consequently, must hold good vbeo «< 
come to the inverse operation of integmtiDg ; in whidi case x, being con- 
sidered as constant, may be found in the constant which is to be sdded to 
the integraL We shall therefore connder this constant as* gcnersBji * 
function of x, and representing it by X, we shall have, for a fint integrstiooi 

^ =/Mrfy+X . . . (82). 
ax 

dv 

To effect the second integration, we must observe that the notation -r- 

intimates that the differential of the surface has been taken, coundering x 
alone as variable ; the same hypothesis consequently must be adhered to in 
the inverse operation of integrating ; so that, representing by Y the function 
of y which replaces the constant, and multiplying first by Ja, in order to 
change the differential coefficient into the differential, we shall find 

V =r/^(/Mdv+X)+Y. 

374. The order of the integrations is evidently arbitrary ; and the (ffs- 
ceding operations may therefore be indicated thus : 

V=/fzdidy . . . (83). 

376. To give an application of this method, let it be required to find the 
volume of the sphere ; the equation of the sphere being 
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we must from this equatioD deduct the value of ;;, and mbttituting it in the 
formula (83), we shall havt 



SfiAxdy ory8^yiilr»/aijf/ir^/f«-»"-y ... (84) ; 

y then being oontidered as constant, and the diiferaDce r* ~ j^, which is es- 
sentially positive, being leprcMnted by A<, we shall find, integratisg in 
xespect of x, 

but, from art 282, we have 



•ii 



whence, iq^adng tha faloeof A*, we find 

/<irV'^-r'-y-=TVH-x«-y»-|. ^(r*-|^) lin-i-^^^+Y . . (85). 

To obtain the deinila integnd, we muat obtenre tiiat the nnnitiBi valneaf y 

bdog MpcsMDted by AP (fig. 86), all tfia points detennined by this aqiMlion Fig.8& 

roust have their projections in the direction of the line PM : for any one of 

these points havhig the variable z for its ordinate wOl have AQ, QN, for its 

other eooidinalea, and QN will be«qnal fe^, tl^ coostpnt AP, whilst: AQ, in 

the dtiectioQ of «« may be ivplaoed by PN \ so that msasuiiiig the values of 

s along the line PM, the values of jf will be oonstant; taking thp..inti|g^ 

therefore, ftom P to M, that is to say, from *=0 to «=PM=v'r«— y«, we 
must substitute successively for ;r, on the second side of the equation (85), 
the values x=^r«— y*, x=0, and subtracting the second result from the 
first, we shall find, for the definite integral, 

l(i^-i^)sin-i.l. 

Now the arc whose sine is 1 is equal lo the fourth part of the circumference, 
represented by 2sr, and die definite int^gial theiefore becomes 

I ■ ■ V •■ A ' ■"'• 

^ * ■..:> '.,-.■■ 

which value of/i/^'SB'^pBB^'ilibstiiuted in the equatioo (84), wc 

shall have 

> 
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and mtcgnting from y=0 to y=r, we shall fnd 

This wm he Ihe volume ittdog on the qnadiiDt of the drde BAG, and will 
cooaeqaently he the eighth part of the sphere. {NoU sixth). 

On the quadrature of curve surfaces, hy means qfdcMe 

integrals* 

Fig. 85. 37a Let EDCB (fig. 85) he a eunre siizfiioe=S, and suppose dist the 
ahscissa x is increased hy /k ; the sur&oe then wiU hecome 

8^4^A4.^-^4.&c.; and in the case of the limit, the alio of the iD- 
dx iisr«1.3 ^ 

cremcDt of the ftinction S to that of the ▼ariable x will ht vedoeed to 7 * 

dB 
die difeential therefore win he-r- dx; and this ^Anntial wiU be itp»- 

ax 

soiled, in the %piN, hjr the iBdefinitdy narrow sti^ DirOO'. 
If atw y be made to fary, and he taksQ infinitely nudly the strip JDIXGC^ 

will be ledneed to DD'II'y and will have for its exptesdite ---^dr^. 



Ba^the smfaoeDirn' being indefiidtely amdl, ii may be osMldaed sis 
plane ; and, conseqnently, when multiplied by the eoafaie ef its incHnatinn y 
to the plane ofxffy H will be equal to dxdy (not€ $evenih); and we shall hate, 
tberefiotei 

Diyir CMy=^dxdy, 



or 



d»S 

dxdy COS y =idxdyy 



whence we deduce 



dxdy 

<ftS _ 1 
dxdy cos y' 



To de^mine the value of y, let Ax-f By -f Cs-f D=0 be the equation of 
the pllnctangenef we know then that this plane makes with the planeHb ^ 
an angle which is given by the equation {nalu eightJi). 

considering, therefore, Ajr-f Bf -fCz-f D=0 as the equation of the uogcnt 
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phne at the point of the ciirf« itufiMe whoae profectioo is dM||f^ wt ahaO 
have 



M 



=y^+(i7+(i)' • • • (»•)• 



dxdy 

To detenmne the difeentiAl oocfl&deiitB lAudi mta Into thk exprcwfan, we 

must observe tlisl at the point under oonsicUntioii dit tangent plane coincides 

with the cvrve so^HSb the eqnatioo to whWb we shsH vqnsent bj «=y(jr,y) ; 

iM dx 

and, consequently, the faluea of ~ and — , wliidi enter into the OLpies- 

skm for cos y, must be regarded (art. 7ft) ss die same with those dsduesd 
immediatdy ftem die eqnatioo «=/(ji^ y). Before makftig these subatita- 
tions, the equation (86), mnMpMed by d^Jy, must be integmted twice in 
order, an operation wfaidi we shall indicate, as befin^ bj die doable sign of 
integration, and we shall have 



.v/^/.+(f)XI)-. 



377. '^o give an application of this ftsmnla, we will det frhibie die eipvea- 
sion for die surfitce of the spherSi 
Its equation being 

««.f^-f<»=f« .... (87), 
we most diffiaintiate it, and we diall find, aftecdifidlDg bj 9^' 

Mbr-f^^+sdf =(1, 



whence we deduce 



and consequendy 



dar= dliS— Wjf 



dx ^ a dz ^ y 
ds" ** dy" » 



Substitutiiig these vahiea in die CKprssiion 
we shall change it into 



J 



,+i+5.l,/jqF?+?=f.N \*^'; 
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nd cofMcqueDtly 



rdxdy 



¥'/ 



and putting the yalue of 2, we shall have 

378. To effect these faitegratioDs we shall put 

Xflr^y ^f... r ^ .... (88), 

marking theiehy that we are to commenoe with integrating the apresaoo 

dx 

, oonsiderinff s as the only variable. 

Making, therefore, as before, t^— !y*=:A*, ind integrating, acoording » 
art 274, we shall have, adding a constant function of y, 

At ""* X ' 

VA«-Jf» A 

putting, then, for A its value, and taking the definite integral from x=0 to 
szz.^Jr^—y*^ there will result 

dx .—11 «• 

/ — ■==== = sin . 1 = —circumference =■ — ; 
\/f^-^-y^ 4 -^ 2 

and this value bdng substituted in equation (08), will give us 

rdxdy <r 1 

j^r^—ar^y ^ ^ 

where X represents the constant which must be considered as a function ot 
.r ; taking, then, the definite integral between the linaits ^=0 and y^r, ve 
shall find, lastly, 

rdxdy 1 

The surface thus determined will be the part comprised within the angk 
formed by the ai^ of the rectangular coordinates j , y, ;:, that is to say, one- 
eighth of the sunace of the sphere. 
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'* 



On the integration of /unctions of two variables, 

379. The two principal methods employed £or aniving at 
the int^ration of differential equations, which contain two or 
a greater namher of variables^ consist^ Ist, in the separation of 
the variables^ in order to apply to them the usual processes for 
a single variable ; 2d, in the investigation of factors proper to 
render a differential complete^ We shall proceed now to the 
discussion of these two methods. 

On the separation rfthe variables, th& linear equation rfthe 
first order, and the properties of homogeneous JitnUions, 

380. It will be seen that every differential, to be integrablc 

by the rules already given, must be of the form <^jedjp ; so that 

we should be at a loss how to efiect the int^ration, should the 

dx 
equation contain terms such as i^^djp, xydx, — , &c. We are 

not, however, to conclude that the integration is impracticable ; 
for if, by algebraical operations, the expression can be so trans- 
formed that each term shall contain only one variable, the in- 
tegration may still be effected. The equation <r(/y 4"^^^^=^ 
comes under this case ; for by dividing this equation by 3py, 
it becomes 

du dof ^ 
y ^ 
which, being integrated, gives 

log^+log^=C, 

and representing by A the number of which C is the logarithm, 
we have 

logy+logx = logA; 

whence, consequently, 

log^^=logA, 
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andj passing to numbers, we have 

381. Let the expression be the general equation 

to separate the Tariables, we must divide eadi term bj fr.Fjr, 
and we shall find 

dy dx ^ 
Yy ^(^ 

an equation in whidi the vaiiaUea are separated. 

382. To give an example, let it be proposed to integrate 

dividing by (1 +#'>V>« we sbaU have 

dy ix 

and integrating this equation, we shall obtain 

2^/J = tan-J*-fC. 

383. The variables may be separated also by division in the 
formula 

For this purpose we have only to divide by Fy . <(>' j-, when we 
shall have 

This process is applicable to the equation 

r V«r + (3j^ +1 ) c?i^ n/T' == 0, 

for, if wc divide by y >/ j^, we obtain 
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384. The integration may also be effected^ if the pMpeaed 
equation involying two variables can be so reduced that eadi 
side shall contain only differentials of which the integrals are 
known ; as ^ for instance^ the functions 

the integrals of which are respectiyely - and 4Ery. 

J' 



385. There ia an important equation in whiok the separa- 
tion of the variables is effected in a manner particularly in- 
genious. 

This equation is 

dif-^Fydjt^Qdjp (89), 

where P and Q are functions of x, and it is integrated thus : 
^ is assumed equal to the product of two indeterminate quan- 
tities, X and z, which gives 

these values being sabatitnted in the equation (89), it is trans- 
formed into 

a/X +X (rf«+P«f^) =QdLr ; 

and the function X being arbitrary, it is determined by equating 
to each other the terms without the bradrats ; which resolves 
the preceding equatioii into the two 

X(rfz-I-Pzcf^) =0, zdXdiQdjt. 

The first of these gives 

dz 

— = — Pfllr, whence ley g= "^/Pdjt, 
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or^ observing that loge is equivalent to unity, 

log z = — /Pd> log <? = loge-f^'^y 
«indj tfaerefbire) 

from the second we deduce 

» 

whence 

and putting these values of z and X in the {equation 

we obtain 

^ y-e-f^*'^'{JXier^<^daf^Q) (90). 

This equation bears the name of the linear equation qfthtfnt 
order; the reason will be seen, art. 445. 

386. The separation of the variables may always be effected 
in differential equations of the first order and betwixt two 
variables, when the equations are homogeneous. An homo- 
geneous equation is one in which all the terms, considered in 
respect to the variables, are of the same dimensions ; thus the 
equation 

is homogeneous, since the sum of the indices of x and y in 
each term is equal to 5, and the products a*^', xif*, i^a"^, are 
each of Hve dimensions. 

The equation 

« 
is also homogeneous, WMSithe sum of the indices of the vari- 
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ables in each, tenn bong 8. -The TariaUe # does not ^ipear 
in the last term of the equation, but it may be eonddered air 
having an ind^x 0. 

387. Let, generallj, 5 be a funcdoii of js and jf, composed 
of homogeneous terms, such as A-ry, Bj?*^y«', CaH^'j^', &c. If 
we represent by n the sum of the indices of x andy, in one of 
these terms, we shall have, by Tirtae of their homogcineous 
nature, 

;?+y=ii,/>'+g=:i», j»"+g' = », &c. 

If now we divide all the terms by y*, thia equality will still 
subsist, and the term Ax*^ will in this case beomie 






and since what has been said of this term will apply to all the 
rest, we shall have 

or, making -=a, 

X 

and the function ¥q being represented by Q, this equation 
may be written thus : 

388. We shall now take into consideration the difTerential 
equation ' 

in which the coefficients M and N are homogeneous functions 
of two variables x and y, and of a dimension it. • 

T 



97^ vmwtMMf flAMWliIWi ;: 

Hub minMhf\fig,A\iii^1tf af'p ifcwffl»>ii>te Mie 
ntidt ondar dw ftim .. .m ... j.iv. .<« i. : 






^g)i«*«(grf^=0;' 






or 



■ • I 






• • • 



In order to riimiimtd y by meiiis of the egnttfain ^gg, «r 

jf s«r, we miut diflereiitiate this latter equatioDj when tre 
ahallobtaio . . 

which reduoes the equation (91) to 

from this we dedace 

Hi Fi"* F^ ' 

and, separating the variables, 

i» dzFz 



X " (pz-{-zFz ' 
and consequently 
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The integratiwi being completed, it will remain <mly to sub- 
stitute in the result the valu^ of z, 

389. We wiU take, for example, the equation 

^^dyzzy^d^^xydjp; when, miakingj/=ig^, we shall find 

and substituting these values, the equation will become 

reducing and dividing by the common factor «», we *^«" 
obtain 



which equation being divided by 2^4f, gives 

djp dz 

and integrating, we shall have 



y. 



t 



logx=-.i+C=-^-+C=-'+C. 



390. Our second example shall be the equation 

the denominator in vAiick beiiig made to ^ita^|^ear, we see 
that all the tertns will be of two dimensions, and we must, 
therefore, assume y^sgjp ; when, being reduced, the equation 
will give us 

and putting for ^ its value derived from the equation !^^x*> 

t2 
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we shall have 

m 

z being then transposed to the seoond side, and that side 
duoed to a common denominator, we shall find 

and, lastly, 

391. When the proposed equation, besides the tcxms aR/^^ Bxi^jf^y 
eoDtains pdljnomlsls such u '^ 

the Tftriables will be still separable if we have 

|,+j=/+^=(r+0*=(''+O*=(<+«)^=(«'-f»')' . . . (W). 
To prove this, let 

(r+*)^=:n, {r''^s')k=zn . . . (93), 

and divide all the tenns of the polynomial (Mx»^y*-f Nx''y^-f &c)* by r«, 
when it wiU become 



but the equations (93) give us 



n fi 

and, thcfefbre, substituting these values in the preceding ezpreation, we shsll 
find 
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which proyes that when the eqasdoiw (93) an wM^ tkt polfliomUi 
niaed to any powen» iieduoe thcmadfes, •• the other terms, to fiinctioiii of 



y 

X 

toafuDctiooofs. To give an example, let 



y 9 

- ; and, oooflequentljr, makiiig-=x, or y=jx, the equatioo majbe ledueed 



zdff-^fdxzsidxijz^—f* .... (94), 
Thii equation being written thui, 

we see that the eqnatloiis (99) are Mtiafied ; we shall, therelbii^ assume 
Sf=xx, and consequently 

substituting these vahies in the equation (94), and ledncuig and dividing by 
the oommon factory we shall obtain 

whence 

dx dz 



' V^l-»> 
and integrating, we shall find (art 273), 

log x=ahi— U+C, 
or, replacing the faliie of «, ^ X' . 

logx=8lir-i.^+C. 

X 

\ * 

392. GcxiehJly, when we hare an homogeneous functicm 
of the variables .r^ y, z, 6cc, we may always separate one of 
the variables, for instance^ x, by making 5f=tr^ z=zitjt, Sic, * 



* Let Mdi-^Vdy-\-Vd;::=:0 be an homogeneous function, in which 
M, N, P, are functions of the throe variables i^ y^ s; these functions 
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393. We sometimes emjiky indetermiiiate indioes for the 
pnrpose of rendering an equation homogeneous ; let the equa- 
tioiiy for example, be 

we shall assume ^ = ^^ ; and since the index k is not a variable, 
but an unknown ^eonstant^ we may differentiate by the art. 18^ 
when we shall have 

dy =^jjr*-*£/«, and y* = r**" ; 

and substituting^ we shall obtain 

az^x'^dx + bx^dx + ckjfiz^^dz = 0, 

an equation which will be homogeneous if we have 

^m+n=p; y-f-A:— l=p. 

M, N, P, will ocmtain terms such as Axpy9:ir^ BxJ^y^:^, CxP^f^':^\ and 
we shaD have |»-f-j-fr=/+fl^4-r'=p"-f j<'4-/'=ii. If in one of thttc 
terms, for instance, in AtfpyVz'', we substitute the values y=/'i r=»j, this 
tenn wiU become 

and the same being the case for the other terms, if we substitute the values 
ofy and z, the equation 'Mdi'Jr^dy'\-'Pdz=.0 will have x«« for a common 
factor, which, being suppressed, the equation will take the form 

X^ ^{h «)/+F(^ u)d,ti-^/(ty u)dux^O : 
and, performing the differentiations, we shall have 

(P(^ ujdi -\-F(t, n) (idi H-i </<)+/(<, «) (udx-^-idt^O ; 
whence we shall deduce 

[^t, fO-f<F(/, «)+!(/•(/, u)]dji = ~4F(/, u)dt-^f{t, u)dul ; 
and consequently 

ih F(<, u)dt-\-f{U u)du 
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Now cJimuiatiiig the indctenninate k, we ihaU find 

and this^ therefore^ is the equation of o^dition fhat miist he 
satisfied in order that the proposed expression may become 
homogeneous by the sobstitlitioa ^^^x^szz^*^-^. 

394 There is an important theorem, in respect to homo- 
geneous functions^ which we shall proceed to demonstrate in 
the manner foUowing : 

Let MdM-hNdj^ be the differential of an homogeneous funo^ 
tion z betwixt two variables x'«dAi/, m which n is the sum of 
the indices of the variables^ in one of the terms composing the 
function ; we shall have then the equation 

Md:4f+Ndfy=c2z . . . (95); 
and making-=59> we shall find^ art. 387> 

X 

replacing, in the equation (95), y by its^ value qjf, and repre- 
senting by M' and N' what M and N then become, the equa- 
tion (95) is transformed into 

M'd*+NUy*=i/.Q** . . . (96), 

or, putting finr (Lqjf its value, qdjp-^-xdq, 

(M'+N'9)iir+ N'.t^ = rf(Cir")- 

But {M-\'^'q)dx is the differential of Qy*, taken in respect 
of Xy so that we have 

and putting in this equation y in place of qx, and consequently 
M, N, in place of M', N', it becomes 

X 
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or, 

395. This theorem will apply to homogeneous functions of 
any number of Tariables ; for if we had, for instance, the 
equation 

in which the dimension of each term is ff , we should only have 

to make - = 9, - = r, to prove, by reasoning anakgmis to 

what has been just employed, that we must have z =4f*F(f,r), 
and of course 

The conditions ofintegrability of functions of two x>ariables.'- 
Integration of Junctions which Jmlfil those conditions. — /r- 
vestigation of factors proper to render equations integraUe 
which are not immediately so. 

396. When we have a differential Mdx-^'Sdy^O, we can- 
not conclude that there is always some equation, which, being 
difTcrcutiated^ will give the proposed one ; for if, for instance, 
we had differentiated the equation /{jp, y) = 0, and derived 
from it mdx + ndy = 0, wc might multiply this equation by a 
function of <r, and so obtain an equation Mc^«r + Ne/^=0, in 
which the coefficients M and N are different firom m and n ; 
and consequently the equation 

Ud,v -H N^^ = 

would no longer be the result of simply differentiating the 
function 

n^>y) = 0. 

The same would be the case, if we should combine arbitrarily 
md,v-^ndy=zO with the primitive equation yC.!*, //)=0 : for 
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example^ hj eliminating one or more terms betwixt mdx+nd^ 
= andf{jt, y) =0, we might obtain an equation 

in which the differentials M' and N' differ firom i« and «. 

397. An equation which, like mdx^ndif^O, has been 
obtained by the process of differentiation alone^ is named a 
complete differential; as is also every differential function 
which has been found by means of differentiation only, though 
it be not equal to zero. 

When a differential equation Mdlr-f Ni(y=0 is not a com- 
plete differential, we must not think of integrating it> until 
by some preparatory operation it has been rendered complete. 

398. Euler first resolved this important problem : 

1^. A differential equation being given^ how can it be dis'- 
covered when it is a oomjdete differential f 

2^. fFhat are the means of integrating this equation? 

Before giving the solution of this problem, we shall call to 
mind that, according to the notation agreed on, art. 52, the 

expression -p indicates that the function z of jr and y has been 

differentiated in respect of «r, and divided by dx* ; if, then, 

this function -7- is differentiated in respect of another variable 

y and divided by dy^ the result of this operation is written 



* Let dzz:iAdX'^Bdy'^Cdi be the complete difieiential of z ; the latb 

-^ is no other than the differential coefficient A. If, therefore, we were 
di 

asked the ratio of Adx-^Bdy-^Cdt to ds^ it would not be right to represent 

it by' — ; in this case, the ratio of the oomplete difieiential to dx might be 
ox 

written in one of the following ways : 

* ^. nr ^^'^ 
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thus : -7-T-- I^» on the contrary, we had taken, first, the 
dxay 

differential coefficient of z in respect oi y, and then in respect 

of X, the result of these operations would have been written 

thus: , , > 
dydjt 

When jT is a function of three variaUes jp, y, u, an expres- 

sicNi such as , ■ , , indicates that we have taken first the dif- 
djedyau 

ferential coefficient of z in respect of r, then the diflferential 

dz 
coefficient of ^ in respect of y, and, lastly, the differentiil 

d^z 
coefficient of , . in respect of u. Similarly the expresaon 
dttay 

indicates that we have effected five succeasive differen- 



da/^dy^ 

tiations of z, the two first in respect of x, and the three otbers 

in respect of ^. 

399. This bein^ premised, Euler's theorem rests on the fol- 
lowing proposition, which has been demonstrated, art. 172. 

Jftve have a Junction z of two variables x andj, and we take 

Jirst the differential coefficient of z in respect of x, and take 

dz 
then the differential coefficient of-^ in respect ofj^ijoe shall 

have the same result as if we had taken Jirst the differential 
coefficient of z in respect o/y, and then the differential cotff- 

dz 

cient of -^ in respect of^^a proposition which we express ty 

saying that 

d^z ri«s 
djtdy " dydx 

400. If we have, for example. 
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be dednoed from the complete integral, by K^Ving m 
snitable vftlne to the arfajtiwrj ooostaDt eoDtained in the latter. 
Sappooe, finr instuicevthAt we have given the equation 





the complete integral of whidi is 



if, for greater conTenience of operating, we get quit of the 
roots, the proposed expression will become 

(''•-**)^+a.»^+*«=0 . . . (139). 

and we shall have for the complete integral 

2cy-fc«— *«+fl*=0 . . . (140); 

when it is evident that by assuming for c a constant arbitrary 
value cs2ff, we shall obtain the particular integral 

which will possess the property of satisfying the proposed 
equation (IS9) equally well with the comjdete integral. 
For we deduce from this particular integral 

«A— 5a* dy x 
by which values the proposed equation is reduced to 

and this becomes satisfied by substituting on the second side 
the value of cS which is furnished us by the relation c=2m, 
established between the constants. 

For a long time it w^as supposed that this property of thf. 

x2 
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is also a complete differentialy for 

403. The equation ydjt^xdy = is not a oomplete 

tial^ since — ; — =1. and — ; — s —1. This equation, in £Mt, 
ay ax 

is derived from the one, 

found immediately by differentiation, and in which the commoo 
divisor ^* has been suppressed ; restoring it, we shall have 

1 • 

M = -, N = 



y y^ 

and the condition — ; — = —7 — will be fulfilled. 

ay ox 

404. Let it be proposed now to integrate a differential be- 
tween two variables, when it has been found that the dif- 
ferential is oomplete. Fw this purpose we must observe, first, 
that when a function r of x and ^ has given, by differentiation, 
M(/x+ Nc(y, the term M.dx has been obtained by considering 
y as constant. Consequently, when we integrate the part ^Idx, 
the constant added may involve y, and representing it there- 
fore by Y (admitting at the same time that, if requisite, Y may 
be considered as an ordinary constant), we shaU write 

tt=/M(/x-fY = .... (98). 

This equation being the one which, by the differentiation, 
ought to give us Mdar-^^dyzzO, it follows that N is no other 
than the differential coefficient of yMc/ar-f-Y, in respect of jf- 
Differentiating on this supposition, we shall have 
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tliat is reqniicd it to taks the oontkant e, so-tluit the eqitatioii 
Mi/jp+NdfjfaO 11U17 be the reenlt of the eUminatioii, we aee 
that^ provided only the eqaation Md!r4-N0Jf^=:O be satisfled, 
we may make the canatant c itadf nuy; in which caae the 
complete int^;ral F(jp,y, c)=:0 will asaome a still greater 
generality^ and will represent an infinite number of corvea'of 
the same species^ differing from eaeh other only by a pan- 
meter, i. e. by a constant. This hypothesis is evidently ad« 
mimnble, since, when the eqnatioo M^-^NdyszO is given, it 
is in the tme s|nrit of analysis, not to reject any of the means 
by which this eqnatioi^ can be produced. 

437. Suppose, therefore, that the complete int^;ral being 
differentiated, considering c as variable, we have obtained 

For greater simplicity we wiU write this equation thus : 

dtf^pAt-hqdc . . . (14S); 

and it is evident that if, whilst p continues finite, qdc become 
0, the result of the elimination of c, considered as variable, 
between F(4r, y, c)ssO and the equation (143) will be the 
same with that of the elimination efc, considered as constant 
between F{ap,y, c)=:0 and the equation dy^pdx*, for the 
equation (143), when qdc becomes 0, will not difi^er from 
djf^pdx. But that qdc may be =0, we must have one of 
the factors of this equation 0, i. e. we must have 

dc=Oj or y = 0: 

in the first of these cases, dc=0 gives c=^eonslani, which is 
what takes place for a particular integral ; and it will there- 



• This TCBolt if hj hypolheiii Mdit+Miyt^O. 
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dfJAda' 

therefoie, that the differcnti»l of N — ^ in retpect of x it 0, and tha 

dy 

proves that the expression does not contain x. 

406. By means of the formula (d8)> we may integnte ererj 
fimction of two variables whidi satisfies the oonditioaofiB- 
tegrability. 

Let OS take^ for esLample, 

(%-^*)^+(3jf?»-aryyy . • • (101). 

Comparing this expression with the formula Md!r+ Nd^i we 
have 

and the condition of integrability is consequently fiittlU 
siace we find 

int^rating therefore the expression (6ai^— ^*)dlr <»i the snp- 
•position of ^ being constant^ we shall have 

and substituting this value and that of N in the equation (99)> 
we shall obtain 

The differentiation being performed, the part affected by the 
sign of integration in this expression is reduced to 

in which the terms within the brackets destroy each other ; 
and it follows^ consequently, that the expression represented 

b, 
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Let now 
F(*,y)=0,P(,,y,|)*O. f(,. ,,g,g)=0...(132) 

be the primitiye of a differential equation of the second order, 
and its immediate derivatives; betwixt the two first of these 
three equations, we may eliminate successively the constants 
a and b, and so obtain 

If, without knowing F(x,y)s:0, we had arrived at these eqna* 

tionsy pre should only have to eliminate ^ between them in 

order to obtain F(x9^)b:0, which would be the complete in- 
tegral, since it contains the arbitrary constants a and b. 

430. If, on the other hand, we eliminated these two constants 
betwixt the three equations (132), we should arrive at an equa- 
tion, which, containing the same differential coeffidents, might 
be represented by 

but to this either of the equations (133) would also lead us. 
For the constant oontaioed.in one of these equations and its 
immediate differential being eb'minated hetwixt themi we 
should obtafaa separately two equations of the eeooadjorder; 
and theee osuld not differ frani eaeh other or from the equa* 



suocetsWe diflbentiAtioiii oooducts us Co -r^=<tajr, it m^ a psrdeobr tiu 

tcgnl; and is obtained by making 6=0 and c=0 in the complete integnl, 

which is y=ax34-&'+^* 

It mnst be obsenred also that several constants attached to the same power 
of jr are to be eonddeied only as one; thus in Av equation y:£(a-f^-fc9 
we reckon a-^-h bnt as one ooniCant 
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if we compare this ezpresrion with M(ir-f N(fy> we shall find 

and since we Lave 

the proposed function is a complete differential. 
Integrating therefore in respect of j% we shall have 

or, . 

and differentiating this expression in respect of ^> we shall 
obtain 

dy " dy dy' 

On the other hand, -7- being the coefficient of (/^ in the pro- 
posed equation, we have also 

du ^ 

and, equating these two values of -7-, we deduce 

whence, performing the differentiation in respect to y, we have 

an equation which reduces itself to 

^-8v» 
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and therefore 

Y=:/%Vjy = 2y+C; 

and consequently the integral sought is 

409. We saw, art. 403, that the equation ydx-^xdy^O was 
not a complete differential, because it had lost the common fector 
5^ ; it appears, therefore, that there may be equations which, 
like this, are not immediately integrable, but may become so 
if the ommion factor that has been lost can be restored. 

410. Let, generally, P/ilr + Qdy =: be the equation which 
is a complete di£Rn«ntial, and z the common fector, which, 
for greater generality, we shall suppose a function of x and y : 
we shall have then 

PsMz, QsNs; 

and if we substitute these values in the preceding equation, 
the common factor z will disappear, and we shaU have 

M<&r+N(/5f=^ . . ^106). 

Now the equation Pite+Qflfy =0 being, by hypothesis, a com- 
plete differential, we must have 

d? dQ 

dy '^ dx * 

putting for P and Q their values, this equation will become 

rfMz rfNz 
dy "^ dx * 

and, developing, we shall find 

dy '^ dy "^ d»^ dx ' ' ' ^ 

dz J dz 
411. When the common factor z is constant, ^ and ^ 

u 
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being 0, tbc equation (106) becomes 

(JMdS 

and^ consequently^ the condition necessary that the equation 
(105) may be a complete differential is fulfilled. But when 
2 is a function of x and y, the determination of z depends on 
equation (106) ; and this equation is more difficult to integrate 
than the proposed one> which contains only the sing^ dif- 



ferential floeffident -y-^ whilst the equation (106) oontaias three 

dx 

dz 
rariaUes^ jp, p, m, and the two differential ooeficienta -j- and 

dz 

412. If the equation be homogeneous, it is very easy to 
determine the factor; for let Mcfx+NdfycsO be an homo- 
geneous equation which becomes integraUe when multiplied 
by an homogeneous function z o£ or and ^ ; representing the 
integral of the equation#f(/,rHi^'^=0 by u, we have 

zMdx-^zNdi/=idu . . . (107), 

and this equation being homogeneous^ we deduce, art. 294, 

rMx+«Ny = «« . . . (108). 

If now the dimension of M be represented by m, and that oH 
z by ^, the dimension of one of the terms zMx or sN^ will bo 
wi-f A:-f 1 ; this value, therefore, being put in place of w, in the 
])receding equation, we shall have 

sM^ -h s% = (/w -f {: -^ 1 )», 

and dividing the equation (107) by this, we shall find 

M£fj:+Nr/y du 1 



M.r+Ny ^ u "^m-^k-hl 
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The second side of this eqnadon is a complete differential, 
and the first must^ therefore^ be so also -, whence it follows 

that Tt^y , 1^ ' ^ the factor proper to render the homogeneous 

equation M^jf+Ndfy=0 int^grable. 

413. If the common Victor z, which ought to render the 

proposed equation homogeneous^ be a function of x alone> we 

dz 
have ^=0^ which reduces the equation (106) to 

zdMJSdz dN 
dy '^ dx dx' 

whence we deduce 

dx ■"*Vrfy""//«r 
and consequently 

jdM dN. 



T=(^ir^)'^.-(ia9); 



int^rating^ therefore^ we have 






and multiplying by log e, making the ooefieient of loge dw 
index, and passing to nnmben, we find 

.^^(f-S^ ••<"«)■ 

We have only^ therefore, to multiply the proposed equation 
by this factor x, and it will become a complete differential. 

u2 
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414. Let the equation, for instance, be 

we obtain then 

—-^=2 
dy dx 

which reduces the formula (109) to 

M 3dx 

whence we deiivc, by integrating, 

Q 

logs = — 2 logx+ logC = — log.i'2+logC =log — ; 

and passing to numbers, we find 

C 

the expression -^ — -- — -- will consequently be a complete 

differential. 

415. Wc may find an infinite number of factors which 
possess the same property. For let z l)e a factor wbicli ren- 
ders the equation '^zdx-^^zdy^.^S complete; representing 
the Integral of this equation by m, we shall have 

multiplying the two sides by ^u, we shall obtain 

^tf(M2d>+N2(/y) = (pudu ; 

and ^u being arbitrary in its form, we may assume for it any 
function of u, for instance, 2u°, and then 2u^du being a com- 
plete diflferential, 

2v2 {Mzdo' + ^zdy) s 2u^dii 
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must be 80 also; ao that the fiKstor 2m> will have the pro- 
perty of rendering integrable the expretrion 

and we see that we may make an infinite number of umilar 
hypotheses respecting ^u, 

CondHians oftntegrabUUy offundtom of three and a greater 
nufnber of variables* IntegraHon ^equations of three va- 
riablei toAtcA satisfy those conditions. The equation qf con- 
dition necessary that the iiUegratiom of differential equations 
bettoeen three variables may depend on a common fader, and 
the means qf saiis^ng the proposed equation, when this 
equation of condition is not fulfilled. 

416. Let it be propo i ed to determine the cooditiont of integrabiUtj of the 
difierential of % fimc^ of three variablet ;r, y, «. 
This function being repieicDted by ii» we ibill ha?e 

i2«=:Mdbr-fN</y+P<2« • • . . (HI), 
where 

M-— N-— P- — • 

and these equations may be combined two and two together in the three fol- 
lowing different ways : 

_ du __ du __ 

« rfn _, du ,^ 

417- By a demonstration shnilar to the one wl)|ch has been ahready given 
(art 172), wc shall, firom these equations, deduce the following : 

SNLj£S dilL^dV dS _dP 
and, genendly, if there be n variables, we shall have as many equations of 



«MM«i» HAii fvo flli iM^ CM 8h» 



4ia Wlieodwdiflfat«tyiJ^il«p'tliic4Dalloo(lll)ifndii^ 

Md Ail OMf be put nndor the feim 

W liwlffpg 

.-*jl»a—«iH-jpa— •-.... (IW 

If ndw « be o w Mifaed •• a fimellQii or jt nd jf^ irt nqr tnM die 
(IXSj at Aooi^ li eooMlned oid^ iliw mAit^wtaOmd 

JMUfiWMiy'wffl aBBii miMrt y be ndiieMI to tbe one qf art. 401 1 Aatii i» 
«y, tha dttnUita of a^ takn* fa liipeet of y* ttd aMdU bf % maat be 
e^tDthedlfc«itbaofii,t^biBteMvealor«,MAttfiMbj4k. Tdeb- 



tafa tfa^ aqmto., we mqit ebema a»l the toi wfllDelb.*^ ;^. 

DQt mBBc nsve ■ i b o o iih ioiii bimuik neni tne uiiiwipbhob €■ Mk oddbbboi 
ae a UnetioB fli y* and vUdh ttm^ thcriwiciy wfll be leuffowolifli art. Mp by 



^^ What haa bete Mid of the total dURHBthd,«dkeA fa rapeeteTir, 

win ap^ aleo to the total dSfevmial, taken in lopert of i, and the eqaatioa 
orooiiditkin(07)»ait.40t wfflbe,fathe|ineeBtcaM, ^ 

dm imdt^^ dm dm dt ^ 

4i 

whence^ tranepering and obeerring that, aceoiding to equation (1 13), ^="(1 

and -r— =«• we have 
dy 

dm dm dmi dm ^ ^,,,. 

Bat by differentiating the equations (114), aeooiding to ait. 16, we bate 
dm_ ^dF"^ rfa_ ^^^ 

^ifltf iP dN dP 

Pi M p^^ M. — 

d* "IF pT » "*i "p' pi « 
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Md theie valuM bdi^ nibttituted in the equatkm (lU)b the two kit comu 
fedneod, and tho oomiDon dmomioatoff P* ippwiifld, w thall find, by 

dNl dP iS dp dM dS 

Thifl, then, is the eqoitioa of eoDditkn oeoBiniy that jr ma J be e(^^ 
a function of the two independent vaiiaUct jrandy; i » that tbeee may be 
a detominate equation betwewn the three Yariablei ; and if> oonaequcntlj, wc 
take at haiaid an equation BIiic+Ndy-f Pde^O, between thiee YariaUei, 
befoee knowing whether the equation (116) ie eadified, we are not at liberty 
toaiflDmethatoneof tiieTaiiables iaaftmerionof the other two; i. e. that 
the proposed difierential equation neo cwar ily infen the existence of some equa- 
tkm between x^ y, and « ; or, in other terms, that this difftrential equatkn 
has some single equation for its integral. 

419. A difiemtial equation between three variables, for which the equa- 
tion (110) is not fulfilled, was for some tfane considered as absurd, orat least 
as unimportant ; Monge, as we shall shortly show, piored that this Idea was 
Gtroneous* 

420. When the equations (112) are aot satisfied, if we represent by x tlie 
factor proper to render Mdjt-^lidy'\'Fdz a complete difTercntial, the equa- 
tions of condition (112) will become 

dkM_dxS rfxM _rfxP ^N _i{aP 
dy ^ djp' dz ^ dr' d^" dy"" 

and performing the differentiations, we obtain 

„rfx ^^dx . /dM JN 



dk ^^dx . /dM d^\ ^^ 

,_dx ^dx . /dM dP\ ^ I „,,. 

^,(fx ^dx . /dS dP\ ^ I 



If now we multiply the first of these equations by P, the second by — N, 
and tbe'thiid by M, and add, the terms without the brackets will destny 
each other; and the equation being then divisible by X, that ibetor will dis. 
appear, and there will remain 

P — P-: N-7--f N-3 — \'Bi- M-T-=0; 

dy dx dM^ dx^ dM dy 

a result the same with equation (116),*and which agrscs with what we have 
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said ftt the end of die art. (418); for, in mder tlmt the equation piopond 
may become intcgrable bj means of a foctor x, it la nccttwry that, aa in aD 
other sorts of integration, it should conduct us to a sin(^ equation betvfca 
3-, y, and s, a condition expressed by the equatioo (1 16). When this equa- 
tion has been satisfied, the determination of the fiictor x will depend on only 
two of the three equations of condition (ll?)* sh>oe their combination with 
die equation (118) will produce the third*. 

421. We will inquire now how we ean delennine the integral, when tiie 
equation (118) is satisfied; andfbr diis purpose, consJdfrfng one of the va- 
tlables, s for instanee, as constant, the praposed equation rcpicacotad by 

Mifx+N^y-fPds=0 .... (118), 

will, on this hypothesis, necessarily reduce itself to 

M<2i+N</y=0 .... (119). 

If this last equation be not immediately integraUc, this may arwe tarn 
some common fiKtor having disappeared ficom the equation (118). De. 
signating it by X, and restoring it in die proposed equation, we shall hare 

^Mdx-^xSdy-^xTdxzzO . . . (ISO), 
and making z constant, this equation will become 

xMir+xNVy=0 . . . (121). 
If, now, by any process, we find a fiurtor which renders the equation 



* This is easily verified ; for if we had, for example, the two equatians 

by adding the first multiplied by P to the second multiplied by M, and sub- 
tracting from tliis sum the product of the cquatioc ( 1 1 G) by X, we should fiod, 
by reducing and suppressing the common factor N, 

which it. tlie j>ccond of the equations ( 1 17^- 
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(119) integnble, we iImJI ooniidflr it as being what we htfe icpitiented by 
k; mod the equation (121) brrcimiiig then a comphte diifiventiil, we ihell 
be able to obtain the integral, which we will azpna by V. Thia integral 
will be generdly a ftmetion of the Taiiablee «, y, and of s, treated aa eon- 
stant; it wiU canaeqnently be rcndeicd complela by the addition of an ariiU 
trary function of s, which we will derignale by fs ; io that we ehaU have 

V4^=0 . . . (IM); 
and dii&ietttiatfaig dds equation In leipeet of « alone, we ihdl obtain 

But this quantity must be identical with the multiplier of 4l£ in tiie equa- 
tion (liO), and eonaequently we shall hate 



whence we deduce 









and since tlie fiinction far, which has been given by the integration, can con- 
tain no other variable than ;r, it will be the same with -j- ; and by virtne, 

therefore, of the equation 124, ^'^—T' iBust also reduce itself to % ftmctSon 

of the variable z alone« 

It follows, from what has preceded, that having ascertained that the equa- 
tion (116) is satisfied, we must consider one of the variables, x fbr «nirfaniTv 
as constant, which will reduce the equation (118) to the equation (119): 
we must examine then whether tlie two terms Mdr-f Ni^ can beeome in- 
tegrable by being multiplied by a quantity whidi we have designated by 
X ; and having arrived at this factor, we must determine V. The values of 

dV das 

X, — and P being then substituted in the equation (124) wQl give us ~t 

and consequently by integratfaig —^ we dnll obtafai the vahie of fs; and 

this, along with the value of V, being substituted in the equation (122), will 
give us the inti^ral required. 

422. For example, let the equation proposed be 
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ytir-j»%-fymb=:0 . . . (1S5). 

This Mtiiflet the equadan (110), and we nuut ^ioecCdr praeeed flnt lo io. 
tcgniteyxdlr'-j«4y=0^ooniderii^saBeoiitlaiit{ fbrwUdi pnipose^ wridog 
the eqtuUioii dnii. 

we observe that the pert within the bcednis beeomee a complete difiocotial 

when multiplied I7—, aDd we leoofl^iiae^ thenftre, that, in the pRmt cue, 

tr 

we have 

ji=— ,andV=". 

r tf 

This last equation befaig difoentiated in rapeet of s alone, the ezpRMioo 

-T- becomes - ; and this value and that of A being substituted in thir eqiu- 

9 

tion (124), it becomes 

and since P is no other than die multipUer ofdzin the equation (!&'>). re- 
storing its value, we shall have 

dft X X 



or 

and therefore 

(pz zzcoHttant* 

This value and that of V convert the equation (122) into 

tx 

y 

which is consequently the integral of the equation proposed. 
423. As a second example, we will take the equation 

sydx •^x%dy'\'Xydx 4-ax^=0, 

which equally satistieti the equation of condition (110). Integrating, there- 
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idwsjs be deduced tnm the complete integral, by giTiiig m 
suitable ▼tine to the arfaltnury eooetant contained in tibe latter. 
Sappoae, for instance, that we have given the equation 



the complete integral of which is 



if, for greater couTenience of operating, we get quit of the 
roots, the proposed expression will become 

and we shall have for the complete integral 

2cy4.c«— ^+a*=0 . . . (140); 

when it is evident that by assuming for c a constant arbitrary 
value c=i2a, we shall obtain the particular int^pral 

3cy+5a».4f«=0, 

which will possess the property of satisfying the proposed 
equation (130) equally well with the comfdete intend. 
For we deduce from this particular intend 

by which values the proposed equation is reduced to 

(^.c_a«)J =:^(^«+c«-5a»), 

and this becomes satisfied by substituting on the second side 
the value of cS which is furnished us by the relation c=2«> 
established between the constants. 

F<Nr a long time it was supposed that this property of thf 

x2 
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X=--, V=*-slogy ; 

■nd oonaeqiieDdy ^P •- — hM Ibr hi faliw 

Now iSbk qtumtUy being » ftmetioii of the three nriablei «, y, 2, emiot be 
ndooed to a fimctkm of 2 alone, ai the equatkn (124X did it hold good, 
would require; and therefore the equation (124) cannot, in thecaaebc&iietf, 
•ubeift 

426. Let now MaLr+N^-|-Pdr=0 bt a diflfocntial equation, for which 
the equation of condition (116) is not fblfilled ; draJgnating by x die hela 
proper to render only the port Mdx-^Viy integnUe, and mnldplyiiig tie 
piopoaed equation by this factor, we ahall have 

xMd«+xNily+xPdxr=0 . . . (127); 

and hitegrating the patt. xMd«^4> xNi^, on the suppoaitkm of 2 being 000- 
Btant, the integral thus mainedniay be repreeented, aa in art 421, by 

If the difierentlal of ^ equation be taken in respect of the three variabls, 
we cannot thence assume it to be identical with the equation (127) ; for the 
equation of condition (116) not being fulfilled, it follows that the equation 
(I27) cannot be considered as arising from the diiTerentiation of some single 
equation ; and since it is on this h3rpothe8i8 that the equation (124) rests, 
we see that in tliis case it can subsist no longer ; but thougl^ when the equs- 
tion (116) is not fulfilled, we are precluded finom supposing that the eqns- 
tion proposed arises from the differentiation of some single equation, we maj, 
however, change our hypothesis, and consider that equation as the result of 
some two equations. Let V -f ^2; = be taken for the first ; we may then 
assume for the second any arbitrary relation whaterer betwixt x, y, z, pro* 
Tided always that, conjointly with the first, it destroy all the tenna of tiie 
equation (127)- Suppose, therefore, that this relation be the one given bj 
the equation (124), an equation which could not subsist when it wai re. 
quired to satisfy the proposed equation, but which, on the present hypothenii 
is admissible, since it is easy to see that, combined with the equation (123), 
it may satisfy the cquatbn (127)* For, differentiating the equation (I22)> 
in respect to the three variables, the equation (121) will furnish us fint with 
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the tenns whkh nlie ftom the dMbentiatSan taken inietpeet off and y; 
since we have seen that die equation (122) was te integral of the equation 
(121), taken in leipeci of tboae tiro Taiialilci; Adding, dien, to the tmns 
xMiv-f xN4f tfau obtained tbote wUdi ariae horn the diflbcntiatSon of the 
eqoatkm (122X taken in leipect of ar, we shall have 

dV dec 
xM</«+xNd94^dk+ -^^=0 1 

and if, in this equation, we rcplaee the two lait tenns by Aicfar valaes derived 
from the equatioa (194)^ we shall obtain 

xMd:v+xN<^+XPdar=0 ; 

an equation in winch we leoogniae the propoaed one, and which, conseqnenily, 
will be ntiified altogetiier bj the two eqaatioBi 

dV dAx 
V-H»=0, ~4.^=xP . . . (128) 

employed stmnltaDeously. 

42^ Let us take, for example, the equation 

if we consider x as constant, the factor proper to render the part ydy -f zdx 
integnible is 2, and consequently we shall have 

2ydy+2Mir>2de=0 .... (129) ; 

an equation whidi will be satisfied by the system of the two fiiUowing 
equations 

y>-f a«r-H«=a, 2#-i-^+2s=o . . . (iao> 

For the im being difibMntiated in nspeet to all the variables, will give 

and deducing from this equation the value of 2ydy-\'2zdSy and substituting 
it in the equatkm (W)^ that will become 

-2Mb-— ^di -2dt sO, 

dx 
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on wjustion whidi ia aUo utidliil, bj virtue ( 
(ISO). 

427- The cqustlnns (130) thaw lu itui the form of ilic fuDctlaa fen 
■llogether aibitnuf , and thai, cotuequcnlly, if ire mtlcc Ji^^i, for iintaiitc 
the original equaiion will be i^qually wliiliiil by (he ■jElem of ibe 1« 
Equstioni 

u'+a-J-f^Of 2j:+3:'+2^0 . . . ^lal). 

42ft By means of ihoe two equnlioiis between three iimbla, wc may 
cointni« (note fliilh) s eurvi of double eurvaiuw, which, m all iu pwnifc 
will satisfy the propoRcil equnllon i nnd if, inite»d of taldii); *t:^ii>, wt 
ahould HMumc for ^ wme olhet function of i, we Diighl detcnoine unolher 
curve of double curraturei, which would wiually satisfy Ihe propoaed cqua. 
don; it fbllowa, thereTore, that the cquatiuui (130) reprooit a Mric* rf 
cutveaofiJauble curvBtun, uU of which iiiliify the propoaed cqaalioii, aod 
Ue connected with each other by ihe common properly that their eijuacicn 

dilfcr ftom each oiha only by ihe lenna Rprescnled by fi and— j— . 

Theory of uTfiitrurif comtantf. 
429- Ah etiutttion V = between ,/, j, nud coobtante, i 
be considered us the complete integral of some differential 
equation, the order of which will depend on Uie number of 
constants which V = shall contain. These constants ore 
termed arbitrary, I>ecflU8e if one of them be represented hj a. 

and V or one of its differentials 1>e put under the form 

f{x,!f)=a, we Bee that a will be no other than the arbitrary 
constant introduced by the integration o{ d ./{r, y). 

This being premised, if the differential equation in question 
be of the order n, since each successive integration producei 
on arbitrary constant, it follows tliiit V =0, which is mppoatd 
to be given us by these integmtions, must contain at least h 
arbitrary constants more than our differential equation *. 



■ If ao eqaation between i and y abouU not anuta a aiWuuy coatUnn 
more than the difiiinnlia] equatioD of the order h, it could nol be conridcnd 

aathe primitive cijuation. For example, Ihe equitkni ^ =ui i, whidi by (wo 
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Let now 

F(.,y)=0,p(,.^.|)*O.X'. Sr.|>g)=0. .(132) 

be the primitiye of a differential equation of the second order, 
and its immediate derivatiyes ; betwixt the two first of these 
three equations^ we may eliminate succeesively the constants 
a and b, and so obtain 

K'^ ^' % 0=°' ^l''^'^' fl)-0 . . . . (133). 

\i, without knowing F(x,^)=:0, we had arriYed at these eqna- 

tiensy w% should <mly hoye to eliminate -r betweou them in 

order to obtain F(a;,^)sO> which would be the complete in- 
tegral, since it contains the arbitrary constants a and h. 

430. li, on the other hand, we eliminated these two constants 
betwixt the three equations (132), we should arrive at an equa- 
tion, which, containing the same differential coefficients, mig^t 
be represented by 

but to this either of the equatioiis (133) would also lead us. 
For the constant contained.in one of these equations and its 
immediate differential being eliminated betwixt themi we 
should obtain separately two equatieoa of the eeoond /order; 
and these could not differ from eaeh other or from the equiH 



successive diffeientiatioiui conducts as to --3: =4kv. Is wkf s pirtieiilar iiu 

tegnl; and is obtained by making 6=0 and c=0 in the complete inti^gial, 
which is y^zaal^-\'hX'\-c, 

It most be obeenred also that several constants attached to the same power 
of jr are to be eontideied oi^ ts one; thus in te eqnadon |fs(«4'^4<, 
we reckon a+6 but as one constant 
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turn (134), or otherwise the values of x and y wonld not be 
the same in the one and the other. It follows, therefore, that 
a differential equation of the second order may arise from two 
differential equations of the first order, which are necessarily 
diffeirent, since the arbitrary constant in the one is not the 
same with the arbitrary constant in the other. The equatiooi 
(133) are what we call the first intends of the equation (134), 
which is unique, and the equation V(jr, ^) =0 is its second in- 
tegral. 

431. Let us take, for example, jr=Ar+6»i;iiiich, on account 
of its two constantSy may be considered as the primitiTe of an 
equation of the second order. 

We deduce from it by differentiation, and the ooosequeot 
elimination oia, 

and these two first int^rals of the equation of the second 
order which we are seeking, being each differentaited in turn, 
conduct equally, by the elimination of a and b, to the same 

equation ;7^ = 0. 

In the case in which the number of the constants is greater 
than that of the arbitrary constants required, the additional 
constants, being connected by the same equations, do not in- 
troduce any new relation. Let us investigate, for examj^, 
the equation of the second order, the primitiye of which is 

Differentiating this, we obtain 

dy 

c and h being then eliminated successively between these equa- 
tions, we have the two first intends 



THBORT OF AlKBrTRAXY C0MBTANT8. 306 

^=*r+i,y=J^^-iAr«-fc (135); 

and oombining each of these with their immediate differentiab, 

we amrey by two diffsrent ways, at the lame residt ^i^ =ff. 

li^ on the other hand^ we had^ eliminated the third constant a, 
betwixt the primitiye equation and its immediate differential^ 
the result would haye been in no way different ; for we should 
have arrived first at the result that would be furnished ns by 
the elimination of a betwixt the equations (135), and found 

then je j^ =^"^' *° equation which we reduce to -^ = a, 

by oombining it with tbe first of the equations (136). 

432. Applying the same considerations to the differential 
equation of the third order, if we differentiate the equation 
F(«, ^)=0 three times in (M-der, we shall have 



">.^{'.>.%%2)-0' 



and these equations admitting the same values for each of the 
arbitrary constants which F(«r, jf)=0 contains, we may in 
geneial eUminate theie oooBtaate ht»mijt this lut and the 
three preceding equations, and so obtain a result which we will 
represent by 

This equation, from which the three arbitrary constants are 
elimins^, will be the differential equation of the third order 
<rf F(^, y)=0 J and conversely, P(«, y)=0 will be the third 
intend of the equation (136). 
433* If we eliminate eadi of the arbitrary constants succes« 

X 
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sively between the equation F(i', y) =0 and the one imme- 
•diatdy deduced from it by differentiation, we ahall obtain three 
equatiooB of the first order, which will be the secoiid integnh 
of the equation (136). 

Lastly, if we eliminate two of the diree arbitrary constanti, 
by means of the equation F(4r, y)=0, and the equations de- 
duced from it by two successiYe differentiations; L e. if we 
eliminate the constants between the equations 

F(»/y)=0, P(,.y,g) =0, P(,,y,|, g) =0(137), 

we shall retain, in the equations arising trxan the eliminatiop, 
one of the three arbitrary constants successively; and con- 
sequently shall have as many equations as there are aibitimry 
constants. 

Let a, 6, c, be these arbitrary constants ; the equations of 
which we speak, considered only in respect to the arbitnury 
constants they contain, may be represented thus : 

<^c=0, ^^=0, (pa = .... (138) ; 

and since the equations (137) contribute each of them to the 
elimination which gives \A one of the last, it follows that the 
equations (138) will be each of the second order; they are 
called the first integrals of the equation (136). 

434. Generally, a differential equation of an order n will 
have a number n of first integrals, which will consequently 

contain the differential coeflicients from -~ up to —r— ^fmdu- 

sively, i. e. a number n — 1 of differential coefficients; and we 
see that when these equations are all known, we have only to 
eliminate the differential coefficients between them to obtain 
the primitive equation. 

On the particular holutions of diffirentiai equations oftht/ni 

order, 

435. We have seen, art* 355, that a particular int^ral nay 
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Uwmys be deduced tnm the complete integral, by giTiiig « 
suitable ▼tine to the arbltrarj eooetant contained in tibe latter. 
Suppoae, for instance^ that we have given the equation 



the complete integral of which is 



if, for greater convenience of operating, we get quit of the 
roots, the proposed expression will become 

(^•-^)^+ary^+^=0 . . . (139), 

and we shall have for the complete integral 

2cy4.c«.^+a«=0 . . . (140); 

u^ien it is evident that by assuming for c a constant arbitrary 
value cssia, we shall obtain the particular integral 

which will possess the property of satisfying the proposed 
equation (130) equally well with the comfdete int^pral. 
For we deduce from this particular int^pral 

by which values the proposed equation is reduced to 

(^.c_a«)~ =:J(^«-|.c«-5a»), 

and this becomes satisfied by substituting on the second side 
the valoe of c^ which is furnished us by the relation cs2«, 
established between the constants. 

For a long time it was supposed that this property of thf 

x2 
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eomplete integral was genial, and that irimi a differatkl 
eqnalioa between x and^ was given, we ooold not meet with t 
finite equation between the same TariaUesb which was not s 
particolar case of the complete integral^ by giving* as we have 
just done> an arbitrary valne to the constant ; but it was st 
length discovered that this was not always the case, and Eoler 
himself, in a memoir published in 1756, regarded as a pa« 
radoxof the integral calcnina the singular fsct of the equation 

*«4.^t-|<« . . . (141), 

which possesses the property of satisfying the differential 
equation (130), and yet is not comprised in the complete in- 
t^B^. For the equation (141) being differentiated gives 
, afdx = '^ydy, and this value and that of x*+jf* being sub- 
stituted in the equation (139) cause all the terms to disap- 
pear, and consequently satisfy the equation ; nevertheless the 
equation (141 ) is not comprised in the complete integral ; finr 
whatever be the constant value we give to c in the equation 
(140), that equation can never lead to the equation (141), 
since the first, being that of a parabola, can never in any esse 
become the equation (141), wliich is the equation of a drcle. 

This equation (141), which satisfies the one proposed with- 
out being contained in the complete integral, is called a par- 
ticular or singular solution of the equation proposed. Clairault, 
about the year 1734, had remarked this fiEu;t, and it was for a 
long time supposed that equations of this sort were not con- 
nected with the complete integral; Lagrange showed that 
they were dependent on it, and on this subject laid down the 
theory which we shall proceed to develop. 

436. Let Mr/^+NV^=0 be a differential equation of the 
first order of a function of two variables a* and y ; this equa- 
tion may be conceived as arising from the elimination of some 
constant c betwixt an equation of the same oi^er, which we 
will represent by mdx-^ndy^O^ and the complete integral 
F(;r, yy c)5=:0, which we will designate by «. But since all 



tliat b required k to tdst tho comltiit e, §o that the eqitatiott 
Mi/jf-)-NJjf=*0 may be the result of the eUounatkMi, we aee 
tbat^ pnmded only the equation lU«*fNdfjf=:0 be aatisiied, 
we may make the constant c itself vary ; in which case the 
complete integral F(jr,y, c)=0 will assume a still greater 
generality, and will represent an infinite number of cunrea'of 
the same species, differing from eaeh other only by a para- 
meter, i. e. by i^ constant. This bypoihesis is eridently ad- 
missible, since, when the equatloo Mdlr-|-N(ly=sO is given, it 
is in the true spirit of analysb, not to reject any of the means 
by which this equation can be produced. 

437. Suppose, therefore, that the complete integral being 
differentiated, considering c as Tariable, we have obtained 

dy^^x+^dc . . . (142). 

For greater simplicity we wiU write this equation thud : 

dy^pdjf-\-qdc . . . (148); 

and it is evident that if, whilst p continues finite, qdc become 
0, the result of the elimination of c, considered as variable, 
between F(jr, y, c)ssO and the equation (143) will be the 
same with that of the elimination of c, omsidered as constant, 
between ¥(x,y, c)=sO and the equation dy=pdjf*, for the 
equation (143), when gdc becomes 0, will not differ from 
Hy^pdx. But that gdc may be =0, we must have one of 
the factors of this equation 0, i. e. we must have 

£^c=0, or 9=0: 

in the first of these cases, dc=0 gives c^ constant, which is 
what takes place for a particular integral ; and it will there- 



• Tbii fault ii by hypocheris Mi£t+my=0. 
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foce be the second case only that can answer to a pa rt Jcnls T 
solution. Bat q being the coefficient of dc In the eqastkn 
(149), we see that q^O gives 

1=0... (143); 

and this equation may contain c or be independent of it; if 
it contain c, two cases may happen ; the equation ^sO will 
either contain c aloAg with oonstantSj or will contain c along 
with the variablea. In the iirst case^ the equation ^=0 will 

still give czz constant; but in the second it will give 

cs/(4'j ^) *, and this value being substituted in the equation 
F('> iff c)^^ ^^ change it into another function of x andjr, 
which will satisfy the equation proposed without being com- 
prised in its complete integral^ and will consequently be a 
particular solution : we shall, however, have only a particular 
int^ral if the equation c==/\^, y), by means of the complete 
integral, be reduced to a constant. 

438. When the &ctor ^=0 of the equation qdcsiOdtxB 
not contain the arbitrary constaut c, we shall know whether 
the equation ^=0 gives rise to a particular solution by com- 
bining it with the complete integral t. For example, if £rom 
^s=0 we deduce <r=M, and substitute this value in the com- 
plete integral F(.r, t/, c) =0, we shall obtaia 

csz const ant rzB, or c=f^. 



•-«hi 



* It being observed that this equation embraces, as particular caaes, those 
in which we may have c=/x, or c=J\f. 

f In the latter case, in which q does not contain c, it may be asked how 
we have a right to equate g to sero. To tliis we shall answer, that the valitt 
given to .c in the complete integral determines the equality of ; to fero. Fort 
when we deduce the value x=fif from the equation }=0, to substitute it in 
F(j, y, c), and obtain F(y,yj/, c\ it is the same thing with deducing r fran 
^C*^) .V* ^)—^t Aiid substituting its value in q; and consequently the itsolt 
0t this last opeoition will still be F(y,/y, r). It only remains now to prorc 
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Ib thft first case, 9=0 f^wm a partioilar integral ; for, changing 
c into B in the complete integral, we shall merely be giving a 
particular value to the constant, just as we do when we pass 
firom the Complete integral to a particnlar one. In the second 
case, on the contrary, the value^, introduced in place of c in 
the complete integral, will establish between x and y a rela- 
tion different from what would result, were we to replace c 
merely by some constant arbitrary value ; and in this casej^ 
therefore, we shall have a particular solution. What w^ have 
said of y, will apply in tike mannor to «. 

439. It happens sometimes that the value of c presents it- 
self under the form ^ : this indicates a fieurtor common to the 

equations u and U which is foreign to them, and must be made 
to disappear. This results from a demonstration which, on 
aoeonnt of its length, has been reserved for the notes (note 
imuhj, 

440. We will now apply this theory to the investigation of 
particular solutions, when the complete integral is given. 

Let the equation be 



ydjt'^xdy=^a^ dj^-^-di/^ .... (144), 

the complete integ^ of which is determined in the manner 
fidlowing: 

Dividing the equation by dx, and making ^ =p, we obtain 

first 

y^px = a^l +/>• . . . (146) ; 

differentiating in respect of x, jf, and p, we have 



thatthii nsoU if equal to mto, to eitabliih the same thing in respect Co 9 ; 
and this is done by considering F(y,/jf, e) as having arisen ftom the first 
opcfatioo, i. ». ftom F(x, y, c)=0, in which we have put foe x tu vahie. 
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and observing that djs^pdx, this equation is reduced to 

whidi is satisfied by making dpezO. 

This hypothesis gives as j9 s constant s= c, a value wUdi^ 
being substituted in the equation (145)^ ^vee us 

y^cjt=a^l +c* (146) ; 

and thi$ equation containing an arbitrary constant c, which 
does not appear in the proposed equation (144)^ it is conse- 
quently the complete integral. 

441. This being premised, the part gdc of the equation 
(143) will be obtained by differentiating the equation (146), 
considering c as die only variable ; an operation from which we 
shall have 

, . acdc 
xac4- — =0 ; 

^1 + c* 

and consequently the coefficient of dc, equated to zero, will 
give us 

ac 



.r = 



^/l + c' 



(147). 



To disengage the value of c ; raising this equation to the 
square, we shall find 

(1+C*)j'* = fl2c2. 

whence wc shall deduce 

a* - ^ rt* -s a 



and, by means of iUb last eqoatloii, ♦IMhwtlng liie siud 
quantity firom the eqiiatioa^l^T)^ ^*® <1^ ^^^^i^ obtain 

This value, and that of v'1+c*j being substituted in the 
equation (146)^ we shall have 

ulrhenoe we dudl halve 



tti equation wUdiy being squaiedf will give us 

and we see that this equation is really a particular solution ; 
fpTi by differentiating it, we obtain dyss ; and this value 

and that of <^*»4-y*, beii^ substituted in the equi^ion (14^)j 
reduce it toa*=ii*. 

449. In the application which we have just givea .of t}ie 
principles demonstrated, art 437, we have determined tlie 

value of c by equating the differential coefficient 3^ to xeio. 

aC 

TUs pvoeess will sometimes pnwre insufficient ; fixrtlie6qn»> 
tion 

djfsipdx-j-fdc 



* We hftve not affected VHF^ with the double aign9 beouMe # snd c 
being of contnuy ogns in the eqnatioD (147)9 the sMne muit ti eot wsrily be 
the case in the eqtuUioo (148). 
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bei^g put widBr Ike fionn : 

where A, B> and C^ are foncdons of « and g, we ahall deduce 
from it 

AC 

dys:^r^ — jf* • • . (140), 

B C 

and we see that if all we have said of ^^ qonaidered aa a fano- 

tioQ of jr, be applied to x, considered aa a function of jr» the 

value of the coefficient of </b will not neoeaaarily result the same, 

since it is wanted only that some factor of B should destroy 

in C a factor diAersat to what a &ctor of A could destroy ip 

it, for the values of the coefficient of ^c, on the two hypothetesy 

to result entirely different. Thus^ though very generally the 

C C 

equations ^=0, and -r =0, give the same value fiir c, this 

does not always happen ; and^ on this account^ when we have 

determined c by means of the equation -^^=0, it will not be 

dc 

dx 
altogether useless to see whether the hypothesis of -^^ = 

produces the same result* 

443. Clairaut first remarked a general dass of equattons 
susceptible of particular solutions : they are comprised under 
the fbrm> 

*a equation which we may represent by 

y=px-^Fp .... (161); . 



and differentiatiiig, we shaU ifaid 

812106 dy^pdt, thb eqnstion is reda^ed to 

d?p 

and dp being a oominon fiictor^ it may be written thus : 



('+'f)*=«- 



This eqnatioin will be satisfied by making 1^=0, which gives 
pssoQOStantsc; and, oenseqiiently, snbsftitatiiig this value Ia 
the equation (ISl), we shall find 

■ ■ * • 

which equation will be the complete integral of ihe one pn^ 
posed, since an arbitrary constant c has been introduced by 
the integration. 

If we differ^tiate this equation in respect to c^ we shall 
have 

« 

and, consequenUy* by equating the coeflicient of dc to aero, 
we have the equation 

which, by the substitution of c in the complete integral, will 
give the particular solution {note eUtfenih), 
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lim e a r eguaiknu* 

444. A dillbeMld eqoatkm betWM tiN> vw^^ 
the expuntkNis y>^9^>^«««^9^ not ilae in the eqaatloD aboie 

the fint degree; Unu, sappotiqg that A« B, C, D, • • . . N, X, are fiuc- 
doDf of «9 the linear equation of the a^ older frill be 



44A. WlMntiiia equation ii of the fim Older, it iiradaced to 

A,4.bJ=X; 

getting quit of tedenomfaiatoryttddhkHi^ bj B, «e ni^f fioi tirii under 
tlielbim 

d^4-Pyib=Qdj, 
and we ha«« leeo, nU tSftp that this equation haa Ibr its integial 

446. When the tenn X in the equation (152) is 0, if a number » of par- 
dcular Talues, p, ;, r, &c., substituted successivetj in place of y, hare each 
the p rop e r ty of satisfying the equation, we have only to multiply^ q^ r, Ax., 
by the arbitrary constants, Of 6, c, &&» to conclude that the finite complete 
integral is 

y=.ap'\-hq'\-cr + &c 

The demonstration of this proposition being the same for all ordoN weafaall 
consider only the equation 

Ay+B^+cg+Dg=0....(lM), 

in whith substituting successively for j^ the hypothetical values p^ ;, r, &&, 
we shall have 
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and multiplying thtie throe eqoadons, the fint by a,tlie leoond by &, md the 
third by Ci Mid adding die nndls, wt find 

• • • 



Now it ii erident that thie imeieihin^ ifhidi ie taantjajly 0, is the WMMethni 
would ha^re ben obtained by naktogyny-l-Ag-^) in the eqnatioo (163) { 
thie value ot y thenAm taiiifiei the eqanien (IftS), and linee it eootaina 
three arbitrary e o n e tartit it ia the finite complcle inUgvil of that e^fMl^ 
447. When X ia not =0 hi tlie equation 

A,+Bg+cg+Dg=X .... (IMX 

if we can find three partieukr valnetf ^, q^ r, itUch, wibBitled meoeMifely 
ibr y, each of tliem aatiiflfla the equathm 

A,+Bg+Cg+Dg=0 . . . . (186X 

the finite complete integnl of the equation (154) will be 

y=ap-|-&^4^r .... (IM); 



but in diia cmm o, ft^ c, instead of befaig eonatants, wUl be fimetfana of j?, 
which we shall shortly see how to d s tom ine. 

448. To demonstrate tins theorem, we shall dificNntiate tlie equation 
(166), and divide by dJt^ when we shall hi|fe 

dr ^ da.db^ dc 

We ahaUnovdiipQieofthe tbiee hideCeanhsata qyantillit a, t^ c^ by thiee 
eonditiflna; and by the fint wa shaU make 
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wlitn tfafln win ranain 






■ad a Bfw dMftwntialioo will gif m 



For die aeoood condition we ihall 






%liaioe dMK win icmain 






end oURMntleMtiff eBein end dividiiiff dt ax* tlieve wiu xcRut 

dxi'^djij"^d5"*"^"ni di*"^ d*«"^ di*' 
As a thiid oondidoii, we shaU nippoee 

da d^p db d^ dc d*r X 

Sd?"^dr2"*"d;^=5 — ^^^'' 

and the preceding equatioo wiU become 

d>^ d3p dig dir X 
d43" dn"*" daj'^^'^'D" 

We may say now that the value y ^ap-t-hg-^er satisfies tlie equation (154) ; 
for putting in this equation the value of y, and consequently those of its dif- 
fonntial coefficients, which we have just detennined, and e£bdng the tentf 
in X, which destroy each other, we find 



A(ap+6j+cr) +b(«^+6^-K±.) 
V da« • di« dx»J^ V di3 di3^^dx». 



^J* i^^ i A^\ . r^/'J^P . J^ . A^'^ ^ -0 . . . (161). 



449. Since we do not yet know whether the value given to y mains sD 
the tcnns of the equation (161) mutually dcstioy themaehrof, we must now 
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proceed to d«iiioiitlmte tint thii tqttatkm it tfttiHy^. Vor Uito par- 
poee, ^, ^, r, satidyiDg the epilation (IM), wt iMifi 

and mnltipljiiig the fint of dwie equatknt liy a, die teeond liy k^ and ^ 
thixd I17 c, and adding tbe leaiiUi, we ihall ifaid ail eqvatioo ftdntkaUj Oi» 
wUdi will be the «yaae widi the aqnation (161). 



46^ To cMflnuM tfi| &| ^y iinee die oAraMlal 

ia db de 
d? #»' E* 

enter into die equatkiit of CQodidon (1A7)« (i^\ (l^X <>>ly ^ ^ 
degree^ we may diminate two of dwee co eflM e n ia , and ao find the otliar ki a 

tip ifff 
function of the ejipraaiona -r-^ -r— ^ &e*) which Me delanihiate ftmctiona of 

x; pf q^Tj dec being known; whence, theieAie, we ahaU have eqnatiooe 
of the form 

— -X ~— X il-x 
dx " '* ds "' dx '"* 

or, 

dasX.dv, d»»X,/rr, dczsX^^ 

and intqprating, we ahall detennine a, ^ & 

451. Thia theoran ia i^ppUcaUe to the caae in which the linear equatkm Ja 
of any order whatever ; and cdnaeqiundy die Int^giatioii of audi eqoatioiia 
is leteeed to diat of the equation 

Ay+Bg+cg....+Ng=0....(lM). 

452. When the linear equation of the order 11 baa oooatnt coeAdenta, it 
if eaay to determine the int^raL For if, hi the equatioo (16S), we oiake 
ymmem*^ we ihall find, by differentiating, 



and inbttitathig dieae Tahtei in the equatkm (162), we ahaU obtahi 
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eM^A+Bm-fClM^ • • • +N9n»)B0 . . . (163). 

* 

Let m\ m\ m% &c., be die looti of the eqmuioii 

A+Bm+Cw* . . . +N«»=0 . . . (164), 
the equftdon (162) will then be Mtisfied by Ae Yaliaei 

y=^^»^ y^e^"*, y=«^'"', Ac; 

and since we have iiTalaeB of y, die finite complete integral of the equition 
(lOa) win be 

463. When m'zzm"^ the terais de^^' and le^* leduce tbemaelTai to 
(a+&)^'' ; and dnoe a + ( muat then be oonaidcred aa oniy ope taanafi, 
we no longer have a nnmber n of arbitiazy oonstanti in the expression for 5. 
In this caae» it is easQy demonstiated diat if y = e^* satisfy the proposed 
eqoation, the value y=KM'x must also sadsfy it. For by difeentiadng thii 
list equation^ we find 

— ? =a«'»«''m'>+3e»»»''m'», 
drs 

Ac = Ac. : 
and these values reduce the equation (162) to 

j<.m'a(A+B«»'+Cw^+Dm'3-fAc.) 
-f <r"«>(B-f 2Cm'+3Dm^-f Ac.) . . . (166). 

But the equation (164) having, by hypothesis, two equal roots, we know, by 
the theory of equations, that the expression B -f- 2Cm + 3Dm' + Ac^ will 
contain one root less than the proposed equation, and will vanish when we 
put m—m\ whence it follows that the expression (165) is identically 0. The 
equation (162) will consequently be satisfied by the value \i=.xt**^\ and wiD 
have for its complete integral 

y =o«w'* -f&re*"'* -j-c**"* -f Ac 

464. If there were three roote equal to m, we might prove, in like manner, 
that equation (162) would be satii^ed by making 

and soon* 
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456. Wbm the eqiiation (164) contaiiu iamgaiaarf vopCi^ if one of ikmt 
roots be h~\-k^~^ the other wfll be h—k,/^, and we ihall have^ in Ae 
▼alue of 5^, the two terms 



or 



But we know thai we liave geneiaD j (noUJ^fih) the fbrmnlaB 

the ezpitiBioii (106) tlierefore being compared with dieie fomnte ^"^ naj 
nplace 

e**'^"^ by cosfex4-8ln*x.^/:=T. 

^-kjci^'-l ^ coalri-sln*j-|/Il ; 

whence the fbrmula (166) will beeome 

e^acmkx'\rtttlt[ikxy/'^-{'ht(mkr-^bmnkx^'^), 
an czpfciaion which may be written thus : 

«**[(«4-ft)coa*»+(a-6)sinfcrV~l • • • (167). 

When X is 0, in the equation (152), a, b, c, befaig arbitrary ooostantiv 

art. 446» we may suppose a-f-i=c, a— 6=:cV— i» "o^ ^bc" ^ imi^^Invf 
part in the espression (167) will vanish. 

On the integration of shnultaneout equations. 

456. Let it be proposed noW to integiate at onoe two or more difeential 
equations. Let 






(168) 
M'jr+N'x+P^- " 



be the moM gaieni equslioiN of die Snt degree betireen x, y, and the dif- 

Y 
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fbtetUAeoeffidntg-X -—; aailin wbidi tiit ooeffideiitfK, N, F, ftc^ 
« . di at 

an ftincUoos of the indq^endent TiriaUe t 

Thew eqaatkNis may be written thus : 

(My+Nx)J<+Piy+Q<2r=Td^, 
(M'y+N'x>tt+P'Jy-HJ'«fa=T'<tt ; 

ifwemnltlpljtlKieefliidofdiesebjaftniction/ori^ and Add the iculti, 
we ihall obtain 

and l e p t tMniln g the quantltiei within the paienthem \ff wb^ Icttcn, thii 
equitiqo oopf be wiittai dnia x 

HyA+Knir +IUy +8^ =sT4e ; 
whcDoe we derive 

an equation wUcfa wiU be of the same Ibim wilh the one 

. dy^Pyix=:Qdx . . . (WX 
which we have integrated, art 386, if 

rf(y+~^)=rfy+|rf^ . . . (171); 

since then, bj making 

y+-g-*=« . . • (172), 

the equation (109) will become 



or 



dz-^^zdtzz^ . . . (173); 

and we see that this equation is of the same fivm with the equation (I7OX 

H ^ T 

since -^ and -^ are certain functions of the independent variabk /. 
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467* To Bstitfj the •qmtiaii (171 )» we require duly to haw ' 

' ''(r)=l^' 

or, differentiating, 

and in order that this eqiiatioQ mxf be tstiified, the moMflSem €f dx vaMif 
in general, be equal, and eontequeiitly tb^ tenn xd.-^htO; L e. we must 
have 



I « 



K S K 
■H=^»<i--H=0 . . . (174). 

Having substituted in these equations the vdues of die expreisioiis 

H, K, R, S, and performed the neoettaiy dHfttdttiatioD, we ttintt uMii 
eliminate 9 contained in these equatlooa, and we shall have the relation that 
must subsist between the coefficients, in order that the equation of oondit)oo 
maj be satisfied. 

4&& In the case in which the coefficients of the first sides of the equadoni 
(188) are constants, the difierentia] of a constant being equal to lero, theit 
win remain only the first of the equations (174) ; this will suffice fbr de- 
temiining the fiictpr 9, which wHI then be constant, since it wHI beeome 
equal to a function of constants. Replacing K, H, R, S, by theb values, 
we have 

and getting quit of the denominators, we see that 9 will be determined by an 
equation of the second degree, and therefore have two values. 

Representing these by ff^ 0", and sopposing that on snbstitutiiig them suc- 
cessively in the equation (173)» the oo^cients of tdt and of H beoome, in 
the first case, ^' and ^, in the second case//' and ^, we shall have 

ds-\-p'zdt=q'dt^ 
whence^ integrating according to the fonnria (90), art. (385), we shall find 

and sobodtttting in ibess values that-of s, deduced from the eqaadon (179), 
we shall have two eqnatisBS in x, jf» and t. 

y2 
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469. If, excepting T,T^T^whkhw« ihaUalwmTtcoiiikfer at foiicti^ 
of <, the coe6kieiit8 M, N, P, Q, &c be oonitanu, and we hare the thne 
equatioDS « 

dy+{My -}- Ni + Ft)it =Tdt, 
dx-^lfA'y -f N'x + r%)di=iTdiy 

multiplying the seoond and third hj oonstanta 6, V respectiTdy, and adding 
the nndta, we ■haU have an equation whidi may be lepnMnied by 

thf-\4dx'\^di-Hii^^Rs+SM)dizzVdi. 

That thii equation may be of the ibnn 

dy-^Fydxz=:Q4i^ ^ 

k h neeenary diac, considering y+Rx+Ss as a ringle variable y', the dif- 
ferential dy' of this fimctioD should be equal to dg-^-^dx-^-ffdzj whidi le- 
quiires us to hare tiie equations of conditioa 

9=sR, 9^=8 { 

and since R and S ate functions enly of $ and 9*, by ▼ittue of the preceding 
operstiomi, it follows that these equations will suffice fiir detenmning the 
diilbent values of the constants 9 and ff. 

460. This method is genenl, and applies equally to difierentisl equations 
of hig^ orders, since those equations can be reduced to the first degree. 
If we had, for example, the equations 



g+M-,+N.+P'|+a'^=T'. 



or rather 



we should make 

dy=pdi^ dx=qdt . . . (176); 
and observing that dt is constant, our equations would become 

these two equations, with the equations (176), form feur eqoatioos of the 
first degree, to which we may apply t^e preccdfaig processes. 
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Integration (^f differential equatitnu qftke second order. 

461. The general finrm for differential equaticms of the aeocxnd 
order between two variahles is 



We shall not attempt to int^;rate this equation in its utmost 
degree of generality ; but shall proceed to examine how the 
int^pral can be found in certain particular cases. 

462. We shall consider first the hypothesis on which we 
haye 

To integrate this equation we shall put -J^=p, -^^ ='A 
when it will be reduced to 

/(',;». ^)- {179); 

and if this equation can be int^ratedj and we deduce from it 
p=X9 we shall readily obtain the value of y, for the equation 

-j-^V giving us y ^fpdjp, if we substitute in this equation 

the value of ;7^ we shall have y=/Xdjt. But if the equation 
(179)> instead of giving us the value of j9 in terms of jr, should 
give that of j? in a function of p, so ihat we had «r = P, ip^ 
tegrating dy^pdx by the method of parts^ we should have 

and substituting in this equation •the value i^ Jt, we should 
find 

i^=paf~'/Pdp. 

463. We will now consider the case in which we have 
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dff d^u tip 

making ->-=/>, we shall find --7— = ;/- ; and replacing dlr by 
cue aJt* dx 

its value -^, this equation will beeome 
P 

d^y _ pdp 
it* dy ' 

Patting these values of -^ and -^ in the equation (180), 
we shall transform it into 

and if this equation give p = Y, vre must substitute this value 
in the equation dx =—, when we shall obtain^ by int^rating, 



P 



•**— y Y* 



If, on the contrary^ ^ results as a function of p, and we have, 
consequently, ^ = P ; to obtain j^, we must integrate the equa- 
tion dx = -^ by parts, when we shall have 
P 

p '^^p^ 
and substituting iu this equation the value of ^, we shall find 

P -^ f 

having integrated^ we must then eliminate P by means of the 
equation ^ = P. 

464. When the equation (177) contains, alone with —^ 

dx- 
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only one of the three quantitiiBS ^, Jt and jf> we have, in the 



first case, 

and making ^ =/'> and ottiieqttCBtly ~ = ^> and substi- 
tuting these values in the equation (181)^ it will b^ooine 

From this eqnatioo we deduce 



and consequently 



*=P • • • • (IM). 



'=/-^ • • • • (183). 



On the other hand, the equation -j- ^p gives us 

y=fpda? ; 

and substituting in it the Value of dx, given by the equation 
(182), we obtain 

9=/^ ■•" (184); 

having int^prated the equations (183) and (184), we must 
eliminate between them the quantity p, to obtain an equation 
between x and ^. 

465. In the case in which ^ appears combined only with 
a function of x, we have 



moltiplyiiig Vf ^9 and int^rtiim^y we find 
l e p wu n t i agyXdSr by X', we hmT 

and mnl^jing anew by dlTj «d 

40& LMtly, iHun^ is giyea in a fbaetlob a# jf ako^ we 
bave only to intapntodw eqtiatiaif 

^^ Y. 

To aeoompliah this^ we shall -]i»ilti|ily tlie equation by 3d^, 
whidi will gbfjp , 






and the first side being composed similarly to the difeentisl 
of A^, we shall find, by integrating, 

g=/2Yrfy+C; 
extracting the sqoare root of this, we shall 

and, by a new integration, we shall deduce 



c 



- r ^y +c 
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Partial differential equathw o/tkejirst order. 

467* An eqnadoo whicb subvUto b e tween differential oo- 
efficients, combined, according to the case, with TariaUei ai^ 
constants, is, generally, a partial differential equation, or, as 
it was formerly denominated, an equation with partial dif- 
ferences. These equations are tiius denominated, because tiie 
notation of the differential coefficients which they contain in^ 
dicates, as we haye seen, art. 53, that the differentiation can 
only be effected partially, i. e., by considering certain of the 
variables as constants. This, consequentiy, supposes that the 
function proposed contains more than one variable. For greater 
simplicity, we will first admit only of two, and consider the 
partial differential equations of the first order, i. e., tiiose which 
contain only one or more differential coefficients of the first 
order. 

468. We wiU commence with integrating the fiallowing 
equation : 

dx " 

If X, instead of being a function of two variables j? and y, should 
contain only jr, this would be no more than an ordinary dif- 
ferential equation, which, being int^rated, would give .... 
z =ax-\-c; but since, in the present case, z is by hypothesis a 
function of x and y, the terms involving y in the function z 
must have disappeared by the differentiation, since in dif- 
ferentiating in respect of jt, y has been considered constant. 
We must tiierefbre, in integrating, adhere to the same hypo- 
thesis, and suppose that the arbitrary constant is in general a 
function of y ; whence, consequentiy, we shall have for the 
integral of the equation proiiosed, 

Z'='ax'\r^y* 

469. If we have also the partial differential equation 
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dx _«, 

in which X is a function of i- ; multiplying each side bj di^ 
a&d int^ratiDgy we shall find 

470. For example, if the function represented bj X should 
be«<+aS the integral would be 

471* We shall find no greater difficulty in integrating the 
equation 

for which we shall liave 

472. We may in like manner int^rate every equation in 
which -7- is equal to a function of two variables jc and ^. 

If we have, for example, 

dz jr 



considering ^ as constant, we shall multiply by dor, and in- 
teg^te according to article (271) ; when representing by fy 
the constant which ought to be added to the integral, we shall 
have 

473. Lastly^ if we have to integrate the equation 

dz _ 1 
dx ■" ^^ftH^* 
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y as usual being considered constant, we shall have (art. 274)^ 

z=sm • — \-^tl' 

y 

474. Generally, to integrate the equation 

dz 

we must take the integral in reqieel of ir, and addhig then a 
constant function of y to complete it, we shall find 

475. From what has been said, we see that, excepting the 
hypothesis of one of thft variables being constant, and the in- 
troduction, in the integral, of a constant function of that 
variable, we follow the same process as in the integration of 
ordinary differential equations. 

476. Let us consider now the partial differential equations 
which contain two differential coefficients of the first order, 
and let the equation be 

dz dz 

in which M and N represent given functions of x and y ; we 
deduce from it 

dz _ M dz^ 
</y "" N dx* 

and substituting this value in the formula 

^^-•^dx-^^dy (185), 

which expresses nothing more than the condition that 2; is a 
function of .r and y, we obtain 



% . ^ 



'''*=^(^'->H'')' 



'.-:> ' 



Let A b« the fiwtor proper to nnder Ndk—Mi^ a emplete 
diflercntial di; ire diaQluTa tiieii 

X(N(b-Mtf^)sdk (186), 

# 

imdy.byMMisiftlibeqDatMi, riiwinttiiig Nrf»— MMy fan 
the preoeding.oae^ we ihan etein 

lb 
Lutljj obeerring that the value of ^^ » indgterminetfj we 

may aHOine it audi that -s^.^^A ahall be immediatdj iop 



know that the differential of every given function of $ mnat be 
of the form Fs.ds. From thia therefore it foUows that we 
must have 

which will change the preceding equation into 

dz=Ftdi; 
whence We shall deduce 

z=it>s .... (187). 

477- If we int^rate by this method the equation 

(we have in this case M =: — y, N=jr> and the equation ( 186) 
will consequently become 
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It is evident that the feictor proper to vender the seoond side 
of this equation int^rable is 3; sahstituting. therefore this 
Talae for X, and integrating, we have 

whence^ putting this value in the equation ( 187)f we shall have 
for the int^iral of the equation (188) 

478. Let now the equation be 

p^+Q^+J^=o . . . . aw), 

in which P> Q, R^ are functions of the variables x, y, z; di- 

Q R 

viding hj F, and making ^ = M> -5 =N, we may put it under 

the form 

^+M?-+N=0....(190); 
ax dif 

and making r- =p, ^ = y, it will become 

p-}-My+N=0 .... (191). 

This equation establishes a relation between the coefficients p 
and q in the general formula 

dz^pdjT+qdjf .... (192); 

without this relation^ p and q would be entirely arbitrary in 
the formula^ sinoe^ as we have already observed, it does no 
more than indicate that s is a function of jp and y, and that 
function may be any whatever^ Thus in the equation (192) 
p and q must be considered as. two indeterminate quantities ; 
and eliminating p by means of the equation (191), we shall 
obtain 
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V;z+N(/^3:f(i/^^M^) . . . (193); 

in wUch' g will still remain indeterminate: bat we knov 
X*ee note third) that wBen ap (equation of this sort holds good, 
whatever be the value oty, we must have separately 

479. If P^ Q, and R do not oontain the variahle 2, it will 
be the same with M and N ; in which case the second of the 
equations (194) will be an equation between the two variables 
«r and 1/, and may become a complete differential by means of 
a £Eu^r which we will represent by \ when we shall have 

X(c/y— M</^) =0 . - . (195); 

imd the intend of this equation will be a ftmction of x and y, 
tty which we must add an arbitrary constant s, so that we 
shall have 

and consequently 

This value of y is the one given us by the second of the 
equations (194) 3 and in order, therefore, that the two may 
hold good simultaneously, this value of ^ must be substituted 
in the first of the equations (194) ; for though the variable y 
does not explicitly show itself in that equation, we see that it 
may be contained in N. 

This substitution, from the nature of the value which we 
have just found for t/, comes to the same thing with con- 
sidering y, in the first of the equations (194)^ as a function 
of jr and s ; and the first equation being, therefore, int^rated 
on such hypothesis, we shall find 

480. To give an example of this mode of integration, let us 
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take the equation 

dz Hx 

comparing it with the equation (190), we have 



M=?^,N=-a5^^^ . . . C196)» 

and these values being substituted in the equations (194)> 
they will be changed into 



cf«-fl^^f!±i!!</^=0,rfy_l^=0 . . . (197). 

Let X be the factor whieh renders tills last equation inftcN 
grable ; we shall haye> then« 



or 



X['^^^)=0. 



and this equation will be integrftble, if we make X = - ; since 

in that case its firak wde booomM a complete differential (arU 
403). 

Equating^ therefore, the int^[val of this equaliiQ to a» 
arbitrary constant 9, we shall have 

and consequently 

By means of this value Qfy> tbe firsi; of the equations (1^) is 



* 



,r :,■ 



AmifgA into 






wbaw^ i ttU gi mtii^ and o umiih i lug • M mMlinI, wc ibill 

vOSHB 



■nd QomeoiMBtlj 

zsAriyl-f«*+^- 



=«yn.5^.^ 



y 



481. In the most general case^ in which the coefficients 
,P, Q, R, of the equation (189) contain the three yariahles 
*% y> ^9 it may happen that the equations (194) ccmtain each 
of them only the two Tariablet which explicitly show them- 
adves in the respectiye equations ; and that consequently we 
may put them under the form 

dz=J{jp, z)djt, dfy=F(*,y)<ir. 

We cannot integrate these equations independently of each 
other> by supposing, as in art. 474^ 

for in this case we see that we must assume s to be constant 
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in the first equation^ and ^ to be constant in the second ; hy- 
potheses which are contradictory to each other^ since one of 
the three coordinates x, y^ z, cannot be supposed constant in 
the first equation without its being also constant in the second. 

482. The following is the method by which we must in- 
t^ate the equations (IM), in the case in which they con- 
tain each of them only the two variables which expressly 
appear : let ft and X be the feu^ors which render the equa- 
tions (194) complete differentials ; representing these differen- 
tials by d\J and dV, we shall have 

\(dz+'Sd^)=dU, lut(rfy-Mi^) =dV, 
and by means of these values^ the equation (193) will become 

dVz^q^dV . . ..(198). 

Since the first side of this equation is a complete differential^ 

the second must be so likewise^ which requires that o- be a 

function of V ; representing this function by ^V, the equa- 
tion (198) will become 

dU=:(pVdV; 
whence we shall deduce^ by integrating, 

U = *V. 

483. Let us take, for example, the equation 

dz , dz 

this being written thus, 

dz X dz z _ 

--4—-. =0, 

dx y ay .r 

and compared with the equation (190), we shall have 

z 
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f * 

by: menu of trUch valaef fhe eqwttkos (194) will beoome 

* • y 

•ad getting quit of tjhe dwwminil ioB i , we JmJI Imve • 

The fiictera proper to render tlieae eqnaddiw intq^nUe tre 
-J and 3 j mibetitttting tlieae> and integniting» we find - and 

jf*-^4* ftr the integrals ; and patting theoe valoei in phoe of 
U and V, in the eqnajki^ ^^^^x ^^ ^^^^ obtain, ftr the 
integral of the equation ptopoted, 

484. It ia to be observed that if we had eliminated q in- 
stead of j9, the equations (194) would have been rqdaced by 
the following ones : 

UdK^'Sdy^O, dy-^lAdx-O . . . (199); 

and since all that we have said of the equations (194) will 
apply equally to these^ it follows that, in the case in which 
the first of the equations (194) ia not integrable> we are at 
liberty to replace those equations by the system of the equa- 
tions (199) ; 1. e. to employ the first of the equationa (199) 
in place of the first of the equaticms (194), and then see if the 
integration be possible. 

485. For example, if we had 

dz dz 
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this equation^ divided by az and compared with the equation 
(190); would giye U8 

a az 

whence the equations (194) would beosme 

az a 

and getting quit of the denominators^ we should hare 
azdz-^-jeydje^O, adif^xdjc=^0 . . . (2(K)). 

Now the first of these equations, containing three variables, 
cannot be immediately integrated ; we shall therefore replace 
it by the first of the equations (199), when we shall have, in 
lieu of the equations (200), the following ones : 

— dz + -^y = 0, ady-^-xdx =0 ; 

X 

suppressing - as a common factor in the first of these equa- 
tions, and multiplying the one by 22 and the other by 2, we 
shall find 

— 2a/2-|-2yfi(y=0, 2ady+2ji;da'=0, 

equations which have, for their integrals 

^'— 2*, and 2ai/ + .»- ; 

and substituting these values in place of U and V, we shall 
have 

486. It may be observed that the first of the equations 
(199) is no other than the result of the elimination of d.r be- 
tween the equations (194). 

• z 2 
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Generally, we may eliminate every variable contained in 
the coefficients M and N ; and, in a word, combine the equa- 
tions (194) in any manner whatever ; if, after having per- 
formed these operations, we obtain two integrals represented 
by U = a and V=.b, a and b being two arbitrary constants, 
we may always conclude, thence, that the integral is • . . . 
U = ^V. For, since a and b are two arbitrary constants, 
having taken b at pleasure, we may form a €£b in any manner 
whatever ; i. e. we may assume a as an arbitrary function of 
b; B, condition which will be expressed by the equation .... 
a — ^b (jioie twelfth) ; we shall consequently have the equa- 
tions U=^6, Vzz^b, in which x, y, and z represent the same 
coordinates; and if we eliminate b between these equatioas, 
we shall obtain U = ^V. It may also be observed that tliis 
equation informs us that on making V = 6, we ought to have 

V = (pb== constant ; i. e. that U and V are constants at the 
same time, without a and b being dependent one on the other, 
since the function <p is arbitrary. Now this is precisely the 
condition which is given us by the equations U = a and 

V = b. 

487. To give an application of this theorem, let 

(h dz „ ^ 

ZX- 2M- V* = 0. 

dx ^dff ^ 

Having divided by zxy we shall compare this er|uatioii nitli 
the equation (19()), which will give us 

«* xz 

and the equations (194) will become 



dz^^dx = 0, du -{-^dx = 0, 

XZ ^ X 



or 

zxdz—i/^dx = 0, xdy •\-ydx = 0. 
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The first of these eqvatioiis ooutdning three vmnables, we 
shall not attempt to integrate it in this state ; but if we snb* 
stitute the value o£ i^djt^ derived from the second, it will ac- 
quire a common £M:tor jt, which being suppressed, it is -re- 
duced to 

and wc see that on multiplying it by 2, it becomes integrable ; 
and the other equation being so likewise, we shall find, by 
integrating them, 

whence we conclude that 

488. We shall terminate what we have to say respecting 

partial differential equations of the first order, by the solution 

of this problem : An equation which coniaitu an arbitrarily 

Junction of one or more variables being given, to find the 

partial differential equation which has produced it. 

Suppose, therefore, that we have 

wc shall put 

.r=-fy- = w . . . (201), 
when our equation will become 

and since the differential of u must, in general, be a function 
of u, multiplied by du, we may assume 

dz = fudu. 

If now wc take the differential of z, in respect of a? only, i. e. 
considering ^ as constant, we must take the differential of u 
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also on tlie«stiiie hypothtek; and> consequently, dividing the 
preceding eqastion by dtt^ we shall have 

considering, then, x as constant, and y as variable, we shsll 
find, by a similar process, 

dz du /rtnox 

du du 

The values of the differential coefficients -r- and -r- which 

djt dtf 

enter into the equations (202) and (203) will be obtained by 
differentiating the equation (201), in respect to jp and y suc- 
cessively, which will give us 

« du ^ du ^ 

substituting these values in the equations (202) and (203), 
we shall have 

dz . dz ^ 

and eliminating <pu between these equations, wc shall find, 
lastly, 

dz _ dz 
dx dy 

489. Let us take also, for example, the equation 

t« + 2/7.r=F(.r-^). 

Making 

.r—y-H .... (204), 
this equation becomes 
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and differentiadng, we hsTe 

taking the differential indicBted^ in ratpeet to jp, we mutt con- 
sider z as variable, by virtue of jp which is contained in it^ 
and dividing by djf, we ahall have 

2zg+2« = ^*...(a06); 

proceeding in a similar manner for y, considering z as a func- 
tion which varies only on account of y, and dividing by tfy, 
we shall find 

2^|=f«| • . • (206). 

To eliminate the differential coefficients of du, the equation 
(304) gives us 

- = 1, ^ = -1; 
dx ' dy 

substituting these values in the equations (205) and (206)^ 
we shall have 

tx dz ^ ^ dz 

22-5 — |-2a = <p«, 2«-r- = — ok; 
die dy 

and eliminating ^u between these equations^ we shall obtain^ 
lastly^ 

dz dz a ^ 

d,r dy z 

Parihil differential equations of the second order. 

490. A partial differential equation of the second order, in 
which 2 is a function of two variables x and y, must always 
contain one or more of the differential coefficients 



indapendeiidf of the 



f »i !*■•• 



. '1 ' ■ k Ji '''III. 



^rt.'W/ibn oobflne ounelTeB to lirtvig^^^ 
ample of the partial diileiential' eqaitidoitt of the 'eedi 
and ahall ooDimenoe wKh the aae : 






— > = • 

asvltiplyiag'itUi ly <tr, mi imqp f rtiu g in nif 
must add to the integral an arlntnrj function oi 
ahaU have 

d% 

i« ■ . . . • ■ ■ ; 

multiplying anew hj dst, and designating hjr 4v 
of jr to be added to the integral* we ahaU find 

408. Let it be proposed now to intflgrate thcf i 

in which P is a function of x and y ; proceeding 
shall find first 

dz 
and a second integration will give us 

493. We might integrate in the same manner 
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and we should find 
494. The equation 



dycUt 



rsP 



must be integrated, first in respect to one of the variableSy and 
then in respect to the other, which will give 

495. Generally, we shall treat in a similar manner any one 
of the equations 

in which P, Q, R^ &c.j are functions of x and y ; and this 
will lead to a series of int^rations, each of which will intro- 
duce an arbitrary function into the integral. 

496. Among the equations now under consideration, one 
of the most easy of integration is the following : 

by P and Q designating always two functions of .r and if. 
Making 

J=ti (207), 

we shall change this equation into 

du 



iy 



|-Pm=Q .... (208). 



To integrate, we shall consider .r as constant, and then this 
equation will contain only two variables i/ and u, and will be 
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of the same fmm with the equation 

dy-^Fydjt^Qdx .... (209), 

treated of, art. 385, and the integral of whidi it 

5^=tf-/W'(yX3e/«'d:rH-C) . . . (210): 

comparing therefore the equations (208) and (209), we shall 
have 

^ = tt, jf=y; 

suhstitnting these values in the formula (210), and changing 
C into fx, we shall obtain 

u = e-f^^{fQer^^dy + <fx) ; 

and putting this value of u in the equation (207)> multiplying 
by W^, and integrating, we shall find 

497. We might integrate by the same method the equations 



dj^y dx 'dxdtf dy 

in which P and Q represent functions of .r, and by reason of 
the divisor d.vdy, we see that the value of z cannot contain 
arbitrary functions of the same variable. 

On the determination of the arbitrary functions which enirr 
into the integrals of partial differential crj nations oftheJiTHi 
order. 

490. The arbitrary functions which complete the integrals 
of partial diiferential equations must Ihj determined by the 
conditions which belong to the nature of the problems whicli 
have produced those equations, problems whicli for the most 
part belong to questions in physical mathematics. Not to 
wander too far from our subject, wc shall confine oursehTs to 



ARBITRABY PimCmOM^ OP TH8 FIRST ORDER. 34? 

considerations purdy analjrticalj and inmtigate first what are 
the conditions contained in the equation 

^=fl . . . . (311). 

499. So long as z is a fnnotioo of jp and y, this eqaatkm 
may be considered as that of a snrfaoe ; and this sorlaoe^ from 

the nature of its equation, will possess this property, that -j- 

must always be a constant quantity; It follows from this that 
every section EF (fig. 87) of this sixrhce, made by a plane CD Fig. 87* 
parallel to that of x, ir, is a straight line. For, whatever be 
the nature of this section, if we divide it into an infbiite 
number of parts mm', mm\ m'm"^ &c, these parts, seeing 
that they are exceedingly small in length, may be ocmsidered 
as straight lines, and will represent the elements of the seo- 
tion ; also any one of these elements mm makes with a parallel 
mn to the axis of the abscissae, an angle the trigonometrical 

tangent of which is represented by -7- ; and since this angle 

dz 
is constant (because -j- is so), it follows that all the angles 

uX 

m*mn, m"ni!n\ m'^ntn", ftc., formed by the elements of the 
curve with the parallels mii, m'n, m'*n", &c., to the axis of the 
abscissa;, will be equal ; whidi proves that the section EF is 
a straight line. 

500. We might have arrived at the same result by con- 

dz 
sidering the integral of the equation ~ = a, which we have 

seen to be, art. 468, 

2 = <i;r-f9^ .... (212); 

for, for all the points of the surfiBwe which are in the plane 
CDy the ordinate is equal to a constant c, represented in the 
^. 87, by AB ; replacing therefore ^tf by fc, and making 
{^c^C» the equation (212) will become 



i = o.,-t-C .... (213), 

and tliis equation being thai of a straight line, the 8« 

to which it belongs, must consequently be a strmght line. 

501. The same being the case in respect to the other secaDt 
planes ivliich might be drawn puraUel tu that of j; - =, we con- 
clude that the sections of all these planes with the auriaee 
will be straight lines, which will be parallel to each othir, 
iince they will form each of them with u parallel to the aiis 
of J^, an angle whose trigonometrical tangent will be the con- 

502. If now we make ,r=0, the equation (212) will be 
reduced to z=>py, and will be that of a curve GHK trac^ 
along the plane of y, r ; this curve comprising all the points of 
tlie surface, fiir which .r = 0, it will meet the plane CD in a 
point m (fig. 87)> which will have, for one of its roordiiutes. 
.r=0; audsince we have also y=AB = '?, the third coordinate, 
by virtue of the uquation (213), will be z^C, a value repnv 
sented in the figure by B/n. What we have said of the plane 
CD will apply to all the other planes, which nre parallel to it, 
and it follows therefore that through all the points of tlic curve 
whose equation is z=fi/, and which is traced along the plane 
of y, z, straight lines will pass parallel to the axis of .r. 

Here then is all of which the equations (211) and (312) 
infurm us, and since this condition is ahcays fulfilled, whatever 
be the figure of the curve of which ^ = <9!/ is tlie equation, ire 
sec that this curve is arbitrary. 

.'i()3. It follows from what has been said, that the curve 
OHK, of which x = fi) is the equation, may be comiNMcd of 
urc8 of different curves, which join at their extremities*, us ia 



■ In thin case, Ihe curre will be clMcntiined by mcnns of sevttal njuiUoM, 
«uch ■ ni»nn« lliii ihe lini wUl give the vtiMc of the vrvinblc i, fnt i»- 



: iheBccom) will give ii Iniiu i=h ui i '^^mI 
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fig. 88, or of curves wliich leave breaks in certain places, as in Fig. 88. 
fig. 89. In the first case^ the curve is discontinuous^ in the Fig> ^* 
second it is discontiguous : in this last ease it may be observed 
that two diflerent ordiuates PM- and PN (fig. 89) correspond 
to the same abscissa AP. It is possible, lastly, that without 
being discontiguous, the curve may be composed of an infinite 
series of indefinitely small arcs, which belong each to different 
curves ; in this case the curve is irregular, as^ for example, the 
fibres of a feather would be which we should draw out at ran- 
dom ; but however the curve may be formed of which the equa- 
tion is z=.<^y, it will suffice for constructing the surface to 
make a straight line move always parallel to itself, with the 
condition that its point M shall run along the curve 6HK, of 
which the equation is z = <p^, and which is traced at random 
along the plane of y, «. 

dz 

504. If, instead of the equation -p =a, we had the one .... 

-7- = X, in which X was a function of .r ; then drawing a plane 

CD (fig. 87) parallel to that of jc, z, the surfiEice would be cut 
in a section EF, which would no longer be a straight line, as 
in the preceding case. For, for any point m*, taken in this 
section, the trigonometrical tangent of the angle n'm'm" farmed 
by the prolongation of the element mm" of the section, with a: 
parallel to the axis of .r, will be equal to a function X of the 
abscissa x at that point \ and since the abscissa x is diferent. 
for every pointy it follows that the angle n'm'ni' will be dif- 
ferent for each point of the section, which shows us that £F. 
will not, as before, be a straight line. The sur&ce will be 
constructed in the same manner as in the preceding problem^ 
by making the section EF move parallel to itself, so that its 
point m shall continually be in the curve GHK^ of which the 
equation is z = ^^. 

505. Suppose now that in the preceding equation, instead 
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of X we liad a fimction P of x and y, the equation — =: P, 

containing three Tariables, will belong still to a conre soifKe. 
If we cut this sui'fiAce by a jftSnt parallel to that of x» <^ we 
shall have a section in which y will be constant ; and since in 

all its points, -j- will be equal to a fiincticm of the rariable 

jp, it will follow, as in the preceding case, that this sectkm 
will be a curve. 

The equation ^=P> being integrated, we shall have, for 

that of the surfsuse 

if in this equation we give successively to y the increasing 
values y, y\ y"\ ^'*, &c, and represent by P , P", P ', F*, 
&c what the function P then becomes, we shall have tbe 
equations 

Z =/P' dr -f ipy , z rr/P ' dx + (flf, \ 

z=f¥"dj'^<py\ r=/FVx+?y% I . . . (214); 
&c. = &c. &c. = &c. ) 

and we see that these equations will belong to curves of the 
same nature, but different in form, since the values of the 
constant y are not the same in all. These cun'es will be no 
other than the sections of the surface by planes parallel to that 
o{ X, z ; and, in meeting the plane of y, r, they will form a 
curve, the equation of which will be obtained by making ^=0 
in the equation of the surface. Representing by Y, what 
f^dx becomes in this case, we shall have 

z = YH-^y . . . (215); 

and we see that on account of <py, the curve determined bj 
this equation must be arbitrary ; thus, having traced along 
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the plane of y, z, the curve QRS (fig. 90) at pleasure, if we Fig. oo. 
represent by RL the section of which zss^/T'cU+^y is the 
equation^ we must have this section to move, keeping its ex- 
tremity always in the curve QRS, and in such a manner that, 
in its course^ this section RL shall assume the successive forms 
determined by the equations (214) ; when we shall construct 

dz 
the sur^Eice to which the equation ;y- = P belongs. 

506. Let us consider^ lastly, the general equation 

dz dz 
' ax ay 

the integral of which is U = (pV, art. 480. Since we have 
the equations U = «, and V=:6, each of which is between 
three coordinates, we may consider them as the equations of 
two surfaces, and the coordinates being common, they must 
belong to the curve of intersection of the two surfaces. This 
being premised, since a and h are arbitrary constants, if in 
U :=a we give to x and y the values x and y\ we shall obtain 
for z a function of x\ t/, and a, which will determine a point 
of the surface of which U = /i Is tlie equation. This point 
will change its position if we give successively different values 
to the arbitrary constant a ; that is to say, by liiaking a vary, 
the surface whose equation is U = a will be made to pass 
through a new system of points. What has been said of 
U = a will apply equally to V = 6 ; we may conclude therefore 
that the curve of intersection of the two surfaces will con- 
tinually change its position, and consequently describe a curve 
sur&ce, in which a and b may be considered as two cQQrdi-» 
nates i and since the relation as ^6, which connects tb?se 
two coordinates, is arbitrary, we sec that the determinatipn oi 
the function 9 reduces itself to the problem of making a sur-i 
face pass through a curve traced arbitrarily. 
507' To show how this sort of problems may conduct to 
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analytical conditions^ we tHU examine what the surfuie is, the 
equation to which is 

y-'-zz^jp'r- • • • (216). 
^dx dy 

We have seen, art. 477, that this equation has for its integral 

2 = ,p(*a4-j^«) . . . (217), 
and reciprocally we deduce from this integral 

if we cut the surface by a plane parallel to that of ^, ^, the 
section will have for its equation 

and representing the constant ^c by a^, we shall have 

This equation belongs to a circle ; and, consequently, the sur- 
face will possess this property, that every section made by a 
plane parallel to that of x, y^ will be a circle. 

508. This property is also indicated by the equation (216) ; 
for, by virtue of art. 26, we deduce from it 

d^ 

which shows us that the subnormal is always equal to the ab- 
scissa, and this is a property of the circle. 

509. The equation (217) indicating to us no other con- 
dition than that the sections parallel to the plane of .r, y, must 
be circles, it follows that the law according to which the radii 
of these sections are to increase, is not comprised in the equa- 
tion (217) ; and that, consequently, every surface of revolu- 
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turn will satisf J the probleoi ; fbr we know that in smfeioes of 
this salt the sections parallel to the plane of a», y, are alwmya 
circles, and it is needless to say that the generating curve 
which, by its revolution, describes the surface, may be dis- 
continuous, discontiguous, regular or irregular. 

510. Let us investigate now the surface for whicb tills gene- 
rating curve should be a parabola AN (fig. 91), and suppoae Fig. 91. 
that, on this hypothesis, the sur&oe be cut by a plane AB, 
passing through the axis of z ; the track of this plane along 

that of X, t/, will be a straight line AL, which being drawn 
tlirough the origin, will have for its equation y = ax ; and if 
we represent by t the hypothenusc AQ of the right-angled 
triangle APQ, constructed along the plane of jp, y, we shall 
have 

but / being the abscissa AQ of the parabola AN, of which 
QM = 2 is the ordinate, we have, from the nature of the curve, 

putting for /• its value ^'^-f yS there results 

,=l(*«4-5^*) or « = ^ (a«j^-f ^«) =y (a^+l) ; 

and making r- (a^ -f 1 ) = m, we shall obtain 

so that the condition prescribed on the hypothesb of the ge- 
nerating curve being a parabola is that we should have 

z = mjL^, when y = cue, 

511. W^ shall seek now to determine, by tneans of these 
conditions, the arbitrary function which enters into the equa- 
tion (21 7). For this purpose, representing by U the quantity 

A A 
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#«4.^, which is affected by the sign f, the equatim (217) will 
become 

«=:^U .... (218), 

and we shall have the three equations 

Eliminating y by means of the two first of these, we shall 
obtain the vahie of jp>, which, being snbstitated in the third, 
will g^ive ns 

U 

an equation which reduces itself to 

since we have already supposed r(A*+l)=«"' ThisTalueof 

z being then substituted in the equation (218), it will be 
changed into 

putting the value of U in this equation, we shall find 

^(^+y«)=^(a«+5^«), 

and we see that the form o&the function is determined. Sub- 
stituting this value of ^(^^-f^) in the equation (217), we 
shall have for the integral sought^ 

an equation which possesses the property required, since the 
hypothesis of ^ = a jr gives us 
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512. This process is general ; for suppose that the conditions 
on which the arbitrary constant is to be determined are that 
the int^;ral give P(x, y, ;y) = 0, when we havey(.r,y, ») =0; 
we shall obtain a third equation by equating to U the quantity 
which is preceded by (f, and then by eliminating snccessiyely 
every t^vo of the variables jp, y, z, we shall obtain each of those 
variables in-tfhnction of U ; putting these values in the in- 
tegral^ we shall arrive at an equation the first side of which 
will be ^U, and the second side an expression also composed 
of U ; replacing the value of U in terms of the variable, the 
arbitrary function will thus be determined. 

0/ the arbitrary functions which enter into the integrals of 
partial differentials of the second order* 

513. The pai'tial differential equations of the second order 
conduct to integrals which contain two arbitrary functions; 
the determination of these functions resolves itself into making 
a sur&u^e pass through two curves which may be discontinuous 
and discontiguous. To give an example, let us take the equa- 
tion •T-'sO, the intend of which, art. 401, is 

a.r* 

2=^j^+^ . . . (219). 

Let A<i', Ay, As, (fig. 92),. be the coordinate axes; if we Fig. 93. 
draw a plane KL parallel to that of <r, z, the section of the 
surface, by this plane, will be a straight line ; for, for all the 
points of this section, y being equal to Ap, if we represent Ap 
by a constant c, the quantities ^y and ^y will become ^c and 
*v{/c, and consequently may be replaced by two constants a and 
b, so that the equation (219) will become 

-=flrf?-f-6 .... (220, 

and will be that of the section made by the plane KL. 

514. To determine the point in which this section meets 
the plane of y, z, making .r = 0, the equation (219) gives us 

A a2 
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on lliis hyiwiliesis i= J/i/, wliich indicates to us a < 
traced out along the plane of ^, z. It would be easy to S 
as in art. 502, that the section meets the curve amb in a pinnt 
m ; and since this section is a stTitight line, to detennine iti 
jiosition, we have only to find a second point through whidi ii 
must pass. For this purpose, we must observe, that irhen j 
is equal tu 0, the equation (219) is reduced to * 

e equation is reducetl 



whilst, when r 
ta 

and making, as 


is equal tt 
before, >/ 


= Ap = c,t 



and determine two points ta and r, taken in the same section 
mr, which we Lave seen to be n straight line. To construct 
these points, we must proceed in the following manner : we 
must trace arbitrarily along the plane of ^, z, the curve amb. 
and through the point p, in which the secant plane Klanieett 
the axis of y, raise the perpendicular /)M = i, whidi will bean 
ordinate to the curve ; we must then take, at the intersection 
HL of the secant plane with that of .r. ff, the part pp equal 
to unity : through the point // draw a plane parallel to that of 
y, £ ; and on this plane construct the curve ami', aimilar, 
and similarly disposed with the curve omh ; then the ordinate 
m'p' will be equal to mp; and if we produce Ju'p' to r, the 
arbitrary qintntity tu'r representing o, we shall detennine the 
ptiint T of the section. 

If then we prolong, by the same process, all the ordinates 
of the curve a ui'lt, we shall construct a new curve a'rb , wbicL 
will lie such, that, drawing through this curve and tbnnif^ 
amb, a plane parallel to that «f j-, s, the two pointa in which 
the curves are cut will belong to the smnc section of the «ir- 
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515. It follows, from what has been said, that the surface 
may be constructed, by making the straight line mr move in 
such a manner that it shall always touch the two curves amb, 
drh\ 

516. This example will serve to show, in some slight de- 
gree^ how the determination of the arbitrary functions, which 
complete the integrals of partial differential equations of the 
second order, resolves itself into making the surfnoe pass 
through two curves^ which, according to the arbitrary func- 
tions which serve to construct them, may be discontinuous, 
discontiguous, regular or irregular. 
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NOTES. 



NOTE FIRST. 

On the manner of finding the development of log (x+h). 

Tub following is one of Uic processes employed for finding 
the logarithm of :r 4- A. The deTelopment of log (1 -f jr) is 
first investigated thus: we equate log (l+<r) to a series of 
terms arranged according to the powers of «r, observing that 
in this series there can be no term independent of 4r ; for if 
we had 

log (l-H4r) = A + Bx-f Ca«+&c., 

since this equation ought to hold good^ whatever x he, it would 
follow that^ on making u* = 0, we should have A = log 1 = ; 
we shall therefore assnmc 

log(l+j') = Ajf+Rr--f C4^ + &c . . , (1); 

changing .r into z^ we shall have similarly 

log(l + 2) = A2 + B2*+C«H&c.; 

and z being arbitrary, we may suppose that there exists be* 
tween <r and z the relation 

(l+j-)»orl-far+^ = l+«; 

deducing from this equation the value of z, and substituting it 
in the equation (1), we shall find 
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whence, developing and arranging according to the powers of J*, 

log(l+*)«=2Aj'+A7 .+4B> .+ B^ •) 

+4BK +8C r +12C V**-|-&c. V(2). 

+ 16dJ J 

On the other hand, from the property of logarithms expressed 
in the equation log a* = n log a, we have 

log(l+a^)«=21og(l+jr), 

or, patting for 1 + jf its development (1), 

log (1 + J-)* = 2(A^+ Bj* + C^ + &c) ; 

substituting this value of log (1 + xf on the first side of f he 
equation (2), we shall have an equation which must hold good, 
whatever i* be ; and consequently equating to each other the 
terms affected by the same powers of .r, we shall obtain 

2A = 2A, A+4B=2B, 4B+8C=2C, &c.; 
whence we shall deduce 

• A 2B A . 

B -^. C— — = ^. &c.; 

• 

and substituting these values^ we shall find 

log(l+r) = A(4-~+^-iJ+&c.)+C. 

When .r = 0, log 1 =0 = C, and therefore there is no constant 
to be added. 

Making now .r = -, and therefore 

X 

log(l+.r) = log(l + -)=log'^ :^log(.r^->i)-log4', 
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we shall lutve 

Iag(.+A)-lcg,=A(^^+|^^+&c.) . . (3). 
and dividing by h. 

Passing to the limit, we shall find ' j^ — = — , and oonse- 

ax X 

Adx 
quently the differential of log x is . It will be seen that 

X 

the constant A is no other than the modulus^ and since in the 
Napierian system the modulus is supposed equal to unity, this 
hypothesis reduces the equation (3) to 

log(*+A) = log*+--.^ + -3;jr-l^+&c. 

NOTE SECOND. 

Cotiiiderations which prove the solidity of the principles of 
differentiation, and the means by which we may avoid em'* 
ploying Maclaurin*s theorem in the differentiation of eX" 
ponential quantities. A new process for arriving readily at 
the differentials of logarithmic and exponential quantities. 

With the exception of the differentials of circular functions, 
which, as we have seen, are readily found by the formulas of 
trigonometry, all the other monomial differentials, such, for 
example, as those of x^, a', log x, &c, have been deduced 
from the binomial theorem alone. We have, it is true, had 
recourse to the theorem of Madaurin, in the determination of 
the constant A in the exponential formule, but we might have 
dispensed with it ; for the value of A being determined from 
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the equation 20 (art. 36), it is easily shown that the saoond 
side of that equation is no other than the development of the 
Ni^nerian logarithm of &. For this purpoee^ if in the fbnanla 
demonstrated by algebra^ and also in the preceding note, vix. 

h h^ k^ h* 

we make jr= 1 and k = a— 1^ we shall find 

log (l-l-ii — 1) or log a 

and since log 1=0, 

, a-1 (a-l)« . (a-l)» . 

which showii us that the second side of the equation (20) is 
equivalent to the Napierian logarithm of a, and that, conse- 
quently^ we may change A into log a, as was done art. 37. 

It folloAVS from this that the principles of differentiation 
rest all of them on the binomial theorem alone ; and since 
that theorem has been demonstrated, in the elements of a]gt>- 
bra^ with all the rigour possible, we may conclude that our 
l)rinciple8 arc founded on a firm basis. 

We shall terminate this note with a new process for arriving 
at the differential of a"^, found (articles 36 and 37). 

For this purpose, taking the equation y=za', in which the 
abscissa «}* is the logarithm of the ordinate y, if we assume any 
ordinates whatever ^ and z, we must have 

ff = a^^f^», z=ff''* . . (1). 

If now the abscissffi log // and log z of the ordinates i/ and : 
be increased by the same quantity h, and the corres}M>udiug 
urdinateb be represented by // and z', yve hliall obtain 
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and consequently, dividing these equations by the equations 
( ] ), we shall have 

which will give us the proportion 

y : y : : «' : 2 ; 

and therefore 

y— ^ \ y \ '. Z'^z : 2. 

Transposing the means^ and dividing the two first terms by 
h, we shall obtain from this 

u — V *'— 2 
passing to the limit, this proportion will become 



*, 



or 

dx dx 
az ay 

whence we deduce 



dx 


dz 
' dx" ^ 


dx 
dz 


dx 

dy ^ 




dx dx 



From art. 69^ we recognize, in these expressions, those of the 
subtangcnts at the points the ordinates of which are y and z, 
which shows us, therefore, that in the curve whose equation 
is ,y=a , the subtangent is constant. Representing its valne 
by c, wc shall have 

dfi 
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whcDoe 



and consequently 



y 



^1 '^y 



which agrees with art 38 ; and supposing that the logarithms 
belong to the Napierian system, we shall have c=l, and con- 
sequently, 

rf-logy=— • 

"By ^ 

To deduce from this equation the differential of the exponential 
quantity a', making 

and taking the logarithms in the Napierian system, wc shall 
have 

La* = Lr, or 3eha±- Lz ; 
differentiating, we shall find 

z 
and consequently, 

dz^zzdxha, or rLa* zza^dwha, 
which is conformable to art. 37. 

NOTE THIRD. 

On the jmncipU of the method of indeterminate coefficients. 

It may be demonstrated that when an equation, such as 
A<r*-|-ai^-fC^+Dx+E = .... (1), 
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holds good, whatever be the value of x^ each of the coefficients 
A, B, Cj D, £, must necessarily be =0. 

For since » may have any value whatever, making jcszO, 
the equation (1) will be reduced to E = 0, and since £ is in- 
dependent of jr, it will still be 0, though jp have any other value 
than 0; the equation (1) is therefore reduced to 

whence, suppressing the common factor x, there results 

applying lo this equation the same reasoning \i^ich we have 
employed in r^ard to the equation (1), we may prove that D 
is 0, and continuing the process, we shall find successively that 
the other coefficients are so also. 

NOTE FOURTH. 

On the integration of rational fracthni, ike denommaton qf 
which, being equated to 0, contain roots imaginary and 
equal. 

The int^ration of rational fractions of this sort reducing 

itself to that of the fbnnulay* —gj — — -, since the manner 

in which we have integrated this expression, art. 311, is a 
little complicated, we shall here point out another process 
which, though less direct, is often employed for arriving at 
the end in view. 

We suppose 

'^ W«+2*)'~ (/3«-f-2^)'^» ■^^•^(/3«-f 2*)p-« ^*^' 

or, which comes to the same thing, 
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differentiating, we have 

dz 



or, 

fiz _ H^g(/3»-ft^) 2H(1— ;))gVg y (/3*-h»'y^ 

suppressing the common factors, we find 

equating to each other the coefficients of s*, as also those which 
are independent of z, we shall obtain 

l = H/3*+K/3«, H+2(l-;i)H+K=0; 

and these values give us 

H and K being thus known, if we substitute their values in 
the equation (1), we shall have 

2p^3 dz 

'^2(p-^\)J'^{fi'^+z^)i^ . • • • (2) ; 

d" \' 

and the integral of ^*^ ^ ^ will thus be made to depend 

on another, in which the index of the part within the brackets 

will be reduced by unity. If then in the formula (2) we as- 
V 
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dz 
Slime p^p^l, we shall make the integral of >.^ --— de- 

\P * ^ ) 

dz 
pendent on that of r-r — ■a\z:^ ^^^ continuing thus to diminish 

the index of the part within the brackets by unity suooessively, 

dz 
we shall come at last toy ■=j 5-, the integral of which is . . . 

1 2 

NOTE FIFTH. 

On the development of the powers of sines and cosines in terms 

of the multiple arcs. 

There is a formula of particular elegance^ which ^ves the 
value of a power of the cosine in terms of the quantities cosxj 
CQ%2x, cosSlrj &c ; and a rimilar formula exists also for die 
sines : with these it is important to be acquainted ; but beifore 
we turn our attention to them, we must proceed to give the 
demonstration of a remarkable imaginary formula, of which 
we shall often have to make use. 

Suppose, then,lhat we have given the expression 

cos^^ + sin*^, which is the product of the two factors 

oo6^+sin^^-»], and 006^— sin 9//— I; if we make . . . 

oos^+siB^v^— lsF^» we shall have, by dlftrentiating, 

dF<p 

-— - = — sinp+oos^V— Ij 

this equttiMi bdog *iuhi|flled by ^^ ^/^^i beoomea 

dFip 



df 



V — l=rin?\/— 1+coB^, 



and since by hypothesis the teoond side is equal to F^, we 
have 
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rfF^ — 



whence we deduce 



dF^_ dip _ d^ \/— 1 

integrating this, we find 

logF<|> = 9^/ZT= (9%/:n^log^ = loge*N/-*; 
passing to numbers, we have 

F9=c^'/-"*. 
and putting for F9 its value, we obtain 

co8<p+Mn9s/'^=e''^'^~* .... (1). 

This equation being true, whatever be the value of 9, we may 
change 9 into w^, and we shall have then . 

co8f/J(p^-si^»l^^/— l = e'"^>/'~^ 

There is another expression for this imaginary power of e, for 
the equation (1) being raised to the power w, gives us 

(co8;p+sin9V3T)'» =e(f^^^'" = c'«?>>/-~; 

and the second sides of the two last equations being the same, 
we have, by equating the first sides, 

(cos(p+sin^^/'^^)"' = cos »/!<}> -f sin iw^ /31 .... (2). 

If Ave make ^ = — ^ in the equations (I) and (2), they wiJj 
become 



cos 



(-^) + sin(^(^)^-l=e-^^/-» .... (3), 

(oos(— ;p)-f-sin(— ^)v^"-^)* = C06(— m9) 
-f sin(— m(^)\/ — 1 .... (4). 
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If now <p be represented by the arc AD (fig. 61), — f will be 
represented by AD' ; and since these arcs have the same co- 
sines, and the same sines with contrary signs, we shall have 

co8(— •(p)=rco8(p, sin(— ^) = — sin^. 

We might prove, in the same manner, that 

cos ( — m^) =co6 m^, sin ( — m^) = —sin m(p ; 

and substituting these values in the equations (3) and (4), 
we shall obtain 

cos^— sin^V'--l = ^— ^^'""^ • • • (5)* 

(cos^— sin^y^ — l)"' = cosm(p — sinm^^ — 1 . . . (6). 

We will now investigate the development of cos ^x in terms 
of the multiple arcs, without employing the powers of the sine 
and cosine. For this purpose, assume 



cosj'-i-sina'v^— l=u . . . (7), 
cosjT— sin*r>v/— 1 = *' . . . (8) ; 

these equations being added, give 



1, 



and consequently 



developing these binomials by the usual formula, we obtain 

B B 
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and adding these equations, we find 

2*"+ 'cob •** = tt* + w* -f miir(«*"^ + w*"-*) 

+m . ^^ii«o»(tt-^+v«-*)-f &c (9). 

But fiom the formulas (7) and (8) we deduce 

tt*=(co8i»H-v/'^8injr)*, t;'* = (co8Jf— sin jrV--i)"» 



and putting on the second sides of these equations their values 
given by the fbrmuls (2) and (6), we have 



^;} -.(lO); 



»• = cos mx— sin mx \A 
whence 

tt"'+t>*=2co8mjp, and m*'»*'=:1, 

and consequently 

iit;=l, 

,4m-2^^m-i_2c08(w — 2).r, u'^'^ V^-^ = i , 

w»«-4-|-i,m-4 = 2cos(w— 4).r, u'"**i''"-^ = l, 
&c. = &c. &c. 

Substituting these values in the equation (0), we shall find 

cos ^j:= - -^j Q2co8 tujc -f- 2m cos ( w/ — 2 ) a. 

H-2w. ^^~ ^ cos(m— 4)jH-&c.] . . . (11). 

This development arising from that of (w+i')"*, will contain 
(m-j-1) terms; if we make successively m = 2, ;/i=3, fw = 4. 
Sec, and change the cosines of negative arcs into positive, bv 
virtue of the equation cos — (^ = cos»p, the following table will 
be formed : 
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cosdd' 3co6.r 

cos4.r , ^ 
co8*^ = —5 — I- icos2.r+^. 
o 

These calculations may be considerably abridged^ for the 
terms equally distant from the extremities of the series are 
equal. 

To prove this^ it must be observed that the cosines which 
enter into the equation ( 11 ) are 

cosiw^, co8(w— 2)^, co6(w— 4)ar, co8(»i— 6)*, &c., 
or 

cosmjc, cos(m->2x l)<r, cos(m— 2x2)jr^ cos(fn— 2x3)x^ &c.« 

in which series it will be seen tliat the num][)er following the 
sign X in each term indicates the number of terms preceding 
it. Hence^ the term, which has n terms before it, will be af- 
fected with cos(m^2ii)x; in respect to the term which has ii 
after it, since the whole number of terms in the series is m+ 1, 
that which has n after it must hold the rank m+1— n, and, 
consequently, will have m — n before it ; it will therefore con- 
tain the expression 

cos[[m — 2(m— n)]4» = cos(— m + 2n)u' ; 

and since we have seen that we are at liberty to change the 
sign of the arc of which we have the cosine, we shall have 

cos(— m -f 2«)j? = co8(in— 2w )x ; 

the terms equally distant from the two extremities of the series 
have therefore the same cosines, and since they have also the 
same coeificients *, the coefficients being those of the binomial 



• This may be seen by comparing the development of (a-j-5)"» with tliat 
of (5-l-a)*", written the oppofite way. 

BS2 
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theorem, it foUows that those tenns aie equal Thus, vrhai 
mis odd, the npmber m+1 of the terms of the aeries will be 

even, and we shall have vmly to double the first ^ tenm, 

to obtain the value of the whole of the series: if tn be even, 
m+l will be odd, and then we.must add to the middle tenn 
Ab donUe of the terms pireoeding it. This mUdle term will 

rank the (-^+l^th in the series, and conseqaently will be 

aflbetedb]roos(m*fii)soosO=l; it will thcnfiove contain no 



By a similar process, we maj find- the ddrebprnent of 
sin*x: for this porpose, subtracting the equation (8) horn 
the equation (7)« we get 

I 

2sin4f ^—1 su^v, and therefinre sihxss' 



8^-1 



raisnig the two sides of this equation to the power m, we shall 
have 

(2v-ir 

and if m be equal to an even number 2p, we have 

whence 

(« — v)* = (v— a)"*. 

Developing now the equations 

8in*^==---— =--(tt«t;)'*, and sin^ors ^.=-(t;-ii\-, 

and proceeding as we did above, we shall find 
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1 m—\ 

8iij«»jr= =- [cosmx— moo«(m— 2)xH-«>*— a~€0t(m—4)j— &C.]; 

the imaginaiy quantity 2 y ^ I being raised to an even power 
will disappear. 
If m be equal to an odd number 2/?+ 1^ we shall have 

(m—„)S?P+1 = (M-.f;)?Px (fi-t;) = (»-»)»'' X —(«-«) 

whence 

and 

•sinV=i?lr^,sin-^=-J!!^^ . . . (12); 

(2V-1)* (2>/-ir 

developing (^u-^v)^ and (v— »)* by the binomial theorem, 
and substituting these developments in the equations (12), 
added together^ we shall have 

28in«j=: =—[•»»»>— ©w—m- mv(m»«-2— v»»— 2)4.&c.J . . . (13). 

(2V-1>» 

Subtracting, then, the equations (10) from each other, mul- 
tiplying tlie same equations together, and observing that the 
second operation gives us the sum of the squares of the sine 
and cosine of vtv, which is equivalent to unity, we shall find 

tt**— i;*=2sin7/i4P>/— I* tt"*v"' = l; 

and proceeding therefore in the same manner as before^ we 
shall change the equation (13) into 

, 1 _ . . w • (m """1),, iv- •• 

8in"«i= :=3 [smmi— m sin (m— 2)1-1 ~ 8iii(m— 4ir&c.l 

2(2V-1)«-J 2 

Since, on this hypothesis, m is odd, the power m— 1, to which 
the quantity 2«y — 1 is raised, will be even, and the ima- 
ginary quantity will consequently disappear. 
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NOTE SIXTH. 

Oh the meAod tfdeiermifdng ike volumes ofbodks the mnfaee 
i^wMck can be expreesed by ajmietum tfa shgte variable. 



When the solids are not thoee of revolntioiif we may some- 
tiiiies detennine the Tolmne by means of a sin^ integntion, 
witbont making use of the formula (83) (art. 374). This we 
shall proceed to do in respect to the pynmid ABCD (fig. 66). 
For this purposci. let QFB be a section panlld to the base 
DBC} from the TcrteaL A let &11 the peipencDeolar AH on the 
base DBC, and express by je and k the paita AI and IH of 
this perp^ndicnlar, comprised between die point A and the 
places OCB, GFE, respectiTely; then the area ef the Cri- 
'an|^ OFE being diminished or increased ffiwi^W^g to the 
Talne which we give to 4% it may be considered as a (unction 
of 4f>j and we have therefore, ^ 

GBF =>, DBC =/][*+*) ; 

and the volume of the pyramid AOFE being thus made a 
function of jf, we may suppose 

volume AGEF=z^, volume AI)BG=^(x+A). 

Now it is evident that the truncated pyramid GB, which is 
the difference of these volumes, will be less than the volume 
of the prism, which bos BCD for its base and h for its height, 
and will be greater tlian tbq. volume of the prism, which has 
£FG for its base and h for its height ; and the ratio of these 
prisms is 

since therefore, in the case of the limit, this ratio bocoma 
equal to unity, still more will the ratio which exists between 
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the traneirted pjnunid OB and one of the prisms be in th«t 
case equal to unity. Now the volume of the truncated pyramid 
is expressed by ^(j?-f A)— ^«r, and the ratio of this volume to 
that of the prism, of which GF£ is the base and h the height, 
will therefore be 

<p(jf-fA) — ^.r dfx d^fx h 

whence, passing to the limit, we shall have 

^j^=l,orrf^*=/>.dr .... (1). 

We might have arrived at the same result by the method of 
infinitesimals ; for, considering the pyramid as composed of an 
infinite number of slioes parallel to the base, each slice might 
be supposed to be a prism, the base of which iajjt, and djr 
the height, sndjjp.dx would therefore be the element of the 
pyramid. 

To determine the volume of the pyramid, let B be the area 
o£ its base and A its height ; we shall have then 

and therefore, 

^'=Ar' 

substituting this value in the equation (1), we shall find 



and, integrating. 



B^^ 



Rr3 



Since the volume AG£F, represented by far, vanishes when 
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x=iO, there is no constODt to be added ; and if we make jt^A, 

BA 

we shall have, for the definite integral, the expression -5-, 

which is that of the volume of the pyramid ACBD. 

Generally, if the section GFE, instead of being a triangle, 
be any surface whatever, provided only that this section be a 
function of x, we may demonstrate, as we have already done 
for the pyramid, that the element of the solid has for its ex- 
pressiony^dlr. 



NOTE SEVENTH. 

On the projection of a plane surface. 

To demonstrate that the projection of a plane surface on 
another plane is equal to the product of that surfiace by the 
cosine of its inclination, let y be the angle of inclination which 
a surface A makes with a surface B ; since the surfaces are in- 
clined to each other they must necessarily meet ; let the axis 
of <r be fixed in their common section, and suppose that the 
ordinates y of the surface A are drawn perpendicular to that 
axis ; it is evident then that every ordinate 1/ of that surface 
will have 1/ cosy for its projection on the other; and con- 
sequently the element of the surface A being represented by 
Sf(Lr, that of the surface B, or the projection of A on B, will 
be represented by ,y cos yda' ; taking the integrals, we shall 
have 

^ -J iJ^^'i B =y y cos ydx =. cos yfyilr, 

and eliminating/;/r/.r between these equations, we shall find 

V» = A cosy. 
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NOTE EIGHTH. 

The exprttsionjbr the cosine of the angle formed by two planes 

derived directly by a new process. 

Let it be proposed to resolve directly this problem : to de* 
termine the cosine^ of indimation of two planes. 

Let DB, DC, CD, be the sections of a plane DBC (fig. 93) 
with the coordinate planes, the rectangular axes of which are 
taken along the lines AB, AG, AD; call AB, a; AG, b; 
AD, c; and represent by a, j3, y, the angl^ which the plane 
DBC makes with the planes of yz, x%x. sndJy ; then the pro- 
jections of the surface BCD on these planes being -g >"q'» "o"* 
respectively, we shall have, according to the preceding note, 

DBCooey=y, DBCco8a=^, DBG coei3=^.. . (1); 

each of these equations being squared, if we take their sum, 
replace the sum of the squares of the cosines by unity, and then 
extract the square root, we shall obtain 



DBC^i^aH^-^bH^+aK^; 

and substituting this value in the first of the equations (1), 
we shall deduce from it 

Let now Ajr+By-|-Cz-t-D=0 be the equation of the plane 
DBC ; if we make y = 0, we shaU have 

AxH-C«H-D=0 

for the equation of the section DB, which gives us 
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A D 

c C 

and sinoe we know that in the equation of a straight line, put 
nnder this fornix the coefficient of x represents the tangent of 
the angle which the straight line makes with the azist of j, 
wc shall have 

tanDBA=— ^. >^- 

[^ 

Bat the right-angled triangle DBA gives us also 

tanDBA = -; 
^ a 

whence^ comparing these two values, we have 

Making then jt^ 0, in the equation of the plane, to obtain that 
of the section with the plane of Jt, y, we shall find in h'kc 
manner, 

and substituting these values in the equation (2), there result*; 

1 
cosyrr 






If now we divide the equation of the plane by C, and differen- 
tiate it successively in respect to the variables x and y, wc 
shall find, 

dz__ A_ ^-_ B 

and substituting these values in that of cos y, we shall havC; 
lastly. 
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1 



cosy= — 



NOTE NINTH. 



On the curve of double curvature, which may be constructed by 
means ofttoo equations between three variables. 

It 18 easy to prove that the equations (131 )j art 427> be« 
long to a curve of double curvature ; for^ changing y into z, 
and z into y, in order that the coordinate axis may be better 
adapted to our demonstration^ we shall have the equations 

A«+ar^+i^ = .... (1), 
2*H-3^« -1-2=0 .... (2). 

If the first existed alone^ we might> by means of it, construct 
a curve sur&oe ; for if, at all the points of the plane of x, y, 
which, as usual, we shall suppose to be horizontal, we erect 
perpendiculars, the values of the ordinates z will be deter- 
mined by means of the equation (1), and we see that their 
extremities will constitute a curve surface. When any of 
those ordinates are imaginary, it is a mark that the surface 
does not extend through the points for which those imaginary 
ordinates exist. 

If now we take into account the equation (2), we shall by 
it also establish a relation between 4* and y, which will require 
the feet of the ordinates z to be in the curve that belongs to 
the equatioxl (2) : in which case we see that the extremities 
of those ordinates will no longer form a surfoce, but a curve, 
and the system of the ordinates themselves will constitute a 
cylindrical surface, the intersection of which, with the plane 
of Jt, y, is given by the equation (2). It is the intersection 
of this surface with the one determined by the equation (1), 
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wUeh fbrmB the carve of wLich We Iiave been jnst speekiog, 
and it is evidently one of doable ^arvotaie, since we knov 
that the intersection of tivo enrve swrfiioes fivms a cone rf 
ihatnatare. 

« 

>fOTE TENTH. 

, On ik^'Vmhe j^ wUek^ on UU hfpatkmi ufm pmrikmiar #•/«• 

\ ikm, ike €&mMted con»iaai MomMmee assumei, wAeii ik 
' equMm (tfamiUUm invahfes onip varMUe. 

The Investigation of the particalar solotknia of m difiranlid 

eqoation of the fint order has coodocted as (art. 499) to the 

< case in which the equation of condition g;= rftntaint varisbki 

alona, and in whidi the oomUnation of that eqoalion with the 

complete integral prodaces the resolt c=j|. This takes phoe 

when c enters only in the first degree into die oomplete in- 
tegral «=0. 
For that integral is then of the fiinn 

P-t-cQ=0 . . . (1), 

where by P and Q we designate functions of jr and ^. This 
equation being differentiated in respect of .v, y, and c, we 
shall have 

(/P+crfQ+Qrfc=0 ... (2); 

and since the variables contained in P and Q are x and y, wc 
may represent 

rfPby Mr/^H-N</y, 
(IQ by md.r -f nd^, 

wbcn^ substituting these values in the equation (2;, it will 
give us 
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and sincc^ on the hypothesis of a particular 8olution> the term 
affected by dc vaniahes, this gives us 



Q - 



N+c/i 



=0. 



This equation, which cannot be reduced, since Q does not in- 
volve c> can only be satisfied by making N + en =00 1 which 
gives tf = 00, or by making Q = 0. The first supposition 
brings us to the case of a particular integral, since all integrals 
of that nature are comprised in the values which we give to c 
from zero up to infinity : to determine our particular solution 
therefore, if it exist, we have only the equation .Q = 0. 
But when QsbO, the equation (2) is reduced to 

from which if wc deduce the value of c, and substitute it in 
the equation (1 ), we shall obtain 

or, getting quit of the denominators, 

Pi/Q-.QrfP=0 ... (3); 

thus, in the present case, the complete int^ral tt=0 and the 
proposed equation U-c=0 are no other than the equations (1) 
and. (3). From the first we deduce 

P 

a value which is reduced to^ when P and Q have a common 
fiactor which is made to vanish by a value given to the var iaUea. 
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fiidor we will make appear bj assaming P = XP and 
Q^aQ' ; when the eqnatioiis (1) and (3) will become 

A(F+cQ)=0, A(PrfQ-QrfP)=0 . . . (4). 

Hie second of these, which represents the equation prc^Kised, 
contains by hypothesis terms in dx and dy, which cannot be 
fimnd but within the brackets, since A> being a factor of the 
first of the equations (4), can contam only * and y ; and since 
the operation of differentiating tends to diminish the indices 
of the variables, it follows, that the variablea most be of s 
higher d^g;ree in the first equation than in Uie second, 
u derived from it, and that, consequently, F-fcQ', 
not common to them, must be a function of Jt and jf ; aod 
since also V Hh cQf contains an arbitrary constant c, whifih is 
not found in X, we see that F-f-cQ' has all the characteristics 
of the complete integral, and that A, on the contrary, must be 
a £Gictor unknown to the differential equation. 

NOTE ELEVENTH. 

Supplement to the theory of Lagrange on particular solutionis 
presented with certain modifications, — Method of obtaining 
the particular solution of a differential equation qfihejirst 
order, without having recourse to the complete integral. — 
Demonstration of the property of particular solutions tvhich 
causes the factor that renders a differential equation of the 
first order integrable to become infnite. 

We have seen that a differential equation of the first order 
Mdx + N</y = being given, we might consider it as the re- 
sult of the elimination of a constant c between the complete 
integral and its differential dt/ = pdx, and that the result 
would be the same as if, supposing that constant variable, the 
elimination had been effected between the complete integral 
F(x,y, c)=Oand dy=pcfd'-\-qdc ; on the condition however 
that we had <jr=0. 
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In like manner, if we assume that the differential equation 
of the second order^ 

is the result of the elimination of a constant which has been 
made to vary^ since we have in this case the two equations 

dyzzpdx-^-qdCi d.-^^pdx+q'dc (1), 

we see that> in order that they may be reduced to 

dy zzpdjr, and rf.-p =: pdx, 

we must have the two equations of condition 

9 = 0, y' = ; 

and that to establish these, it will not be sufficient to dispose- 
of c alone, for that could fulfil only one condition ; but since 
the integration of the equation of the second order has in- 
troduced two arbitrary constants into the complete int^;ral, 
we must dispose of those two constants so that the equations 
^=0, ^'=0 may be fulfilled; and it is needless to say that 
c will be one of those constants. 

Similarly the determination of the particular solutions of a 
differential equation of the third order will depend on the 
equations q szO, q =^0, q" ^0 ; and generally, to obtain a par- 
ticular solution of the differential equation of the order n, we 
must have the number n of equations of condition : 

^=0, q=0, q^O, ^'"=0, &c. . . . (2). 

These may be put under another form ; for the equations (1) 
show us that q and q are no othe^ than the multipliers of (/c 
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in the differentials of V atid -^- taken in respect of ^. We have 

dr 

therefore 

^~dc'^ ~ dxdc' 

and we see, generally, that the equations (2) reduce them- 
selves to 

5F-®' d^-®' Serf?-®' ^rf?-'' • • • ^^'- 

It is essential to remark that these equaticms cannot be con- 
tinued up to infinity: for -^ being successively difR?reiitiated 

in respect to ^ in the expressions -~, ^ , ,f ^ 9 &c., we 

may consider - - as a certain fdnction of or, which we will re- 

ac 

present by Y; and supposing that <r becomes x-^/i, Taylor's 

theorem will give us the development : 

or, restoring the value of Y, 

dc "^ dcdx "^ dcda'^ 1 .2 "^ ' 

and the coefficients of the powers of h being each of them 
by virtue of the equations (3), which according to our hypo- 
thesis must hold good up to infinity, it would follow that 
when X became .r-fA, the equation (4) would be reduced Ho 

its first term Y, which shows that in this case Y, i. e. ~, 

dc 

fill 
would be constant. But when ~ is constant, c being com- 
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bined only with constants^ the equation ;77 =0 must conduct 

us to c = constant; and we see that the particular solution 
would then be changed into a particular integral^ which we 
do not at all suppose. 

It follows from the above that the equations (3) cannot 
hold good up to infinity ; and on this consideration rests the 
solution of the following important problem^ resolved by La- 
grange^ and which we shall give with certain modifications : 
A differential equation of the Jirsi order being given, to find, 
toithout having recourse to the complete integral, the particular 
solution of which it may admit. 

Let u be the complete int^^al^ which we suppose to be a 
function of x, y, and an arbitrary constant c ; the differential 
of u will be represented by 

mdx+ndy^O . . . (5), 

and may be put under the form, 

dy=: dx . . . (C). 

In the case with which we are at present occupied, this equa- 
tion is supposed to have retained the arbitrary constant * ; 
and consequently we may eliminate this constant between 

£/tf = — ^!^x, and «=D. The value of c therefwe being de- 

^ n 

rived from the equation (5) in terms of ^, y, and ^^, we shall 



• If the oomplete integnd should contain the arbitrary oonatsnt only in 
the first degree, and under tlic form ac^ it would vanish by the differentiation, 
and the elimination of c would be impowible ; but in this case q being con- 
stant, tlie equation proposed would not admit of a particular aoiution. 

CC 
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obtain 

an equation which, for brevity's sake, wc shall write thus 

r = (p . . . (7)» 

and this value being substituted in the equation m=:0, we 
shall hare an equation of the first order, which we will do- 
signate by U = 0, or rather by 

M(/ar+N</y=0. 

If, now, wc differentiate U=0 in respect of the three va- 
riables jr, y, and <p, we shall obtain 

dx ^ dy '^^d<p ^ 

and since y cannot vary except by reason of the arbitrary 
value which we give to x, this equation may be written thus : 

,dV dVih/^^ dV . ^ ..^. 

\d.r dy dx' dc ^ 

But if we bear in mind that, in a function of two variables, 
the first term of the differential is obtained by considering one 
of those variables as constant, and the other as variable, we 
shall perwive that in the equation (8), which, under a cer- 
tain point of view, contiiins only two variables, .r and ^*, C is 
constant in the term 

.d\l dlJdys, 
idTr-^TJit)''''^ 

which term is no other than the difi^erential of u taken in re- 
* Thiii mulu from y being treated as a function of i . 
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flpect of the variables .r, y, and in which the symhol <^ ought to 
be substituted for r. 

Bnt this differential is given us by the equation (5)^ and 
tiniK the second side of that equation indicates that the terms 
must all destroy each other on the first, independently of c, it 
must of course be the same when p holds the place of the ar- 
bitmry constant c. It follows, therefore, that the pert con- 
tained within the brackets in the equation (8) must be iden- 
tically 0, and this equation consequently is reduced to 

^rf^=0. . . (9); 
which may be satisfied by making 

rf^=Oor^=0 . . . (10), 
of) 

and since it was only for brevity's sake that ^ f *9 y, ^ jwas 
replaced by f , the first of the equations (10) is reduced to 



M''-^' &=<>••(")■ 



dx 

a differential equation of the second order ; which being in- 
tegrated gives us 

^^.r,y,,-~)= constant . . . (12). 

On the other hand, the proposed equation U=0 is between 

du 
the same variables j*, y, and ~. We have, therefore, two equa- 

dx 

tiMia of the first order carresponding to one and the same 

equation (11) of the second ; and consequently by eliminating 

-r- between them, we shall obtain a function of .r and y aQd 
djt 

the arbitrary constant c contained in the equation (15)) ; and 

cc2 
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the result of this oi>eration will therefore be tlie complete iu- 
tegral (art. 429). To effect the elimination required, we 
have only to clear the equation U=0 of ^ by means of the 

equation ^^comiant; for then all the terms in — contaihed 

in ^, and which do not otherwise exist, will disappear. This 
evidently comes to the same thing with changing 4> into c in 
the equation U=:0, which brings us back to ii =0. 

If the elimination of -r- between the integral of the second 

ax 

fiujtor of the equation (9) and the proposed one U=0 bring 

us back to the complete integral, it will be seen also that the 

elimination of -:- between U = and the oilier factor of the 

da,* 

equation (9) will conduct us to the particular solution. For 
if we eliminate -;- between U = 0, and -— = 0, we see at once 

that we shall not introduce any arbitrary constant into the 
result, as in the preceding operation, since here the elimina- 
tion is effected without first integrating — — ; and it follows, 

therefore, that the elimination of - between these two dif- 

dx 

ferential equations of the first order cannot conduct us to the 

complete integral, wliich must ncccssiirilv contain an arhitran* 

constant. To proceed to this elimination, we must observe 

that it is reduced to tlie eliminating of ^ ; since -- IxMni; 

found nowhere but in <;y will disap}>ear from the result alon*' 
with that expression ; and since this result retains no trace of 
c, we sec \hat this comes to the same thing uith eliminating 

c between f/=0 and -,--^y which are what U = and . . . 

dc 

dl] ii^ 

-J- =0 become when <p is chanced into c. But -wbeinirthe 

dp ° dc ^ 
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difrerential coeffident of c/(?, we see that this eliminstHm of c 

between u aad — =0 is precisely the operatioii which wts 

gone through for the arriving at a particular solution. 

We shall inquire now how we are to satisfy the condition 
expressed by the second of the equations (10); and for this 
purpose^ if we replace <;> by its value given by the equation 
(7)> we shall obtain 

-;-=0 .... (13). 
ac 

We do not sec at first liow wc can effect this differentiation in 
respect of c, which, having been eliminated from V, ought not 
to be found in dU ; but it must be observed that this elimina- 
tion of G intimates only that U is a function of je, y, and -^, 
and that consequently dJJ can be of no other form than 

Pe/,r-fQrf> + Rc/.-^=0 .... (14); 

and though c do not explicitly appear in this value of dV, it 

must at least be found in it implicitly ; for we know that y is 

du 
a function of x and c, and consequently dy and d • ^r must be 

of the following forms : 



' d*v </.t* dji'dc J 



■ (15)- 



«' 



On the hypothesis of c being constant^ these values are re- 
duced to 

^ dx 
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equatiooB, the seoond aides of which expreii the condition that 
the differentiation be made in respect of x abne> a condition 
which we tacitly admit in the equation (14), when we sappoee 
e constant in it ^ but when c is variable^ we must put in the 

equation (14) the values of dy and d.J^ given by the equa- 
tioQS (15), and we shall have 

This then is what dlJ becomes when c is considered as va- 
riable, and we sec that we Lave 



d\J 



= Q^ = H-;^ .... (17). 



If now we paiis to the hypothesis of a particular solution^ we 

d\3 
have^ by virtue of the equation (13), ——=0, which reduces 

dc 

the preceding equation to 



^I+^S-"- c")^ 



and if we suppose that this equation does not contain any 
transcendental (juantities, and we have taken care, in the sub- 
sequent operations, to get rid of surds by raising to different 
powers, and also of fractions, the terms P and Q which the 
equation (14) contains cannot become infinite. This being 

premised, since -~ is 0, l>y virtue of the equation (143) (art. 

437), which expresses the condition of a particular solution 
being possible, we see that the ecjuation (18) is reduced to 

11^^=0 .... (10). 
There may he two c.ises ; -— may hi? 0, or it may not : on the 
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second hypothesis it will l^e the factor R which, beoottiing 0, 

satisfies the equation (19) ; but if, on the contrary^ -7^ be 0, 

the equation (18) is satislied independently of Q and R; and 
consequently Q and R may be of finite values. It must not 
however be concluded from this that K is not ; for if^ treat- 
iiig^ as a function of .r, we differentiate the equation (18) in 
respect of that iodependent variable .r^ we find 

and since the quantities — ~- ^Q^ -j- are each 0, and thm 

d^dc (UP 

coefficients cannot become infinite according to the remark 

made in respect to the equation (18), it follows that the equa- 

tion (30) is rcducc<l to R , ', -0, and consequently gives 

di^dc 

d^u d?u 

R=0, when -r-rr- is "«t so. If, however, - ? . should hap- 

jH'n to be 0, it might be proveil in the same manner that . . . 

R / J[ =0, and that -^ ~ must beO in order thai R may not 
au^dc d.i ^dc 

be so. Continuing the same reasoning, we come at last to a 

differential coefficient -7 — '-rr which will not be 0, since it has 

dx^'-^dc 

been demonstrated that the equations (3) cannot be continued 
up to infinity ; and it follows, therefore, from this demonstra- 
tion, that R, which always retains the same value, being in 
one case, must be so in all. But since R is 0, the equation 



It must be observed that what we represent in a brief manner by . . 



-r-dx and -— «/r is m fact 
at dx 



\ii dtj dx/ \ d\ * dp di / 
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(14)> pat under the form 



^*oh "^'O •• • <^'>- 



is reduced to 



P+ Q^=0 (22). 

as 



On the other hand, the same equation (21) gi?<e8 ua 

dx^" R ' 

and we see that^ on our hypothesis of a particular aidutMn, the 
equation (22) and the value of R, which is 0, reduce this value 

It follows from this theory that^ in the case in which a 

d\] 

particular solution may exist, we have the equation — =0*, 

and that this equation requires^ as a necessary consequence, 

that the value of --- reduce itself to -. The two terms of this 

^ction^ i. e. the minuTator and denominator of the fraction 

which expresses the value of "^, li^jing each equated to zero, 

will furnish us with two equations which, if they agree with 
U=0, will give the particular solution. 
Let us take, for example, the equation 

(/y (hi . 



• Wc have seen that ilie equation U:-() was no other than the proposed 

It T 

one, considered as the resuU of the elimination of c ; as to the one - —0, it 

dc 

intimates nierely tliat the ten us whith, in the prui)Osed tquation, arise from 
the variation of the arbitrary constant are 0. 
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Squaring this» to get quit of the turd, and reducing, we ehaU 
have 

differentiating, then, considering djt as constant, we obtaifl 

and equating the two terms of this fraction to zero, and di- 
viding by dMy we shall hare 

^+^=.0, (^^-c«)^-.^^=0 . . . (24); 

eliminating -^ between these eqnations, and then suppressing 
the common factor, we shall find 

and since this equation satisfies the one proposed, we sec that 
it is a particular solution. 

Let us see now whether the equation 






admits of a particular solution. For this purpose, getting 
quit of the surd by squaring the two sides, and reducing, we 
shall find 

and differentiating, there will result 

(fiy ^dx^ ) 

an equation which is reduced to ^ when xsiO; but this hy-* 
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'and givccf ; : . 

and we see that the particular soltttion^^+y^— a*=Oreiiden 
the £Eu^or 

1 



= a. 



NOTE TWELFTH. 

A MW demonstration in respect to the integrutidm ofpaM 

differential equations. 

We have seen, art. 486, that if in integrating the equaliou 
g + M| + N=0...(l). 

\iiiere M and N are fttnctioas of <r/ y, and x, we obtain tw« 
intends U = a and Vczb, wc must have necessarily a = f^. 
The demonstration of this theorem being highly importsnt, 
we have endeavoured to give to it the last dc^ee of rigour in 
the following manner : U and V hcing functions of j*, y, and 
z, the constants a and & may also be considered as functionii 
of the same variables, by virtue of the equations LJ = a and 
V = lf; if therefore we differentiate these equations successively, 
we shall have 

da = Xd.v + Ydy -f Zdz } ^n 

db=X'd.r+Y'di/^Z'dzS • • * ^ ^' 

and since these differentials ought to be each 0, by rciison of 
a and b being constants, the equations da =::0, db ^ 0, give u& 
the following ones : 

Xdx-i-Y'dt^-{-Z'dz = OS ' ' ' ^ ^' 
If in these equations, divided by dj*, we subvtitote the 
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values, of dz and dy, deduced from the equations 

given art. 478, we shall have 

X + YM-ZN=0, X -fYM-Z'N=:0. 
From these equations we deduce 

_^ Z\^\Z ,, X'Y-YX 

ill =: — N -r 

Z'Y-ZY' ZY — ZY ' 

and substituting these values of M and N in the equatioii (1), 
we shall obtain 

dz^ Z J^^yjL dz XY-YX ,, 

dx^ZY^ZY' dy'^'ZY^ZY' """ ' ' * ^''^ ' 

diz "dz 

the coefficients -p- and -j- are deduced from the equations 

(4)> which give 

dz^ 
dx 



" ^' ax ^' dy-dxdy M * ' " W> 



and substituting these values of -- and -- in the equation 
(5)> and getting quit of the denominator, we shall find 

-(ZY-.ZY')N-(ZX'-XZ)i^+X Y«XY'=0 . . (7). 

The quantities X, Y, Z, wiiich enter into this equation, 
arc not always known, since they are not given except by dif- 
ferentiating the equations U = /7, and V = 6 ; we must there- 
fore proceed to eliminate X, Y, Z, from our result. For this 
purpose, considering ;r as a function of x and y, we shall de- 
duce' from the equations (2), 

rfy dy drf dy' 
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snbstitnting in these expressions the ralaes of -^ and — p 

given By the ecpiations (6), and dedoping the values of X, Y, 
X' and Y', we shall find 

X=g+ZN, X'=^+Z'N, 
(f^ ZN Y'-^+?^. 

and putting theae Taluea of X, Y, X', and Y^ in the cqnatkt 
(7)» and reducing, we shall obtain 

da db da dh .^ 

didi^didi ^**^" 

This equation shows us that a is a function of 6 ; and, in £Kt, 
if we have a =: Th, by differentiating this equation, we ibtO 
find da^'^hdb, whence we shall deduce 

da db da db 

and eliminating ob, we shall obtain the equation (8). 



THR END. 



LONDON: 

PRINTED BY THOMAS DAVTSOH, WniTEPIllARS. 



BOOKS 

RECENTLY PUBLISHED BY 

W. P. GRANT, CAMBRIDGE, 

AND SOLD BY 

R. PRIESTLEY, AND SIMPKIN & MARSHALL, 

LONDON. 



1. THEATRE OF THE GREEKS. A second and 
mady improved edition, with an Original Treatise (by Mr. 
Tate, of Kiclimond) on the Principal Greek Tragic and Comic 
Metres, 8vo. bds. 158. 

2. JESCHYLUS WELLAUERI, 2 vols. 8vo. bds. 11. Is. 

Thin edition is carefully edited by a Graduate of Cambridge. 

a .SSCHYLI SUPPLICES, a WELLAUER, 8vo. 
sewed 3s. 

4. iESCHYLI PERSiE, a WELLAUER, 8vo. sewed, Ss. 

5. iESCHYLI SEPTEM CONTRA THEBAS, k 
WELLAUER, Ss. 

6. iESCHYLl PROMETHEUS VINCTUS, d WEL- 
LAUER, 8vo. sewed, 38. 

7. iESCHYLI AGAMEMNON, a WELLAUER, 8vo. 
sewed, Ss. 

8. JESCHYLI CHOEPHORiE a WELLAUER, 8vo. 

9. ^SCHYLI EUMENIDES, d WELLAUER, 8vo. 
sesired. 3b. 

10. AN INDEX to the CAMBRIDGE PROBLEMS, 
from the year 1800 — 1820; arranged according to the! sub- 
jects, 8vo. 2s. 6d. 

11. AN ANALYSIS of PALEY'S VIEW of the EVI- 
DENCES of CHRISTIANITY. By Joyce. Neatly printed 
in a pocket size. Is. 6d. 



Books publhhed h^ W, P. Grant 

12. AN INDEX of aU the PASSAGES in GRE] 

and LATIN AUTHORS which are illustrated or 

to in the SYNTAX of Blomfield's Translation of Mattl 

Greek Gramnmr. By H. Harper, A. M. of Queen's 

Camb. and Cha2)lain to the Hon. East India CJomp., 8vo. 9k 

Tin's index contains many additional references, besides other imj 
mcnts and will agree with cither of the editions. 

13. MISCELLANEA VIRGILIANA ; containing U 
whole of Holdsworth's valuable Notes on the four 
and first six ^neids; Spcnce's Political Character of dil 
jEneid, from Polynictis ; Warbnrton on the Sixth ^£neid; mk\ 
Jortin's Critical Keuiarks on Virgil^ 8vo. bds lOs. 6d. ^| 

14. MISCELLANEA GR^ECA DRAMATICA; oo^: 
taining Valckcnar's Diatribe in Euripidem ; Boeckhius de G^J 
Trag. Prin. ; Boutenvek de Philosophia Euripidis ; SdinddiifJ 
de Dialecto Sophoclis, && &c. 8vo. bds. lOs. 6d. 

15. BOECKHIUS DE GR. TRAG. PRIN. SSXSL^ 
SOPH. EURIP., 8vo. sewed, %. 

16. BOUTERWEK DE PHILOSOPHIA EUl 
DEA, 8vo. seved. Is. 6d. 

17. SCHNEIDER DE DIALECTO SOPHOCLIS 
TERORU]MQUE TRAGICORUM GRiECORUM, 8Mb 
Is. 6d. 

1«. VALCKENARI DIATRIBE in EURIPIDEX 
(Capita quflcdani insigiiiora), 8vo. sewed, 3&. (kl. « 

19. HERMANNI DISSERTATIO DE PRONO- 
MINE AnX)S, «vo. sowed, Is. 

20. GRODDEC^K DE THEATRI GR.ECI PARTI- 
BUS, 8v(». sewed. Is. 

21. The TWEXTY-FIRST HOOK of TITUS LIVIU8, 
from the Text of Drakenhorch, with Notes, Critical and Ex- 
planatory, and a Literal Translation ; to uhich is added a Mqi 
and an Appendix, showing the route aciuullif taken by Han- 
nibal, 8vo. 8s. 6d. 

22. TACITUS on GERMANY, and the LIFE of AGRI- 
COLA ; translated by Aikin, with copious Notes, 12mo.bd8. 

23. PERCY'S KEY to the NEW TESTAMENT, 12ino. 
28. 6d. 

" Percy*!. Key has gone tluougli many editions, antl i* very properly 
purchaned by most Candidates for Holy Onlers." — Bp. Mabsh. 

24. XENOPHON'S ANABASIS, translated by Spbl- 
MAN, with copious Notes, 12nio. bds. 



^ 




-J 



Am/ J^ig^UJ. ilmUlI. 




s 



\1 












lltH0k^4t^. rmlmifH^twtknUl^^W 




I • 

m 
I 

I 



I 



c 




JffJ/ 








9"^^=" 






/"^.Ofi. 




s 



Nb 






/ Jiy. ^/. If. 



~" f~"A FT' 




lU»H*kuHmt fmUui rMjjfiiwtM^Ulmff JU 




■•^ 




C I 






\ 



Ii'^.36 



Fk^S9 








t^mimUJkJKuU^^ ^ImtiUr 



f . .J'l' 







i 






^y./j 





Q* MBJTO C.t 

Siwiford Untwntty UbrarlM 

limiiiiiiiiii 

3 6105 041 065 801 




FEB turn 



im. 



3R« 



STANFORD UNIVERSITY LIBR, 
STANFORD, CALIFORNIA 
94505 



